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Abstract of Dissertation

Artificial Intelligence (AI) and differentiable programming are becoming increasingly
central to modern cosmology, enabling scalable inference in high-dimensional, physically con-
strained models. This dissertation develops robust, fully differentiable forward models spanning
multiple cosmological epochs—from early-Universe dynamics to galaxy formation and observa-
tional systematics—to accelerate inference. We first investigate Beyond the Standard Model (BSM)
cosmology through the theory of cosmological stasis, in which extended epochs of constant cos-
mological abundances emerge. Using a fully differentiable Boltzmann solver that enables gradient-
based optimization and accelerated Bayesian inference conditioned on stasis, we identify a new
exponential model that generically produces longer stasis epochs than previous power-law con-
structions. We then develop differentiable models and neural-network-based emulators for galaxy
intrinsic alignments, a key systematic in weak-lensing analyses for Stage IV surveys, within the
halo occupation distribution framework, enabling end-to-end gradient-based inference from halo
occupation and alignment parameters to the resulting galaxy field and its statistics. Finally, we
introduce a symmetry-aware domain adaptation framework based on optimal transport to improve
robustness under distributional shifts, allowing AI models trained on simulations or individual sur-
veys to generalize reliably across observational domains. Together, these methods demonstrate how
differentiable simulations and domain-aware machine learning can be integrated to enable robust
and efficient inference in the era of Stage IV cosmology.
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becomes sufficiently stressed that stasis is not possible. . . . . . . . . . . . . . . . . . . . . 72
2.5 Stochastic variational inference pipeline. For a given experiment, a Bayesian prior in param-

eters is chosen which acts as a form of regularization in the ELBO. During training, parame-
ters are sampled from the variational family qϕ(θ), in this work chosen to be a Block Neural
Autoregressive Flow (BNAF). Samples are differentiably sorted before entering the stasis
simulation, which solves the set of N +1 coupled Boltzmann equations using diffrax to
preserve the flow of gradients. The following ΩM (t) curve is passed into the differentiable
stasis finder to isolate the stasis e-folds N and the asymptotic matter abundance ΩM . The
stasis value is used in the likelihood calculation which is factored into the ELBO loss, which
is used to iteratively optimize qϕ(θ). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 80

2.6 Prior and posterior comparison for choices of power law prior with Γℓ ∼ ℓ7 and Ω
(0)
ℓ ∼ ℓ

and log-uniform prior with choices of γ = −62 and α = −15 for N = 50. Each individual
heat map is a depiction of 1000 samples and their stasis configuration in (N ,ΩM ) space.
For both choices of priors, there is a higher degree of stasis in the posterior in both mean
and maximum value. The power law posterior features a mean stasis value of 13.59 e-
folds and maximum of 25.24 e-folds, while the log-uniform posterior has a mean stasis
value of 31.06 e-folds and maximum of 96.5 e-folds. Over 1000 samples, both priors had
< 1% of samples achieve a stasis epoch of more than 10 e-folds, while the power law and
exponential posteriors have 76% and 99%, respectively. While SVI is able to find non-trivial
distributions of Γℓ and Ω

(0)
ℓ that results in epochs of stasis, it is clear to see the effect of the

prior regularization in optimization in the large discrepancy between posterior configurations. 83
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2.7 Optimizing stasis with SVI and the ELBO loss (equation 2.44) for log-uniform (α = -15, γ
= -62) and power law (α = 1, γ = 7) initializations for N = 50 and ΓN−1/H

(0) = 0.1. A
BNAF with two hidden layers and a hidden layer width of 8 neurons was trained for 2000
epochs with Adam optimizer and early-stopping. A batch size of 10 was used in training.
(Left) A comparison of model fit for 1000 power law prior and posterior samples. A flow
toward a strictly more power law posterior is seen for Γℓ, with Ω

(0)
ℓ becoming more expo-

nential in the posterior, with a comparable mean R2 score for both power law and exponen-
tial fits in the posterior. (Right) A comparison of model fit for 1000 exponential prior and
posterior samples. Posteriors for both Γℓ and Ω

(0)
ℓ become strictly more exponential. This

posterior additionally has a much larger mean stasis e-folds and maximum stasis e-folds
than the power law prior. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86

2.8 Comparison between exponential model of stasis with γ = 1, α = 2/7, and ΓN = 0.01
yielding matter-radiation equality, and the power law model of stasis with α = δ = 1.
The theoretical prediction of e-fold scaling for the exponential model from equation 2.64
is shown in the red dashed line, in which we see that in the N → ∞ limit there is exact
agreement between numerical data and the theoretical prediction. MRE for the power law
model with γ = 7 is shown in green, with the power law model exhibiting logarithmic
scaling with N and the exponential model exhibiting linear scaling with N as N → ∞.
It is also seen that more than 60 e-folds of MRE (black dashed line) is achieved with just
N ∼ 100 species for the exponential model. . . . . . . . . . . . . . . . . . . . . . . . . . . 92

2.9 Comparison of MRE between the power law (left) and exponential (right) models of stasis,
both for N = 300 species. MRE in the power law model from [2] corresponds to α = δ = 1
and γ = 7 and with ΓN−1/H

(0) = 0.01. MRE in the exponential model corresponds to
γ = 1, α = 2/7, and ΓN/H(0) = 0.01. We see that the power law model achieves a
stasis configuration of ∼ 17 e-folds with 300 species, while the exponential model achieves
∼ 165 e-folds, demonstrating the qualitative difference in e-folds between the two models,
attributable to different scaling of e-folds with N . . . . . . . . . . . . . . . . . . . . . . . . 95

3.1 A graphic illustration of this chapter’s contributions. IAEMU is a NN-based surrogate model
that directly maps from HOD and IA parameters to the galaxy clustering statistic ξ(r),
galaxy position-orientation statistic ω(r), and galaxy orientation-orientation statistic η(r).
IAEMU bypasses the galaxy catalog generation step. DIFFHOD-IA is an end-to-end differ-
entiable model of HALOTOOLS-IA, with tractable gradients to the galaxy catalog generation
step as well as the aforementioned statistics. . . . . . . . . . . . . . . . . . . . . . . . . . . 101

3.2 Ranges of HOD parameters used in generating the training data from HALOTOOLS-IA. We
generate uniform random values for the four occupation parameters, excluding logMmin.
These values are based on a linear relationship with logMmin, serving as a central line. The
range for random values extends 4·RMSE surrounding this line. To clarify the visualization,
σlog(M) is displayed separately from other mass variables. Each panel presents published
data from [6] as a solid line, while the dotted line of the same color illustrates the linear fit
to logMmin, with the shaded area indicating the range for uniform random value selection
for each parameter. Not shown here are the two alignment parameters, µcen and µsat, which
both vary uniformly on the range [−1, 1] with no relation to these five occupation parameters. 108
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3.3 Model Pipeline. The HOD input model parameters are normalized before entering the 7-
layer deep multilayer perceptron (MLP) embedding network. The embedding network ex-
pands the dimensionality of the input before a bottleneck latent space that transitions to
the decoder stage, which features seven 1D convolutional layers which learn the individual
local correlations present in the output correlation functions, log ξ, ω(r), and η(r). Both
the embedding network and decoder feature residual connections to aid the convergence of
IAEMU during training. IAEMU is trained using the β-NLL loss [7] with a 100 epoch warm-
up period corresponding to mean-squared-error optimization before re-introducing aleatoric
uncertainties into the optimization. The generated correlation functions are then re-scaled
back to their original values. A detailed description of the model training procedure is given
in [8]. N -body simulation visualization in the right panel is from [9]. . . . . . . . . . . . . . 110

3.4 Top: Average fractional error for the position-position (ξ(r)), position-orientation (ω(r)),
and orientation-orientation (η(r)) correlation function predictions in the test set shown in
purple. Middle: Median residuals of the test set predictions, expressed in units of the stan-
dard deviation of the ground truth data, σ̂, obtained from 10 realizations used to construct
the dataset shown in blue. Bottom: Per-bin Spearman correlation coefficient (SCC, green),
normalized root-mean-square error (NRMSE, pink), and symmetric mean absolute percent-
age error (SMAPE, orange) for the correlation functions. A black vertical dashed line is
included in all plots to indicate the transition in r between the 1-halo and 2-halo regimes.
It is seen that ξ(r) features a 3% error, on average, and ω(r) features a 5% error. Though
exhibiting a larger fractional error, η(r) predictions are on average strictly within 1σ of the
true uncertainty. This similarly holds for ω(r), and ξ(r) exhibits a bias at large r, reflecting
the higher fractional error. Both ξ(r) and ω(r) exhibit large SCC values and low NRMSE
and SMAPE values across all bins, indicating good performance. For η(r), the SCC value
at low r (SCC ≥ 0.5) indicates a strong correlation between IAEMU predictions and the
ground truth. This gradually decreases at the onset of the 2-halo regime, with the NRMSE
and SMAPE performance decreasing as well. . . . . . . . . . . . . . . . . . . . . . . . . . 116

3.5 Aleatoric vs. epistemic uncertainty comparison for ω(r) and η(r) with uncertainty bias.
For test-set predictions, we analyze the total spread of aleatoric uncertainties of the data
predicted by IAEMU and epistemic uncertainties due to the stochasticity of IAEMU. The
coloring corresponds to the log-residual between IAEMU predicted aleatoric uncertainties
and (true) aleatoric uncertainties from HALOTOOLS-IA produced from the 10 realizations
used in producing the dataset. It is seen that the epistemic uncertainty is generally smaller
than the aleatoric uncertainty, due to the majority of the scatter falling below the 1:1 line
in aleatoric-epistemic uncertainty space. A general bias of 0.42 dex for ω(r) and 0.24 dex
for η(r) is observed between the true and predicted aleatoric uncertainties, with IAEMU

uncertainty estimates being biased high. This is exacerbated near the 1:1 line, in which the
epistemic uncertainty of IAEMU is comparable to the predicted aleatoric uncertainty. . . . . 121
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3.6 Aleatoric vs. epistemic uncertainty comparison for ω(r) and η(r) with correlation amplitude
bias. For test-set predictions, we analyze the total spread of aleatoric uncertainties of the data
predicted by IAEMU and epistemic uncertainties due to the stochasticity of IAEMU. The
coloring corresponds to the log-residual between IAEMU predicted correlation amplitudes
and (mean) ground truth amplitudes from HALOTOOLS-IA produced from the 10 realiza-
tions used in producing the dataset. It is seen that there is no clear correlations between
residuals in the amplitudes and IAEMU aleatoric and epistemic uncertainties in the case of
ω(r). For η(r), it is seen that the sharpest log-residual occurs for predictions in the region
where the IAEMU aleatoric uncertainty is ≈ 2 dex larger than the associated epistemic un-
certainties. This can be an instance of IAEMU overfitting, wherein the intrinsic uncertainty
of the model on the correlation amplitude is negligible compared to the correlation’s own
uncertainty. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

3.7 Validation of DIFFHOD-IA against the reference HALOTOOLS-IA implementation for the
TNG300 fiducial HOD. Top left and center: Projected galaxy density fields across the sim-
ulation volume along the line of sight. Both implementations produce visually indistinguish-
able large-scale structure. Top right: Distribution of galaxy number counts Ngal across 100
realizations using identical random seeds. Both implementations produce consistent galaxy
number densities with similar scatter. Bottom left: Galaxy position-position correlation
function ξ(r) averaged over 100 realizations, with error bars indicating the standard de-
viation across realizations. The two implementations show excellent agreement across all
scales. Bottom center and right: Galaxy position-orientation correlation function ω(r) and
orientation-orientation correlation function η(r). These correlations show strong agreement
between the two implementations across all scales. η(r) exhibits larger statistical noise and
error bars due to the effects of galaxy shape noise. Despite the noise, the two implementa-
tions remain consistent within uncertainties. . . . . . . . . . . . . . . . . . . . . . . . . . . 133

3.8 Validation of differentiable correlation function estimators against halotools reference
implementations for the same galaxy catalog. Left: Galaxy position-position correlation
function ξ(r). The black circles show the (non-differentiable) measurement from halotools,
while red squares show the differentiable estimator using HOD-derived occupation proba-
bility weights. Center: Galaxy position-orientation correlation function ω(r), comparing
halotools (black) with our differentiable estimator (red). Right: Galaxy orientation-
orientation correlation function η(r), comparing halotools (black) with our differen-
tiable estimator (red). Both ω(r) and η(r) show excellent agreement between implementa-
tions, with η(r) exhibiting larger statistical fluctuations due to galaxy shape noise. The dif-
ferentiable estimators enable gradient-based inference: ξ(r) gradients flow through galaxy
occupation weights from HOD parameters, while ω(r) and η(r) gradients flow through ori-
entation vectors from IA parameters. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134
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3.9 Gradients of the halo occupation distribution functions with respect to HOD parameters as a
function of halo mass. Left panel: Gradients of the mean central galaxy occupation ⟨Ncen⟩
with respect to logMmin (blue) and σlogM (orange). The gradients are largest in the transi-
tion region around log10M/M⊙ ≈ 12 where the occupation probability transitions from 0 to
1, and vanish at high masses where ⟨Ncen⟩ saturates to unity. Right panel: Gradients of the
mean satellite galaxy occupation ⟨Nsat⟩ with respect to all five HOD parameters: logMmin,
σlogM , logM0, logM1, and α. In both panels, solid lines show gradients computed via
automatic differentiation and dotted points show finite difference estimates, demonstrating
excellent agreement. The IA parameters µcen and µsat do not affect galaxy number counts
and have zero gradient everywhere. These gradients enable efficient gradient-based infer-
ence of HOD parameters from galaxy clustering observations. . . . . . . . . . . . . . . . . 135

3.10 Validation of differentiable sampling from the Dimroth-Watson distribution for galaxy-halo
misalignment angles. Left panel: Probability distribution P (cos θ) of misalignment an-
gles for varying alignment strength µ. The top axes show the corresponding misalignment
angle θ in degrees. Solid lines show histograms from samples drawn using our differ-
entiable inverse-CDF sampler; dashed lines show the analytic Dimroth-Watson PDF. The
close agreement validates the differentiable sampling implementation. Positive µ (magenta)
produces alignment with probability concentrated at cos θ = ±1, while negative µ (cyan)
produces anti-alignment peaked at cos θ = 0. Right panel: Gradient of the probability
distribution with respect to the alignment parameter, ∂P/∂µ. Dashed lines show analytic
gradients derived from the PDF formula; scatter points show finite-difference gradients of
the analytic Dimroth-Watson PDF; solid lines show gradients computed via automatic differ-
entiation through the sampling procedure, where a Gaussian kernel density estimate is used
to obtain a smooth density from discrete samples. A discrepancy is seen for the autodiff
computed gradients for µ ≈ 0. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 137

3.11 Gradient-based recovery of IA parameters from 50 random initializations using moment-
matching optimization. The target parameters (µcen = 0.7905, µsat = 0.307, pink star)
represent the best-fit µ values to the TNG300 HOD configuration, with the empirical uncer-
tainty shown as pink contours. Optimization trajectories are shown as gray lines connecting
initial positions to converged solutions. Brown circles denote optimizations using a single
HOD realization seed per gradient step, while green squares show results when averaging
over three seeds. The inset panel (lower left) shows a zoomed view of the convergence
region, revealing tight clustering of final parameter estimates around the true values. Both
single-seed and three-seed strategies successfully recover the target parameters across di-
verse initializations. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 140

3.12 Gradient-based recovery of IA parameters from 50 random initializations using correlation
function matching optimization. The target parameters (µcen = 0.79, µsat = 0.30, pink star)
represent the fiducial TNG300 HOD configuration. Optimization trajectories are shown as
gray lines connecting initial positions to converged solutions. Gray circles denote converged
values. The inset panel (lower left) shows a zoomed view of the convergence region, reveal-
ing tight clustering of final parameter estimates around the true values. . . . . . . . . . . . . 144
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3.13 µcen and µsat posteriors for the fiducial TNG300 catalog derived using DIFFHOD-IA with
HMC (blue), IAEMU with HMC (orange), and HALOTOOLS-IA with MCMC (green). DIFFHOD-
IA is in excellent agreement with HALOTOOLS-IA, while exhibiting substantially faster in-
ference convergence with HMC. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147

3.14 The 2PCFs for IA, fitted to observations from the TNG300 simulation, using both HALOTOOLS-
IA and IAEMU. The correlations are measured across three mass threshold samples, as de-
noted in the left panel legend. Purple corresponds to most massive sample, pink for interme-
diate, and red for least massive. True correlations are shown as scatter points and HOD and
IAEMU fits shown as lines. These 2PCFs correspond to the posterior mean values of µcen
and µsat, as shown in Figure 3.15. Error bars for TNG300 are obtained via jackknife resam-
pling, while the 1σ epistemic uncertainty for IAEMU is estimated from 50 forward passes
using the Monte Carlo dropout technique. The 1σ uncertainty band for HALOTOOLS-IA
reflects variations from random realizations of the model. Left: Position-position correla-
tion function ξ(r) with the upper and lower curves offset by 1 dex for visual clarity, showing
that IAEMU can model galaxy bias. Middle: Position-orientation correlation function ω(r).
Right: Orientation-orientation correlation function η(r). . . . . . . . . . . . . . . . . . . . 148

3.15 Optimal parameter values for central alignment strength (µcen) and satellite alignment strength
(µsat) fit to ω(r) observations from TNG300 with three distinct mass cutoffs for halos in-
cluded in the underlying HOD model. Posterior contours for HALOTOOLS-IA and IAEMU

are shown with 4000 posterior samples each, with HALOTOOLS-IA contours in orange and
IAEMU contours in blue. Posteriors for HALOTOOLS-IA were obtained via MCMC using
75 walkers running in parallel for 23 hours on CPU, resulting in up to 1300 steps per walker,
or as few as about 450 steps per walker for slower runs. Posteriors for IAEMU were re-
trieved using NUTS, a variant of the HMC algorithm, with 2000 warm-up steps around a
minute on a single GPU. IAEMU posteriors exhibit a better than 0.4σ overlap with posteri-
ors from HALOTOOLS-IA, indicating that IAEMU can generalize to OOD shifts for inverse
modeling. Exact posterior summaries for comparison can be found in Table 3.3. Left: Sam-
ple 1 IAEMU posteriors with optimal values µcen = 0.81 and µsat = 0.35. Middle: Sample
2 IAEMU posteriors with optimal values µcen = 0.70 and µsat = 0.14. Right: Sample 3
IAEMU posteriors with optimal values µcen = 0.52 and µsat = 0.01. . . . . . . . . . . . . . 150

3.16 Jacobian matrices of the predicted IA correlation functions ω(r) (left) and η(r) (right) with
respect to the seven HOD and IA model parameters, evaluated at the fiducial parameter
values. Each row corresponds to a radial bin and each column to an input parameter. The
ω(r) Jacobian exhibits larger and more structured gradients, particularly with respect to
µcen, µsat, and logMmin, while the η(r) Jacobian is dominated by sensitivity to logM1 and
α at small scales and is generally weaker in magnitude due to higher shape noise. The sign
reversal in α for ω(r) at large radial bins reflects the transition from the one-halo to the
two-halo regime. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 152
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3.17 Posterior distributions of the IA parameters µcen and µsat obtained by minimizing the ω(r)
correlation using HMC with NUTS, for three stellar mass thresholds: logM∗ ≥ 10.5 (left),
logM∗ ≥ 10.0 (center), and logM∗ ≥ 9.5 (right). The HOD parameters are fixed to fiducial
values from TNG300, while uniform priors of [−1, 1] are imposed on both IA parameters. In
all cases the posteriors peak near zero, consistent with the expectation that vanishing align-
ment strengths minimize the IA signal. An anti-correlated degeneracy between µcen and µsat

is visible in the joint contours, reflecting the physical cancellation between opposing central
and satellite alignments. The posteriors tighten with decreasing stellar mass threshold as the
larger galaxy samples reduce shape noise. . . . . . . . . . . . . . . . . . . . . . . . . . . . 153

4.1 SIDDA pipeline. The source and target domain batches of size n, xn and x∗n, are first con-
catenated into a single batch X before being passed into the model. After passing through
the convolutional layers, the neural network produces a combined batch of latent vectors,
Z, extracted from the final linear layer. This layer is positioned just before the output layer,
which generates the class probabilities, Y. Both Z and Y are split into separate batches
for the source and target domains, resulting in zn (source) and z∗n (target) from Z, and yn
(source) and y∗n (target) from Y, respectively. Only the source yn are used in training,
as there are typically no target domain labels. Both zn and z∗n are used to compute σℓ, a
parameter that iteratively updates the regularization of the Sinkhorn plan in LDA. This pro-
cess aligns the latent distributions of the source and target domains. This loss contribution
is appropriately weighted with the classification loss, LCE, using a dynamic weighting of
the tasks. The result of training using SIDDA is improved classification accuracy in both
domains due to the aligned latent distributions, which can be visualized using non-linear
clustering algorithms on the NN latent distributions. . . . . . . . . . . . . . . . . . . . . . . 167

4.2 Example images for simulated datasets in the source domain (top row) and the target do-
main (bottom row) with corresponding labels. Left Panels: Shapes dataset, featuring lines,
rectangles, and circles, simulated with DeepBench. This dataset includes variations in
object positions and orientations, with Poisson noise added and normalized relative to the
image signal in the target domain. Middle Panels: Astronomical objects dataset, generated
using DeepBench. Parameters for spiral and elliptical galaxies were randomly sampled
to determine morphology and position, while stars were generated similarly, with the num-
ber of stars as an additional parameter. Target domain images include additional Poisson
noise. Right Panels: MNIST-M dataset with simulated Poisson noise (bottom left) and PSF
blurring (bottom right) in the target domain. . . . . . . . . . . . . . . . . . . . . . . . . . . 171

4.3 Top Panel: Example source domain images from the GZ Evo dataset with corresponding
labels. Images are from GZ2 data observed by SDSS. Bottom Panel: Example target do-
main images from the GZ Evo dataset with the same labels. Images are from GZ DESI
(combined observations from the DESI Imaging Surveys). . . . . . . . . . . . . . . . . . . 173

4.4 Top Panel: Example source domain optical images from the MRSSC2 dataset with corre-
sponding labels. Bottom Panel: Example target domain SAR images from the MRSSC2
dataset with the same labels. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
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4.5 MNIST-M (Noise) latent distributions visualized with isomaps. Source (solid) and target
(hollow) latent distributions are plotted atop each other to visualize latent distribution mis-
alignment. The inclusion of DA clearly improves the alignment of source and target latent
distributions for both CNN and D4 models. It is also seen that the latent distribution of the
D4 is more clustered than the CNN, and even more so when D4-DA and CNN-DA are com-
pared. The improved clustering and separation of classes in the latent space is suggestive of
improved feature learning. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

4.6 Evolution of the trainable coefficients, η−2
1 and η−2

2 , and the Sinkhorn plan regularization
strength σℓ for CNN-DA trained on MNIST-M (Noise) after the LCE-only warm-up period.
The shaded regions correspond to 1σ uncertainties from three training runs initialized with
varying random seeds. With parameter clipping, as indicated in Algorithm 3, the time-
evolution of both η’s is more stable, as indicated by the darker lines and their lower variance
(i.e., narrower shaded regions). Without parameter clipping (more transparent η curves), the
evolution of both η parameters is more unstable with different random seeds, as indicated by
the larger shaded regions and sharp increase of η−2

2 around epoch three. Still, both η’s (with
and without clipping) arrive at similar final values. It is also seen that the regularization
strength of the Sinkhorn plan σℓ continually decreases during training, as the NN latent
spaces gradually become more aligned. This corresponds to the Sinkhorn plan more closely
behaving as MMD at the beginning of training, while approaching the minimum allowed
S0.01 by the end. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 185

4.7 Jensen-Shannon (JS) distances for CNN-DA and DN -DA (N ∈ {1, 2, 4, 8}) models trained
on MNIST-M (Noise). Shaded regions correspond to 1σ uncertainties from three training
runs initialized with varying random seeds. All models underwent a 30-epoch warm-up
phase without DA, and the JS distance is shown for epochs thereafter, which is where SIDDA
is used. Compared to the CNN, all DN models exhibit a lower JS distance between source
and target domains after the warm-up phase, which can be attributed to the fact that the
equivariance constraint encourages distributional similarity between the source and target
latent distributions. We see that the DN models also achieve more perfect alignment with
the introduction of DA, as shown by the lower JS distances by the end of the training. This
behavior correlates with the group order, except for D8-DA, which achieved its best model
much earlier in training and began overfitting. . . . . . . . . . . . . . . . . . . . . . . . . . 186

4.8 MRSSC2 latent distributions, visualized using isomaps, with the source domain shown as
solid markers and the target domain as hollow markers. Both the CNN and D4 models
exhibit substantially less clustering in the latent space—compared to the MNIST-M (Noise)
dataset shown in Figure 4.5—which may account for the modest performance gains achieved
by DA on this dataset. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 193
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List of Acronyms

2PCF Two-Point Correlation Function. A statistical measure quantifying spatial correlations be-
tween pairs of objects as a function of separation.

AI Artificial Intelligence. The capability of computer systems to perform tasks that typically re-
quire human intelligence, such as reasoning, learning, and decision-making.

BAO Baryonic Acoustic Oscillation. Oscillatory features imprinted in the matter distribution by
sound waves in the pre-recombination photon-baryon plasma, providing a standard ruler for
cosmological distance measurements.

BBN Big Bang Nucleosynthesis. The production of light elements in the early universe during the
first few minutes after the Big Bang.

BNAF Block Neural Autoregressive Flow. A normalizing flow architecture that models probability
distributions via autoregressive transformations.

BSM Beyond the Standard Model. Theoretical frameworks (such as string theory) extending the
Standard Model of particle physics to address phenomena it cannot explain.

CDF Cumulative Distribution Function. A function that gives the probability that a random vari-
able takes a value less than or equal to a specified value.

CMB Cosmic Microwave Background. The thermal radiation left over from the early universe,
observable today as nearly uniform microwave radiation across the sky.

CNN Convolutional Neural Network. A neural network architecture designed to process data with
spatial structure using convolutional layers.

DA Domain Adaptation. A class of methods that improve model performance under distributional
shifts between training and deployment data.

DESI Dark Energy Spectroscopic Instrument. A spectroscopic survey designed to measure the
expansion history of the universe.

DL Deep Learning. A subfield of machine learning based on neural networks with multiple hidden
layers that learn hierarchical representations from data.

ELBO Evidence Lower Bound. A variational objective function that provides a lower bound on
the log marginal likelihood in Bayesian inference.

ENN Equivariant Neural Network. A neural network architecture designed to preserve equivari-
ance of its outputs under specified symmetry transformations of the inputs.

FLRW Friedmann–Lemaître–Robertson–Walker. A class of homogeneous and isotropic solutions
to Einstein’s field equations used to model the expanding universe.
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GR General Relativity. Einstein’s theory of gravitation describing gravity as the curvature of space-
time caused by mass and energy.

GZ Galaxy Zoo. A citizen science project providing morphological classifications of galaxies.

HMC Hamiltonian Monte Carlo. A Markov Chain Monte Carlo method that uses Hamiltonian dy-
namics to efficiently sample (via gradients) from high-dimensional probability distributions.

HOD Halo Occupation Distribution. A statistical model describing how galaxies populate dark
matter halos as a function of halo properties.

IA Intrinsic Alignment. The correlation of galaxy shapes induced by local tidal fields rather than
gravitational lensing.

JS Jensen–Shannon. A symmetrized and smoothed version of the Kullback–Leibler divergence
used to compare probability distributions.

MCMC Markov Chain Monte Carlo. A class of algorithms for sampling from probability distribu-
tions using Markov chains.

ML Machine Learning. Algorithms and statistical models that enable computers to perform tasks
by learning patterns from data without explicit programming.

MLP Multilayer Perceptron. A fully connected feedforward neural network composed of multiple
hidden layers.

MMD Maximum Mean Discrepancy. A kernel-based statistical distance used to compare proba-
bility distributions.

MRE Matter–Radiation Equality. The cosmological epoch at which the energy densities of matter
and radiation are equal.

MVE Mean–Variance Estimation. A probabilistic modeling approach in which a model predicts
both the mean and variance of a target distribution, parameterizing it as a Gaussian.

NFW Navarro–Frenk–White. A widely used analytic density profile describing the radial structure
of dark matter halos.

NN Neural Network. A computational model composed of interconnected layers of nodes that
learn representations from data through optimization.

NRMSE Normalized Root Mean Square Error. A normalized error metric measuring prediction
accuracy relative to the scale of the data.

NUTS No-U-Turn Sampler. An adaptive variant of Hamiltonian Monte Carlo that automatically
tunes trajectory lengths.

ODE Ordinary Differential Equation. An equation involving functions of a single independent
variable and their derivatives.
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OOD Out-of-Distribution. Data drawn from a distribution that differs from the training distribution
of a machine learning model.

OT Optimal Transport. A mathematical framework for comparing probability distributions by min-
imizing the cost of transporting probability mass from one distribution to another.

PDF Probability Distribution Function. A function that describes the relative likelihood of a con-
tinuous random variable taking a given value.

PSF Point Spread Function. The response of an imaging system to a point source, characterizing
image blurring.

RMSE Root Mean Square Error. A standard metric quantifying the average magnitude of predic-
tion errors.

SBI Simulation-Based Inference. A class of methods that use forward simulations and neural net-
works to learn an implicit likelihood, posterior, or parameter–data mapping, enabling param-
eter inference when the likelihood function is intractable or unavailable.

SCC Spearman Correlation Coefficient. A nonparametric measure of rank correlation between two
variables.

SDSS Sloan Digital Sky Survey. A major astronomical survey that has mapped large portions of
the sky in multiple wavelengths.

SIDDA Sinkhorn Dynamic Domain Adaptation. A domain adaptation framework using dynamic
Sinkhorn divergences to align latent representations.

SMAPE Symmetric Mean Absolute Percentage Error. A scale-invariant error metric commonly
used for regression evaluation.

SVI Stochastic Variational Inference. A scalable variational inference method wherein a distribu-
tion from a chosen variational family is optimized towards the posterior by using gradient-
based optimization to maximize the evidence lower bound.

WL Weak Lensing. The subtle distortion of distant galaxy images caused by the gravitational
deflection of light by intervening matter distributions.
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Chapter 1

Basic Principles of Cosmology and

Artificial Intelligence

Sober minds have always known that it pays to be patient before pronouncing judgment
on ideas as lofty as those necessary to understand our Universe.

— Scott Dodelson

Cosmology is among the oldest sciences. Humanity has sought to model the cosmos since the

earliest days of civilization, seeking to connect the movement of the heavens with phenomena on

Earth. Yet it is only within the last century that we have come to understand the dynamics of the

Universe—and our place within it—at a level of scientific rigor. Our perception of the Universe’s

scale has undergone a dramatic transformation over that time: from the revelation in the 1920s

that other galaxies existed (kpc1 scale), to mapping the cosmic web across tens to hundreds of

megaparsecs (Mpc), to modern surveys that now chart structure out to gigaparsec (Gpc) scales.

Moreover, we can now describe the Universe and all its complexity with a few free parameters via

the ΛCDM cosmological model, which are constrained to within a few-percent accuracy. Though

we are in no position to pronounce absolute judgment on all aspects of cosmology, we have waited

patiently for millennia to arrive at an inflection point—one we are currently living through—where

such a judgment begins to feel within reach.

At the turn of the 20th century, the Universe was believed to be static and eternal; Ein-

stein himself stood as a prominent proponent of this view, despite its roots in theoretical prefer-

ence rather than empirical evidence. With Edwin Hubble’s discovery of the expanding Universe,
11kpc ≈ 3 · 1019 meters
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a Pandora’s box in cosmology was unleashed. Humanity’s oldest—and perhaps most comfort-

able—assumptions about the Universe were overturned. Namely, we recognized that the Universe

no longer always was nor always will be. This revolution was catalyzed by theoretical contribu-

tions from Albert Einstein, Georges Lemaître, and Alexander Friedmann, alongside technological

advances that enabled increasingly precise astronomical instrumentation. Foundational discover-

ies such as cosmic expansion [10], late-time acceleration [11, 12], the Cosmic Microwave Back-

ground (CMB) [13], and gravitational lensing [14] have played a critical role in guiding theoretical

progress, transforming cosmology into a precision science. Moreover, our model rests upon only

a handful of assumptions—namely, that General Relativity (GR) constitutes a valid theory of grav-

ity at macroscopic scales, and that the Universe is homogeneous and isotropic on sufficiently large

scales. As a testament to its recency, we note that the taxonomy of cosmology has not yet reflected

its precision (why do we not call it cosmonomy?2).

This experience is not unique to cosmology. Modern computer science, driven by equally

modern advances in computer hardware, has undergone a parallel transformation in both scope

and capability. Advances in computational physics have enabled simulations of the Universe at

its largest scales, incorporating phenomenology from single-atom interactions to the formation of

cosmic structure. Simultaneous advances in machine learning over the past 30 years have propelled

Artificial Intelligence (AI) systems from proof-of-concept digit classifiers to indispensable tools

throughout the scientific pipeline as of 2026, ranging from hypothesis generation to methodology

and analysis (see [16] for an example spanning all of the above). At the cusp of the Stage IV data

revolution spurred by surveys such as Rubin [17], Roman [18], Euclid [19], and DESI [20], this

thesis provides an overview of theoretical, computational, and AI works and contributions that offer

a glimpse into the next century of cosmology—and the questions we may soon be able to answer.

Our contributions span domains from Beyond the Standard Model (BSM) early-universe

cosmology to systematics in modern Weak Lensing (WL) surveys, leveraging AI methods as well

as differentiable simulations. We also include contributions in pure AI, specifically investigating

how to design and train Neural Network (NN) architectures that exhibit enhanced robustness to

Out-of-Distribution (OOD) shifts. Our approach leverages symmetries inherent in the data and

introduces novel training algorithms that explicitly incorporate these structural properties into the

learning process. To this end, the following sections provide the reader with a baseline foundation

in cosmology and AI. We begin with an overview of the ΛCDM concordance cosmological model,
2See [15] for a discussion of this.
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outlining the history of the Universe’s evolution and key epochs from cosmic inflation to dark energy

domination in the modern day. We will have a particular focus in more recent times, as this is the

regime of WL and our focus on galaxy Intrinsic Alignment (IA). We will then provide a basic

foundation in AI methods, including simple NNs (the Multilayer Perceptron (MLP)), CNNs, and

equivariant models. We conclude by covering the basics of NN training.

1.1 The Standard Model of Cosmology (ΛCDM)

In the following sections we provide a pedagogical introduction to ΛCDM and modern

cosmology. We draw inspiration from a number of texts [21], reviews [22], and theses [23].

1.1.1 Foundations of the Standard Model

The ΛCDM model rests on two foundational pillars: Einstein’s theory of General Relativity and the

cosmological principle, which asserts that the Universe is homogeneous and isotropic on sufficiently

large scales. In more detail, the principle is the following:

The cosmological principle is usually stated formally as ‘Viewed on a sufficiently large
scale, the properties of the universe are the same for all observers.’ This amounts to
the strongly philosophical statement that the part of the universe which we can see is
a fair sample, and that the same physical laws apply throughout. In essence, this in a
sense says that the universe is knowable and is playing fair with scientists.

— William Keel

Keel’s remark highlights an unfortunate circumstance of doing cosmology: since we cannot feasibly

perform measurements over the entire observable Universe, we must assume that a sufficiently large

sample is representative of the whole through these properties. Stated more plainly, we assume that

the Universe looks roughly the same at every point (homogeneity), and that it looks the same in

every direction (isotropy). Of course, we do not observe this to be true in daily life (≪ 1pc), and the

cosmological principle only applies at the largest scales. It is additionally only a statement about

space; the Universe is neither homogeneous nor isotropic in time.

While the Universe clearly exhibits structure on scales of galaxies and galaxy clusters,

observations of the CMB and large-scale galaxy surveys confirm that on scales exceeding roughly

100Mpc, the matter distribution of the Universe becomes statistically uniform. This is reflected

in the CMB temperature, which is remarkably uniform at TCMB = 2.7255 ± 0.0006K [24], with

fluctuations at the level of δT/TCMB ∼ 10−5. The small scale of the fluctuations is indicative
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of a smooth Universe at the time that the CMB was emitted. Under these assumptions, there are

precisely three spatial geometries consistent with the cosmological principle: flat Euclidean space

R3, the positively curved three-sphere S3, and the negatively curved hyperboloid H3. To describe

these uniformly, we introduce the comoving radial coordinate χ and define:

Sk(χ) =


1√
|k|

sin(
√
kχ) k > 0 (spherical)

χ k = 0 (Euclidean)

1√
|k|

sinh(kχ) k < 0 (hyperbolic).

(1.1)

In this Universe, one then has the Friedmann–Lemaître–Robertson–Walker (FLRW) metric:

ds2 = dt2 − a2(t)
[
dχ2 + S2

k(χ)
(
dθ2 + sin2 θ dϕ2

)]
, (1.2)

where a(t) is the dimensionless scale factor and (χ, θ, ϕ) are comoving spherical coordinates. Co-

moving coordinates are defined such that objects at rest in their local reference frame maintain fixed

coordinate positions as the Universe expands; these can be converted to proper distances by mul-

tiplying by a(t). For bookkeeping, we use the (+,−,−,−) metric signature, normalize the scale

factor such that a(t0) = 1 today, and work in natural units with c = 1 throughout.

We can proceed to understand the dynamics of empty space by solving Einstein’s field

equations, stated as

Rµν −
1

2
Rgµν + Λgµν = 8πGTµν , (1.3)

where Rµν is the Ricci tensor, R the Ricci scalar, gµν is the metric tensor, Λ is the cosmological

constant, G is Newton’s gravitational constant, and Tµν is the stress-energy tensor describing the

matter and energy content of spacetime. We model the energy content of the Universe as perfect

fluids with energy density ρ and pressure p, related via

p = wρ, (1.4)

where the parameter w depends on the type of energy (e.g. matter, radiation, etc.). Further enforcing

the FLRW metric, we arrive at two solutions to Einstein’s field equations, known as the Friedmann

equations [25]:

H2 ≡
(
ȧ

a

)2

=
8πG

3
ρ− k

R2a2
, (1.5)

ä

a
= −4πG

3
(ρ+ 3p) . (1.6)
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The Friedmann equations define the dynamics of a homogeneous and isotropic Universe dependent

on the type of energy density in the Universe. We have taken the liberty to define the Hubble rate,

H ≡ ȧ/a, which describes the expansion rate of the scale factor. If ȧ > 0, the distance between any

two points is increasing and the Universe is expanding, as is the case with our own. The present-day

value is H0 ≈ 70 km s−1 Mpc−1 [26], and the inverse H−1
0 ≈ 14Gyr provides a rough estimate of

the age of the Universe. For nearby galaxies at a distance d, the recession velocity v due to expansion

is approximately v = H0d, as was originally established by Hubble [27] and was seminal evidence

for the expanding Universe.

We also define the critical density as the energy density required for a flat universe:

ρcrit =
3H2

8πG
. (1.7)

The dimensionless density parameters are:

Ωi ≡
ρi
ρcrit

. (1.8)

It is at times more convenient to define the Hubble Parameter as a function of redshift z:

H(z) =
ȧ(z)

a(z)
. (1.9)

The redshift effect describes that light traveling through an expanding universe is stretched due

to the expansion. As a result, a photon emitted with wavelength λ1 at time t1 is observed with

wavelength λ0 at a later time t0, where

λ0

λ1
=

a(t0)

a(t1)
=

1

a(t1)
. (1.10)

The redshift parameter z is defined as the fractional increase in wavelength:

1 + z =
1

a(t1)
. (1.11)

Today we sit at z = 0. When z = 1, the Universe was half its current size; when z = 2, it was

one-third. In the standard hot Big Bang picture, the universe began at t = 0 and z = ∞. The

redshift is directly measurable from spectroscopy or photometry of galaxies.

1.1.2 Types of Energy Densities

We now describe the primary components of the cosmic energy budget. ΛCDM allows for three

primary energy densities: matter, radiation, and dark energy. The matter energy density ρM further
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contains baryonic matter (stars, planets, and everything else that is “us”), and dark matter which

certainly exists [28–30] but does not couple to the photon (hence being “dark”). The radiation

energy density ρr includes all relativistically moving particle species. This includes all photons ργ

and some neutrinos ρν . Despite having mass, neutrinos can contribute to ρr when the temperature

Tν is much larger than the mass mν , Tν ≫ mν . The dark energy density ρΛ is well described

by a cosmological constant (as of 2026) and remains approximately constant in time, driving the

late-time accelerated expansion of the Universe.

These energy components and their relative abundances have direct consequences on the

Universe’s phenomenology and evolution. In an expanding universe, energy conservation is ex-

pressed through the continuity equation:

ρ̇+ 3H(ρ+ p) = 0. (1.12)

Assuming a constant w, this integrates to:

ρ(a) = ρ0a
−3(1+w), (1.13)

where ρ0 denotes the present-day density. In a flat universe (k = 0) dominated by a single compo-

nent, the Friedmann equation yields the solution:

a(t) ∝ t2/[3(1+w)]. (1.14)

We thus see that the evolution of the scale factor is power-law dependent on the type of energy

density via w. In the following sections, we discuss these components in more detail.

Radiation

Radiation specifically refers to relativistic particle species for which the kinetic energy greatly ex-

ceeds the rest mass energy, i.e., p≫ m. In this limit, the energy-momentum relation E2 = p2+m2

simplifies to E ≈ p, implying that such particles travel close to the speed of light. For an isotropic

gas of relativistic particles, kinetic theory yields the pressure

P =
1

3
ρ, (1.15)

which corresponds to an equation of state parameter wr = 1/3. From Equation (1.13), the radiation

energy density scales as

ρr ∝ a−4, (1.16)
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further implying a scale factor dependence of a(t) ∝ t1/2. Notably, this differs from the naive a−3

dependence expected from number density dilution alone. The additional factor of a−1 arises from

cosmological redshift, which reduces photon energy as the universe expands.

The radiation energy density of the Universe is primarily dominated by the CMB. Since

photon temperature scales as T ∝ a−1, the early Universe was significantly hotter. More generally,

this relationship can be expressed in terms of redshift:

T (z) = T0(1 + z). (1.17)

Other relativistic species include neutrinos, which decoupled from the primordial plasma at T ∼
1MeV and now constitute a cosmic neutrino background. Because they decoupled before electron-

positron annihilation, neutrinos did not receive the entropy transferred to photons during that event,

resulting in a lower present-day temperature of Tν ≈ 1.95K [31]. Today, the total radiation density

parameter is Ωr ≈ 9×10−5 [3]—negligible relative to matter and dark energy, but dominant during

the early stages of cosmic evolution.

Matter

Matter refers to non-relativistic species, where p ≪ m and the energy is dominated by rest mass,

E ≈ m. For such species, the velocities are small compared to the speed of light, and the pressure

is negligible compared to the energy density corresponding to w = 0. The matter energy density

scales as

ρm ∝ a−3, (1.18)

reflecting a simple dilution proportional to volume increasing. This also implies that in a matter-

dominated universe, a(t) ∝ t2/3. We note that this scaling is less drastic than that of radiation,

indicating that a radiation-dominated Universe would preferentially evolve into matter-domination,

as we will later see.

The matter content of the Universe further divides into two components with dramatically

different properties:

Baryonic Matter (Ωb ≈ 0.05): This encompasses all ordinary matter composed of protons, neu-

trons, and electrons, which comprises stars, planets, gas, and dust. Despite being the matter we

directly interact with in day-to-day life, baryons constitute only about 5% of the total energy den-

sity. The baryon density is precisely constrained by Big Bang Nucleosynthesis (BBN) and CMB

observations [3].
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Dark Matter (Ωc ≈ 0.27): The dominant matter component does not couple to the photon, re-

vealing itself only through gravitational effects. Evidence for dark matter comes from multiple

independent sources: galaxy rotation curves that remain flat at large radii rather than declining as

expected from visible matter alone [29], the velocity dispersion of galaxies in clusters [28], gravita-

tional lensing measurements [32], and the pattern of CMB anisotropies. Particularly compelling is

the Bullet Cluster, where gravitational lensing reveals that the mass distribution (dominated by dark

matter) is spatially offset from the X-ray emitting gas, providing direct evidence for collisionless

dark matter [32]. To be consistent with observations, dark matter must further be non-relativistic

(“cold”) at the time of Matter–Radiation Equality (MRE). Hot dark matter (relativistic species like

neutrinos) would free-stream out of overdense regions, erasing structure on small scales, which is

disfavored by observational evidence of the large scale structure of the Universe. As of 2026, the

particle nature of dark matter remains a mystery, and a primary source of scientific investigation in

both particle physics and cosmology. The total matter density parameter is Ωm = Ωb + Ωc ≈ 0.32

[3].

Dark Energy (Λ?): The most exotic component of the cosmic energy budget is dark energy,

which drives the observed accelerated expansion of the Universe. The simplest model is a cosmo-

logical constant Λ, equivalent to a fluid with equation of state

p = −ρ, (1.19)

corresponding to w = −1. From the continuity equation (1.12), a fluid with ρ + p = 0 has

ρ̇ = 0, meaning the energy density remains constant as the Universe expands. This is peculiar,

and dissimilar from contributions coming from matter or radiation. The cosmological constant thus

contributes

ρΛ =
Λ

8πG
= const. (1.20)

Because ρΛ remains constant while ρm and ρr dilute with time, dark energy inevitably comes to

dominate at late times. The measured value ΩΛ ≃ 0.68 [3] indicates that the Universe has recently

entered a dark-energy–dominated phase, in which the expansion rate is accelerating. It is also be-

lieved that the cosmological constant is indeed constant (i.e. not time-dependent). We do, however,

note that recent results from DESI [33] indicate that a time-dependent form of dark energy Λ(t)

may more appropriately describe observations better than a time-independent Λ.

For a constant vacuum energy density ρΛ, the Friedmann equations admit an asymptotic

de Sitter solution with equation of state w = −1 and scale factor evolution a(t) ∝ eHΛt, where
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(a) 2 Gpc/h (b) 250 Mpc/h (c) 20 Mpc/h

Figure 1.1: Simulation snapshots from the ABACUSSUMMIT N -body simulation suite [1] with the

physical scale decreasing from left to right. The luminous regions indicate dark matter halos and

subhalos, while voids are shown to be darker. The snapshots are taken at z = 0.1 and are 10 Mpc/h

deep. We see a visual indication of statistical homogeneity and isotropy at the largest scale, which

is less apparent at 250 Mpc/h and no longer valid at 20 Mpc/h .

H2
Λ = 8πGρΛ/3. The cosmological constant is theoretically well motivated within GR, since any

constant shift in the stress–energy tensor gravitates and is observationally indistinguishable from

vacuum energy. With these constituents defined, we can return the Friedmann equations and study

the geometry of our Universe with hindsight of the abundances of individual components. With the

curvature parameterized as Ωk = −k/(R2H2a2), the Friedmann equation becomes:

H2

H2
0

=
Ωr

a4
+

Ωm

a3
+

Ωk

a2
+ΩΛ. (1.21)

By construction, Ωr + Ωm + Ωk + ΩΛ = 1. Observations from the CMB and BAO indicate

|Ωk| ≲ 10−3, consistent with spatial flatness [3].

1.1.3 The Cosmic Web and Large Scale Structure

While the cosmological principle asserts homogeneity and isotropy on scales exceeding∼ 100Mpc,

the Universe on smaller scales is richly structured. Galaxies are not distributed uniformly, but

instead trace a complex network known as the cosmic web, consisting of interconnected filaments,

sheets, and nodes surrounding underdense regions called voids [34] as illustrated for various scales

in Figure 1.1.3 This structure can be traced to the primordial density perturbations, wherein regions
3One may note a striking resemblance between the cosmic web and biological neural networks as a testament to the

beauty of Nature’s self-similarity.
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with slight overdensities attracted surrounding matter, growing denser over time, while underdense

regions gradually became empty. The result is a highly anisotropic matter distribution that we see

on small scales.

The nodes of the cosmic web are gravitationally bound structures called dark matter halos,

which form through hierarchical clustering. The existence of these halos is directly required for the

formation of galaxies like our own. Dark matter halos are also not smooth; they contain substantial

numbers of subhalos—smaller halos that have fallen into a larger host but retain their substructure.

Mapping the topography of dark matter is of central importance in cosmology; however, we are left

with using visible matter, which is much less abundant, as a tracer for this underlying field.

Baryonic matter falls into these dark matter halos, where it cools, condenses, and forms

galaxies. More complicated astrophysical processes further source the production of stars, planets,

supernovae, and active galactic nuclei within these galaxies. Modeling this phenomenology analyt-

ically is generally intractable due to the complexity and vast range of astrophysical scales involved.

Moreover, while the Friedmann equations and linear perturbation theory successfully describe the

early Universe and large-scale dynamics, they break down in the nonlinear regime, where δ ≳ 1.

On scales below ∼ 10h−1 Mpc, gravitational collapse becomes nonlinear, baryonic physics domi-

nates, and analytic predictions fail. Numerical simulations have therefore become indispensable for

understanding structure formation, and several complementary methodologies have emerged.

N -body simulations such as MILLENNIUM [35], BOLSHOI [36], and ABACUSSUMMIT

[37] follow the gravitational dynamics of dark matter, employing N ≳ 1010 particles to resolve

halos across a wide mass range while capturing O(Gpc3) volumes encompassing the cosmic web.

Hydrodynamic simulations additionally incorporate baryonic physics: operating on smaller vol-

umes of O(100Mpc3), but resolving the internal structure of galaxies down to ∼ kpc scales and

including various feedback processes. Suites such as TNG [38], EAGLE [39], and SIMBA [40]

have achieved remarkable success in reproducing observed galaxy populations, morphologies, and

scaling relations. Despite their impressive capabilities, hydrodynamic simulations can be costly, and

additionally disagree considerably depending on the subgrid physical models used [41]. Comple-

menting these physics-forward approaches, Halo Occupation Distribution (HOD) models [6, 42, 43]

provide an empirical framework that statistically populates dark matter halos with galaxies accord-

ing to parametrized prescriptions calibrated to observations. Given a halo catalog from an N -body

simulation, HOD methods assign central and satellite galaxies based on halo mass, enabling rapid

generation of mock galaxy catalogs. While incorporating less phenomenology than hydrodynamic

simulations, HOD models are computationally efficient and effectively capture the galaxy-halo con-
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Figure 1.2: Schematic diagram of the Universe’s evolution in e-folds N , from Inflation (t ≈
10−32 s), reheating (t≈ 10−32 s), radiation domination (t≈ 1 s), matter domination (t≈ 5×104 yr),
and the current era of dark energy domination (t ≈ 11Gyr). Figure taken from [2].

nection relevant for large-scale clustering statistics. These simulation methodologies underpin mod-

ern observational cosmology.

1.2 The History of the Universe

With these theoretical ingredients in mind, we can now proceed to work backwards and study the

history of the Universe, extrapolating back to t = 0. We call this the Big Bang, which marks the

beginning of our Universe that subsequently evolved according to the laws of physics. This history

is quite rich, and almost entirely deduced from assuming a homogeneous and isotropic universe

that obeys the Friedmann equations. Several aspects, however, were guided as much by theory

as by observation. For example, the idea of a finite Universe with a definitive beginning was not

considered standard until the CMB, which was direct evidence for a hot big bang model [13]. We

will proceed to discuss several important epochs of the Universe’s evolution, including inflation, the

hot big bang, radiation domination, matter domination, and the current era, which is dark energy

dominated. A schematic timeline of this evolution is visualized in Figure 1.2.

1.2.1 Inflation

The Big Bang model successfully describes the evolution of the Universe from the first fraction of

a second onward, but taken at face value it suffers from severe fine-tuning problems. The horizon

problem arises from causality. The particle horizon, which is the maximum distance light could

have traveled since the Big Bang, was much smaller at early times than the scales we observe in
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the CMB. Regions separated by more than a few degrees on the sky were never in causal contact,

yet they share the same temperature to one part in 105 as we observe in the CMB. How, then, did

the CMB become so nearly uniform? In addition, the flatness problem concerns the curvature term

in the Friedmann equation. We observe |Ωk| ≲ 10−3 today, but Ωk grows relative to matter and

radiation as the Universe expands. Extrapolating backward, |Ωk| must have been tuned to better

than one part in 1060 at the Planck time, posing another fine-tuning problem.

The inflationary paradigm, proposed independently by Guth [44] and Linde [45], resolves

these issues by postulating a period of accelerated expansion in the very early Universe, driven by

a scalar field ϕ called the inflaton [46]. In the simplest models, the inflaton evolves in a potential

V (ϕ) according to the Klein-Gordon equation in an expanding FLRW background:

ϕ̈+ 3Hϕ̇+ V ′(ϕ) = 0. (1.22)

The slow-roll approximation assumes that the potential is sufficiently flat such that ϕ̈ ≪ 3Hϕ̇ and

ϕ̇2 ≪ V (ϕ), allowing the field to slowly roll down its potential while driving quasi-exponential

expansion [47]. These conditions are quantified by the slow-roll parameters

ϵV =
M2

Pl

2

(
V ′

V

)2

, ηV = M2
Pl

V ′′

V
, (1.23)

where MPl is the reduced Planck mass. Inflation occurs when ϵV ≪ 1 and |ηV | ≪ 1. This

phase seeds the density perturbations we observe in the CMB and provides the initial conditions for

structure formation. Inflation ends when the slow-roll conditions are violated and the inflaton field

oscillates about the minimum of its potential. These oscillations decay, transferring the inflaton’s

energy to Standard Model particles through a process called reheating, which initiates the hot Big

Bang.

1.2.2 Big Bang Nucleosynthesis

At temperatures T ≳ 1MeV (corresponding to t ≲ 1 s), the Universe was a hot plasma of protons,

neutrons, electrons, positrons, neutrinos, and photons in thermal equilibrium. Weak interactions

maintained chemical equilibrium between neutrons and protons. As the Universe cooled, the weak

interaction rate dropped below the expansion rate H , and neutrons “froze out” at T ∼ 0.8MeV

[48]. Though unstable, the Universe was still hot enough for nuclear fusion to occur.

BBN proceeded over t ≈ 3–20min, synthesizing light elements [48]. Nearly all neutrons

ended up in helium-4, the most tightly bound light nucleus. BBN produced primordial abundances
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Figure 1.3: The cosmic microwave background as observed by the Planck satellite [3]. The color

scale represents temperature fluctuations of order δT/T ∼ 10−5 about the mean temperature

TCMB = 2.7255K. These anisotropies encode information about the primordial density pertur-

bations seeded during inflation, which subsequently grew under gravitational instability to form the

large-scale structure we observe today.

of approximately 75% hydrogen and 25% helium-4 by mass, with trace amounts of deuterium

(∼ 10−5), helium-3 (∼ 10−5), and lithium-7 (∼ 10−10) (all values obtained from [49]). These

predictions depend sensitively on the baryon-to-photon ratio η = nb/nγ ≈ 6 × 10−10, which is

independently constrained by CMB observations. The agreement between predicted and observed

primordial abundances provides one of the strongest confirmations of the hot Big Bang model.

Importantly, much of the dynamics of the Universe are constrained from BBN onward.

This does not preclude, however, any changes to the Universe’s chronology pre-BBN that may arise

from BSM physics. In Chapter 2 of this thesis, we study cosmological stasis, wherein large towers of

states (such as those predicted in string theory) decay coherently such that the total matter abundance

of the Universe remains constant despite cosmological expansion. An epoch of stasis can have

phenomenological implications on structure formation, and can therefore be tested observationally.

1.2.3 Radiation Domination

Following BBN, the Universe entered an extended period of radiation domination, lasting from

t ∼ 20min until t ∼ 50,000 yr. The scale factor evolved as a(t) ∝ t1/2, corresponding to a deceler-

ating expansion with Hubble parameter H = 1/(2t). Initially, electrons and positrons remained in

thermal equilibrium with photons through electromagnetic interactions. As the temperature dropped
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below T ∼ 0.5MeV, electron-positron pairs annihilated, transferring their entropy to the thermal

bath. Throughout radiation domination, dark matter and baryonic matter remained subdominant but

grew in relative importance. The transition from radiation to matter domination occurred at MRE,

when ρm = ρr, at a redshift zeq ≈ 3400 [3]. This epoch is crucial for structure formation: density

perturbations could only begin growing significantly after matter domination, as radiation pressure

suppressed gravitational collapse during radiation domination.

1.2.4 Matter Domination

After MRE, the Universe transitioned to matter domination, during which non-relativistic matter

(both dark matter and baryons) dominated the expansion dynamics. This epoch persisted from

z ∼ 3400 until dark energy began to dominate at z ∼ 0.3 (corresponding to t ∼ 10Gyr). A pivotal

event during matter domination was recombination, occurring at z ∼ 1100 (or t ∼ 380,000 yr)

when the temperature dropped to T ∼ 0.3 eV. At this point, protons and electrons combined to

form neutral hydrogen. Shortly thereafter, photons decoupled from matter producing the CMB

radiation we observe today, as shown in Figure 1.3, providing a snapshot of the Universe at this

decoupling. The tiny temperature anisotropies in the CMB (∆T/T ∼ 10−5) encode information

about the primordial density perturbations seeded during inflation.

Following recombination, dark matter overdensities, which had been growing since MRE,

continued to collapse gravitationally and formed the first dark matter halos. Baryons, now decoupled

from radiation pressure, fell into these gravitational wells. Eventually, the first stars and galaxies

formed during the epoch of reionization (z ∼ 6–20), when their ionizing radiation reheated and

reionized the intergalactic medium. This marked the beginning of cosmic structure as we observe it

today, with microscopic physics interacting with gravity to produce structure at consecutively larger

scales. This initiates the era of galaxies, galaxy clusters, and the cosmic web.

1.2.5 Late Times and Structure Formation

The late-time Universe (z ≲ 2) is characterized by the emergence of large-scale structure and the

transition to dark energy domination. This epoch is probed by Stage IV surveys and is the primary

focus of observational cosmology. In 1998, observations of Type Ia supernovae revealed that the

expansion of the Universe is accelerating [12, 50]. These standardizable candles appeared fainter

than expected, implying larger distances than a decelerating universe would produce. Combined

with CMB [30] and BAO measurements [51, 52], this established the ΛCDM concordance model.
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Figure 1.4: The linear matter power spectrum P (k) at z = 0. The spectrum rises as P (k) ∝ kns

on large scales (small k), turns over near the scale corresponding to matter-radiation equality

(keq ∼ 0.01hMpc−1), and falls as P (k) ∝ kns−4 on small scales due to the suppression of

growth during radiation domination. The baryon acoustic oscillations appear as small wiggles

at k ≳ 0.05hMpc−1, imprinting the sound horizon scale at recombination. On scales below

k ∼ 0.1hMpc−1, nonlinear gravitational evolution enhances power beyond the linear prediction

shown here. Image taken from [4].
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The “Λ” was chosen as the acceleration equation (1.6) shows that acceleration requires ρ+3p < 0,

which is satisfied for w < −1/3. A cosmological constant with w = −1 easily satisfies this

condition, and indeed has been in remarkable agreement with observations for nearly three decades

[53].

While the Friedmann equation describes the homogeneous background, structure forma-

tion requires understanding perturbations. In the linear regime (δ ≡ δρ/ρ̄ ≪ 1), density perturba-

tions in pressureless matter obey

δ̈ + 2Hδ̇ − 4πGρ̄δ = 0. (1.24)

The solutions of this equation govern the time evolution of structure in this regime. It is also in-

teresting to note that there is no spatial derivatives or position-dependence present, meaning that

the initial conditions of the large scale structure was codified much earlier. We can then express

overdensities at later times as a function of the primordial perturbations (δ0),

δ(χ, a) = D(a)δ0(χ). (1.25)

During matter domination, structures grow linearly with the scale factor, D(a) ∝ a. This structure

growth eventually ends with the advent of dark energy domination.

An invaluable statistic for analyzing large-scale clustering is the matter power spectrum

P (k), shown in Figure 1.4, which quantifies the amplitude of density fluctuations as a function of

spatial scale. In Fourier space, the density contrast δ(x) = (ρ(x) − ρ̄)/ρ̄ has Fourier transform

δ̃(k), and the power spectrum is defined through the two-point correlation function

⟨δ̃(k)δ̃∗(k′)⟩ = (2π)3δD(k− k′)P (k). (1.26)

Larger values of P (k) indicate stronger clustering at the corresponding spatial scale λ ∼ 2π/k.

The overall shape of the power spectrum encodes key physical processes. On large scales, P (k)

retains the nearly scale-invariant primordial form P (k) ∝ kns generated during inflation [30]. On

smaller scales, perturbations that entered the horizon during radiation domination experienced sup-

pressed growth, as radiation pressure prevented gravitational collapse. This introduces a character-

istic peak at the scale corresponding to matter-radiation equality, beyond which P (k) decreases with

increasing k. Additional features include the Baryonic Acoustic Oscillation (BAO)—subtle oscilla-

tory imprints from sound waves in the pre-recombination photon-baryon plasma—which serve as a

standard ruler for cosmological distance measurements [51]. The amplitude of matter fluctuations is

conventionally characterized by σ8 ≈ 0.81 [30], defined as the root-mean-square density fluctuation

in spheres of radius 8h−1 Mpc.
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Figure 1.5: Schematic of the forward modeling approach to cosmological inference. Cosmological

parameters {Ωm, σ8, . . .} and initial conditions are propagated through a forward model comprising

gravitational dynamics (N -body simulations or effective field theories), galaxy formation physics

(hydrodynamical simulations or empirical models such as HOD), and survey-specific effects to pro-

duce mock observations. These are compressed into summary statistics (e.g., the matter power

spectrum) and compared against real observations to obtain posterior constraints on cosmological

parameters. The computational expense of this pipeline—particularly the simulation and summary

statistic stages—motivates the development of emulators and differentiable forward models dis-

cussed in this thesis. Figure courtesy of Carolina Cuesta-Lazaro.

1.3 Bayesian Inference in Cosmology

Equipped with a framework for cosmology, we now turn to statistics. To be a cosmologist is to be

Bayesian; we do not have the luxury of performing repeated experiments across multiple Universes

to reach statistical precision, as the frequentist paradigm would require. Constrained to a single

Universe, and only a limited set of observational probes within it, we adopt a Bayesian framework

wherein beliefs about model parameters are continuously updated as new data become available.

The goal of cosmological inference is thus to constrain model parameters θ given observed data d.

In the modern setting, this pipeline begins with an initial guess for the Universe’s cos-

mological parameters (e.g. Ωm, σ8, etc.) as well as information for the primordial density field
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(e.g. from the CMB). This information is forward-modeled through simulation-based and analytic

calculations and then compressed into summary statistics such as P (k) or two-point correlation

functions. Comparing these predictions to observations yields a posterior over cosmological param-

eters (Figure 1.5). This pipeline is visualized in Figure 1.5. Bayes’ theorem provides the foundation

for this analysis:

p(θ|d) = p(d|θ)p(θ)
p(d)

, (1.27)

where p(θ|d) is the posterior distribution, p(d|θ) is the likelihood, and p(θ) is the prior. The

denominator p(d) is known as the Bayesian evidence and is the reason Bayes’ theorem cannot

typically be solved analytically, as it requires integration over the entire parameter space (θ):

p(d) =

∫
p(d|θ)p(θ) dθ. (1.28)

In principle, the posterior contains all information about the parameters extractable from the data.

In practice, evaluating and exploring this posterior presents computational challenges.

1.3.1 Two-Point Statistics and the 3× 2pt Framework

Modern WL surveys extract cosmological information through correlation functions of galaxy po-

sitions and shapes. The standard approach combines three two-point correlations: cosmic shear

(shape-shape), galaxy clustering (position-position), and galaxy-galaxy lensing (position-shape).

This combination, known as the 3×2pt analysis, has become the workhorse of modern WL survey

cosmology [54–56].

The appeal of two-point statistics lies in their well-understood theoretical foundation. For

a Gaussian random field, two-point correlations capture all statistical information. The primordial

density field emerging from inflation is indeed nearly Gaussian, with non-Gaussianities constrained

to be small by CMB observations. This motivates a Gaussian likelihood for the data vector:

ln p(d|θ) = −1

2
(d− µ(θ))TC−1(d− µ(θ)) + const, (1.29)

where µ(θ) is the theoretical prediction and C is the covariance matrix. However, gravitational

evolution fundamentally breaks the Gaussian assumption. On scales below ∼ 10h−1 Mpc, mode

coupling induces significant non-Gaussianity in the matter distribution. The WL convergence field

inherits this non-Gaussianity, therefore requiring the entire hierarchy of moments that two-point

statistics cannot access for a full description. Studies have shown that higher-order statistics—

including the bispectrum [57, 58], peak counts [59, 60], Minkowski functionals [61], and the conver-

gence probability distribution function [62]—can improve constraints on Ωm and σ8 considerably
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compared to power spectrum analysis alone [63]. The 3×2pt framework thus provides a conserva-

tive, well-validated baseline, but leaves substantial cosmological information to be leveraged.

1.3.2 The Computational Challenge of MCMC

Traditional approaches sample the posterior using Markov Chain Monte Carlo (MCMC) meth-

ods, typically the Metropolis-Hastings algorithm or variants thereof [64, 65]. MCMC constructs

a Markov chain whose stationary distribution is the target posterior; after sufficient iterations, sam-

ples from the chain approximate draws from the posterior. A typical cosmological analysis requires

104–105 chain elements to achieve convergence and adequate sampling of parameter degeneracies

[66]. The computational cost of MCMC scales unfavorably with both the dimensionality of the

parameter space and the expense of likelihood evaluation. A Stage III 3×2pt analysis involves

O(20–30) parameters: cosmological parameters, IA parameters, galaxy bias parameters, and nui-

sance parameters [67]. Each likelihood evaluation requires computing theoretical predictions across

the full data vector. This calculation that can take seconds to minutes, depending on the required

accuracy. A single MCMC analysis thus requires hours to days of wall-clock time on modern hard-

ware [68].

The situation becomes increasingly dire for Stage IV surveys. The parameter space ex-

pands to O(40–100) dimensions as additional systematic effects must be marginalized over, while

the precision requirements on theoretical predictions tighten. Joint analyses combining multiple

surveys or probes push dimensionality even higher; a recent forecast for combined Stage IV 3×2pt

analyses found parameter spaces of 157–159 dimensions, for which traditional nested sampling

would require a projected 12 years of compute time on 48 CPU cores [69]. This demands more

efficient inference algorithm alternatives for Stage IV cosmology.

1.3.3 Gradient-Based Sampling and Differentiable Pipelines

Inference over high-dimensional spaces can be made more manageable if one knows where to look.

To this end, gradient-based sampling methods offer a path forward for more efficient inference.

Hamiltonian Monte Carlo (HMC) simulates Hamiltonian dynamics on the parameter space, using

the gradient of the log-posterior to flow toward regions of high probability while maintaining de-

tailed balance [70, 71]. This guided exploration dramatically improves acceptance rates compared

to random-walk proposals. A more detailed explanation of HMC can be found in Chapter 3.
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HMC demonstrates superior scaling in high dimensions. This is also enjoyed by sampling

techniques such as Stochastic Variational Inference (SVI), wherein one introduces a learnable, para-

metric distribution that is optimized towards the posterior via gradient-based optimization. Recent

cosmological applications have shown HMC outperforming traditional samplers for problems with

tens to hundreds of parameters, with particularly strong gains when the posterior exhibits complex

geometry or parameter degeneracies [69, 72]. We observe something similar in our own applications

within galaxy IA modeling, as detailed in Chapter 3.

The prerequisite for gradient-based sampling is a differentiable forward model that gives

one access to∇θ ln p(d|θ). This requirement has spurred development of differentiable cosmolog-

ical pipelines, from Boltzmann codes to power spectrum emulators to summary statistic calculators

[72]. This also includes the use of NNs, which can act as surrogates for the likelihood or posterior

directly, through frameworks like Simulation-Based Inference (SBI) [73]. When combined with

automatic differentiation frameworks, these pipelines enable differentiable sampling with minimal

additional implementation cost.

1.3.4 Toward Scalable Inference for Stage IV Surveys

The inference challenges facing Stage IV cosmology motivate the methodological developments

presented in this thesis. Traditional MCMC methods, while well-understood and extensively vali-

dated, cannot scale to the high-dimensional parameter spaces and precision requirements of next-

generation surveys. Three complementary approaches offer paths forward:

• Emulators replace expensive forward model evaluations with fast neural network surrogates,

enabling orders-of-magnitude speedups in likelihood computation. The IAEMU emulator

developed in Chapter 3 exemplifies this approach, providing ∼ 10,000× acceleration for in-

trinsic alignment correlation function predictions. For practical use, these emulators must be

robust to perturbations in the data, as well as have the capability to perform across simulations

and cosmological parameters. In other words, they must generalize.

• Differentiable forward models enable gradient-based sampling methods that scale favorably

to high dimensions. The DIFFHOD-IA framework in Chapter 3 demonstrates how differen-

tiable implementations of galaxy-halo connection models unlock HMC sampling for intrinsic

alignment inference. The differentiable Boltzmann solver in Chapter 2 demonstrates how one

can use differentiable models in purely theoretical spaces to study interesting phenomenol-

ogy. Because the physics is explicitly encoded, these models are typically less sensitive to
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Figure 1.6: Schematic illustration of weak gravitational lensing. Photons emitted from the back-

ground galaxies are deflected by the intervening dark matter distribution, causing the lensed galaxy

images.

shifts in the underlying data distribution than purely data-driven surrogates. Differentiable

simulations, however, generally remain slower than NN surrogates for forward modeling.

• Simulation-based inference [73] bypasses the need for explicit likelihoods entirely, enabling

inference with arbitrary summary statistics and naturally handling non-Gaussian information.

While not the focus of this thesis, SBI methods interface naturally with the emulators and

differentiable models we develop.

Together, these methods represent the emerging paradigm for cosmological inference in the Stage

IV era. The following section introduces the deep learning foundations underlying these approaches.

1.4 Weak Lensing and Intrinsic Alignments

Weak gravitational lensing has emerged as one of the most powerful probes of the matter distribution

in the Universe [74, 75]. Unlike galaxy surveys or the CMB, weak lensing directly probes the total

matter distribution (baryonic and dark matter), making it sensitive to both the geometry of the

Universe and the growth of structure across cosmic time. As light from distant galaxies travels

across the Universe, it is deflected by the gravitational potential of intervening matter, inducing

small but measurable distortions in the observed shapes of these galaxies. This is visualized in
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Figure 1.6. If we can accurately model how galaxy shapes are distorted, we can infer cosmological

parameters. Moreover, since most galaxy shapes are distorted in this way, WL analyses have the

ability to employ large catalogs of galaxies for statistical precision.

This, however, introduces its own set of challenges. The shape distortions can be incred-

ibly “weak”, requiring robust statistics. These shape measurements also have to be extraordinarily

accurate, and are subject to astrophysical and survey design systematics which can be considerable.

These challenges require that WL measurements account for both systematics and statistical uncer-

tainties. In this thesis we will address the first challenge via accurate modeling of galaxy IA, and

the second problem via modern techniques which enable tractable high-dimensional inference.

1.4.1 Gravitational Lensing Basics

The lensing effect is characterized by the convergence field κ, which describes isotropic magnifi-

cation, and the shear γ = γ1 + iγ2, which describes anisotropic stretching of images. The shear

is a spin-2 quantity, transforming under rotations by angle ϕ as γ → γe2iϕ. For weak lensing

(κ, |γ| ≪ 1), the observed ellipticity of a galaxy is approximately

ϵobs ≈ ϵint + γ, (1.30)

where ϵint is the intrinsic (unlensed) ellipticity. This can be measured by averaging over many

galaxies. The key assumption enabling this measurement is that intrinsic ellipticities are randomly

oriented, so that ⟨ϵint⟩ = 0 and the average observed ellipticity yields an unbiased estimate of the

shear.

The cosmic shear power spectrum for sources in redshift bins i and j is related to the

matter power spectrum via the Limber approximation [76, 77]

Cij
ℓ =

∫ χH

0
dχ

W i(χ)W j(χ)

χ2
Pδ

(
k =

ℓ+ 1/2

χ
, z(χ)

)
, (1.31)

where we have assumed a flat cosmology. Above, W i(χ) is the lensing kernel for sources in bin

i and χH is the comoving distance to the horizon. Cosmic shear is thus sensitive to both the ge-

ometry of the Universe (through the distance-redshift relation) and the growth of structure (through

Pδ(k, z)), constraining the combination S8 ≡ σ8(Ωm/0.3)0.5. Modern surveys including DES [54],

KiDS [55], and HSC [56] have measured cosmic shear with increasing precision, while Stage IV

surveys will reduce statistical uncertainties to the sub-percent level [17–19].
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Figure 1.7: An example galaxy field from the DIFFHOD-IA simulation (discussed in Chapter 3)

representative of a sample from TNG300 conducted on the BOLSHOI-PLANCK simulation. Red line

segments denote galaxy positions, with their orientations reflecting the projected galaxy orientation

in the plane of the sky and their lengths proportional to the magnitude of the projected orientation

vector. Blue ellipsoids indicate host dark matter halos and orange ellipsoids indicate subhalos,

with ellipsoid sizes proportional to halo mass. Intrinsic alignments of galaxies can be qualitatively

observed by inspecting more massive (sub)halos hosting multiple galaxies, and are quantified more

robustly through galaxy orientation correlation statistics.
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1.4.2 Intrinsic Alignments

The assumption that intrinsic ellipticities are randomly oriented is violated if galaxies preferentially

align with their environment. This IA effect arises because galaxy shapes are determined by the

same large-scale tidal fields that source the lensing signal [78, 79]. Two primary physical mecha-

nisms generate IA: tidal alignment, where elliptical galaxies inherit the shape of their parent dark

matter halo which was set by the local tidal field [80, 81], and tidal torquing, where disk galaxies

acquire angular momentum from tidal interactions during formation [82, 83]. In Figure 1.7, we

show a 1Mpc/h slice of a galaxy field (including IA), wherein a relationship between dark matter

halo orientations and galaxy orientations can be deduced.

IA contaminates weak lensing measurements through correlations that mimic or obscure

the true signal. The observed shape correlation function receives contributions [84]

ξobs(θ) = ξGG(θ) + ξGI(θ) + ξII(θ), (1.32)

where ξGG is the true lensing signal we seek to measure. The II term correlates the intrinsic shapes

of galaxies that formed in the same tidal environment. This correlation is strongest for galaxy pairs

at similar redshifts. The GI term cross-correlates the intrinsic shape of a foreground galaxy with

the lensing shear experienced by a background galaxy.

Current analyses employ phenomenological models such as the nonlinear linear align-

ment (NLA) model [85], with free parameters that are marginalized over in cosmological inference

[54, 55]. More sophisticated approaches include the tidal alignment and tidal torquing (TATT)

model [86]. See [87] for a full review of the IA formalism and terminology. For Stage IV surveys,

IA modeling must achieve percent-level accuracy to avoid biasing cosmological constraints, moti-

vating the development of simulation-calibrated models. The correlation functions relevant for IA

modeling are central to Chapter 3 of this thesis.

1.5 Deep Learning, Neural Networks, and All That

The idea of allowing machines to learn predates modern Machine Learning (ML) and AI. Lin-

ear regression—where, in the simplest case, a two-parameter model is iteratively optimized to fit

data—is conceptually not far removed from contemporary learning systems. Modern Deep Learn-

ing (DL) is built on large collections of simple computational units, or “neurons”, each applying a

linear transformation followed by a non-linear activation function. These systems have had a pro-

found impact across the sciences, particularly in cosmology, and form a central focus of this thesis.
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We will also see that their learning paradigms can inspire the augmentation of existing simulation

frameworks with analogous adaptive capabilities.

The computational challenges of traditional inference methods, combined with the need to

model complex astrophysical systematics like IA, motivate the use of modern ML techniques. While

ML methods are diverse, modern practice often centers on training NNs. In particular, we focus on

the use of NNs as emulators for simulations, to approximate posteriors via sampling techniques like

SVI, and for other analysis tasks, such as galaxy morphology classification. In the latter setting, our

contributions focus on symmetry-informed architectural design and training techniques that allow

trained NNs to generalize across multiple datasets.

1.5.1 Why Neural Networks?

NNs are parametric function approximators composed of layers of neurons. The universal approx-

imation theorem guarantees that sufficiently expressive networks can approximate any continuous

function on a compact domain to arbitrary precision. The intrinsic expressivity of these networks is

encoded in their weights, which can be updated according to data and are therefore trainable. These

weights can be arranged in different ways, thereby defining the NN architecture. Importantly, this

result is not restricted to scalar-valued functions, but extends to general mappings between finite-

dimensional spaces, Rn → Rm, providing the theoretical foundation for the widespread use of NNs

across diverse application domains. Moreover, such mappings need not be deterministic nor limited

to point estimates; we will therefore discuss probabilistic ML and its applicability in cosmology.

Despite this theoretical guarantee, training NNs remains an empirical practice. Further-

more, NNs are typically not robust to perturbations in the data and often fail when applied to OOD

tasks [88]. Consequently, one does not automatically benefit from the universal approximation the-

orem by remaining agnostic about architectural choices. Inductive biases, of which physicists know

many, have proven exceptionally useful in designing architectures that are better-suited for certain

types of problem by leveraging available symmetries in the data. We will therefore devote time to

motivating different architectures, including so-called “equivariant” NNs, which are instilled with

symmetry inductive biases. These architectures are studied in 4 in the context of constructing gen-

eralizable models that can be transferred across different datasets.
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Figure 1.8: Progression of neural network architectures with increasing symmetry constraints. From

left to right: A fully-connected MLP connects every input to every output, respecting no spatial

structure. Imposing local connectivity restricts connections to spatial neighborhoods but uses differ-

ent weights at each location. Convolutional networks (CNNs) share weights across spatial positions,

achieving translation equivariance. Steerable CNNs further constrain the filter kernels to transform

predictably under a symmetry group G (e.g., rotations), achieving equivariance to the full affine

group Aff(G). Each additional constraint reduces the parameter space and improves generalization

when the corresponding symmetry is present in the data. Image adapted from [5].

50



CHAPTER 1. BASIC PRINCIPLES OF COSMOLOGY AND AI

1.5.2 Architectures

The Multilayer Perceptron

The canonical NN, modeled after biological NNs, is the MLP [89]. It is also known as a fully-

connected (dense) network, is the simplest feedforward architecture. An MLP maps input x ∈ Rn(0)

to output z(L) ∈ Rn(L)
through successive transformations:

z
(ℓ)
i = σ

(
h
(ℓ)
i

)
, h

(ℓ)
i =

n(ℓ−1)∑
j=1

W
(ℓ)
ij z

(ℓ−1)
j + b

(ℓ)
i , ℓ = 1, . . . , L, (1.33)

where z
(0)
i = xi, z(L) is the network output, W (ℓ)

ij are the weight matrices, b(ℓ)i are the bias vectors,

h
(ℓ)
i is the preactivation at layer ℓ, and σ(·) is a nonlinear activation function. Upon inspection, we

see that this corresponds to a wide and deep network of linear regression up to the inclusion of σ.

The activation function introduces nonlinearity; without it, the composition of linear transformations

would remain linear and NNs would not be able to represent nontrivial functions. Common choices

for σ include the rectified linear unit σ(z) = max(0, z) (ReLU) [90].

Convolutional Neural Networks

While the MLP is well-suited for vectorized data, its construction does not respect symmetries of

structured data. For example, a data vector that is an image would have to be flattened upon passing

through an MLP, removing much of the local information of the image. For structured data such as

images, the Convolutional Neural Network (CNN) [91] exploits spatial structure through two key

architectural principles that distinguish it from the MLP: locality and translation invariance. The

CNN architecture replaces the matrix multiplication in (1.33) with discrete convolution:

h
(ℓ)
i = (W (ℓ) ∗ z(ℓ−1))i + b

(ℓ)
i , (1.34)

where ∗ denotes convolution and W (ℓ) is a learned filter kernel of finite support. Locality is enforced

via nearest neighbor influences in the sliding kernel function.

Locality is enforced as the output depends only on a local neighborhood of inputs through

the finite filter kernel. Translation invariance is enforced similarly, as the same filter W (ℓ) is ap-

plied at every spatial position, making learned features equivariant to translations. Together, these

inductive biases dramatically reduce the parameter count compared to MLPs while making CNNs

more suited to structured data. Successive convolutional layers learn hierarchical features, from

edges and textures to objects and scenes. For cosmological applications, CNNs have been applied
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to galaxy morphology classification [92], strong lens detection [93], and convergence map analysis

[94], to name a few.

Equivariant Neural Networks

Taking inspiration from mathematical convolution, CNNs employ inductive biases to aid learning.

That is, CNNs implicitly enforce notions of symmetry that we know exist in images (translation

invariance). This reasoning can be extended to high order symmetries via Equivariant Neural Net-

work (ENN)s [5, 95, 96], which can be equivariant to higher-order symmetries.

ENNs generalize convolution to other groups like rotations and reflections. A function

ϕ : X → Y is equivariant with respect to a group G if:

ϕ(Tgx) = T ′
gϕ(x), ∀g ∈ G, (1.35)

where Tg and T ′
g are group actions on the input and output spaces. This construction includes

both discrete and continuous groups, with nuances in how the two are handled. In the case of

rotational symmetries, it is natural to consider equivariance to the full group of rotations as well as

its subgroups, CN ⊂ SO(2), and the corresponding case of reflections and rotations, DN ⊂ O(2).

For cosmological data, relevant symmetries include the above, as well as statistical isotropy of

convergence maps, and Euclidean symmetry of point cloud halo catalogs.

By encoding these symmetries architecturally, ENNs reduce the parameter space, are

more data efficient, and improve generalization. This is particularly valuable when training data

is limited or when the test distribution differs from training. Chapter 4 explores equivariant archi-

tectures combined with domain adaptation methods for improved robustness under dataset shift.

1.5.3 Training

Recall that NNs are parametric function approximators, fθ(x). The NN parameters θ are optimized

to minimize a loss function Lmeasuring prediction error on training data {(xi,yi)}Ni=1. The choice

of loss function depends on the task. For regression, the mean squared error is common:

LMSE =
1

N

N∑
i=1

∥yi − fθ(xi)∥2, (1.36)

while for classification, the cross-entropy loss is typically used:

LCE = − 1

N

N∑
i=1

K∑
k=1

yik log fθ(xi)k, (1.37)
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where K is the number of classes and yik are one-hot encoded labels.

Optimization proceeds via gradient descent, iteratively updating parameters in the direc-

tion of steepest descent:

θt+1 = θt − η∇θL(θt), (1.38)

where η is the learning rate. Gradients are computed efficiently through backpropagation, which

applies the chain rule recursively through the computational graph of the network. This graph

in practice is constructed through ML frameworks like PYTORCH [97] and JAX [98]. Stochastic

gradient descent (SGD) additionally uses random mini-batches of data rather than the full dataset,

enabling scalability to large datasets. Modern optimizers like ADAM [99] adaptively adjust learning

rates for each parameter based on first and second moment estimates of the gradients, often accel-

erating convergence. Regularization techniques such as weight decay [100], skip connections for

gradient flow [101], dropout [102], and early stopping [103] help prevent overfitting.

Despite these advances, training deep networks remains challenging. Loss landscapes are

non-convex with many local minima, and hyperparameter choices can significantly impact perfor-

mance. Nevertheless, a robust empirical observation across diverse domains is that scaling model

size—increasing depth, width, and training data—consistently improves performance. This obser-

vation has yielded the current era of scaling laws [104], providing a reliable path to better models

through architectural scale. As of 2026, these scaling relationships continue to hold across increas-

ingly large systems.

1.6 Outline of Contributions

This thesis contains four chapters, each roughly modeled after publications I’ve written in my Ph.D.

In total, the following chapters summarize four first-author publications [8, 105–107], and one

second-author publication [108]. It also incorporates material from two first-author extended ab-

stracts [92, 109] submitted to NeurIPS and ICLR. The paper contributions per chapter are outlined

as follows.

Chapter 2: A Machine-Learned Model of Cosmological Stasis

Paper 1: On the Generality and Persistence of Cosmological Stasis

Summary: This paper explores the phenomenon of cosmological stasis, a phase of cos-
mic evolution in which the relative abundances of matter and radiation remain constant
despite expansion. We study stasis in the full 2N–dimensional space of decay rates and
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abundances that feed the Boltzmann equations governing cosmic dynamics. We con-
struct a differentiable Boltzmann solver and use gradient-based analyses to find config-
urations that maximize the number of stasis e–folds, identifying log–uniform priors that
extend earlier power–law models. We demonstrate that random draws from these distri-
butions regularly exhibit extended stasis, and incorporate these as priors in a Bayesian
analysis using SVI with normalizing flows to model the posterior. A new exponential
model of stasis is identified, shown to exactly solve the stasis equations, act as an at-
tractor, and scale the number of e–folds linearly with species number—qualitatively
different from previous power–law models. The paper also discusses implications for
string–theoretic conjectures such as the emergent string hypothesis and the string axi-
verse.

Contributions: First author. I wrote all simulation and optimization code, conducted
all experiments and analyses, and made all plots. J.H. wrote Sections V.B and V.C, as
well as assisted with paper writing and editing.

James Halverson and Sneh Pandya. “Generality and Persistence of Cos-

mological Stasis.” Physical Review D, Vol. 110, No. 7 (2024), DOI:

10.1103/PhysRevD.110.075041.

Chapter 3: Neural Network Emulators and Differentiable Modeling for Galaxy In-
trinsic Alignments

Paper 2: IAEMU: Learning Galaxy Intrinsic Alignment Correlations

Summary: The IAEMU paper introduces a neural network–based emulator for galaxy
intrinsic alignment correlations. IAEMU is trained to jointly predict the position–position
(ξ), position–orientation (ω), and orientation–orientation (η) correlation functions, along
with associated aleatoric and epistemic uncertainties, from HOD parameters using
mock catalogs. Unlike traditional analytic or simulation-based methods, IAEMU di-
rectly models these statistics, offering orders-of-magnitude speed-ups (approximately
10,000× for GPU inference) compared to conventional approaches and enabling both
rapid forward modeling and accelerated inverse inference via gradient-based sampling.
The emulator generalizes beyond its training HOD mocks to non-HOD signals drawn
from hydrodynamical simulations, demonstrating robustness and broad applicability
for Stage IV cosmological surveys.

Contributions: First author. I developed the IAEMU architecture, wrote all training
and evaluation code, and conducted all model analyses and validation experiments.
I produced all figures and documented results. My coauthors generated training and
testing data, provided input on the simulations and modeling, assisted with simulation
comparisons, and contributed to paper writing and editing.
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Sneh Pandya, Yuanyuan Yang, Nicholas Van Alfen, Jonathan Blazek,

and Robin Walters. “IAEmu: Learning Galaxy Intrinsic Alignment Cor-

relations.” The Open Journal of Astrophysics, Vol. 8 (2025), DOI:

10.33232/001c.151749.

Paper 3: On Soft Clustering For Correlation Estimators

Summary: This paper investigates soft clustering methods for estimating correlation
functions in large-scale structure analyses, focusing on improving statistical efficiency
and robustness in the presence of complex sample selections and survey geometries.
We develop a framework that blends hard assignment approaches with soft clustering
probabilities to better capture the underlying distribution of galaxies when estimating
two-point and higher-order correlations. Through a combination of theoretical consid-
erations and empirical evaluations on mock and observational datasets, we demonstrate
that soft clustering estimators can reduce variance and systematic biases compared to
traditional estimators, especially in regimes where sample sparsity and selection effects
are significant. The results suggest that incorporating soft clustering into correlation es-
timation routines can enhance the fidelity of large-scale structure inferences for current
and future cosmological surveys.

Contributions: Second author. I implemented and conducted some IAEMU -related
experiments for this work, including preparing the related text. I also advised on other
experiments, and assisted in paper writing and editing.

Edward Berman, Sneh Pandya, Jacqueline McCleary, Marko Shuntov,

Caitlin Casey, Nicole Drakos, Andreas Faisst, Steven Gillman, Ghassem

Gozaliasl, Natalie Hogg, Jeyhan Kartaltepe, Anton Koekemoer, Wilfried

Mercier, and Diana Scognamiglio. “On Soft Clustering For Correlation

Estimators.” The Open Journal of Astrophysics, Vol. 8 (2025), DOI:

10.33232/001c.144313.

Paper 4: Differentiable Stochastic Halo Occupation Distribution with Galaxy Intrinsic Align-

ments

Summary: This paper introduces DIFFHOD-IA, a differentiable implementation of
HALOTOOLS-IA. We extend the differentiable HOD methodology of [110] to the IA
implementation of [111] by differentiably sampling from the Dimroth-Watson distri-
bution which governs galaxy misalignments. We further extend this framework to the
summary statistic level, including contributions from [112] to differentiably calculate
correlation functions. We validate the accuracy of DIFFHOD-IA and showcase expe-
dited inference with HMC.
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Contributions: First author. I developed the code, ran experiments, analyzed results,
and wrote the paper. My coauthor reviewed the draft and provided useful guidance
during the development of the paper.

Sneh Pandya and Jonathan Blazek. “Stochastic Differentiable Halo Oc-

cupation Distribution with Galaxy Intrinsic Alignments” Under review at

The Open Journal of Astrophysics, 2026, arXiv: 2602.04977.

Chapter 4: Symmetries and Domain Adaptation for Neural Network Generalization

Paper 5: SIDDA: SInkhorn Dynamic Domain Adaptation for Image Classification with Equiv-

ariant Neural Networks

Summary: This paper introduces SInkhorn Dynamic Domain Adaptation (SIDDA), a
domain adaptation training algorithm designed to improve neural network generaliza-
tion under covariate shifts by leveraging the Sinkhorn divergence to align latent feature
distributions with minimal hyperparameter tuning. SIDDA dynamically adjusts the en-
tropic regularization and the balance between classification and domain adaptation loss
during training, reducing the need for manual tuning and computational overhead. The
method is shown to improve classification accuracy (up to 40% on unlabeled target
data) and calibration metrics (expected calibration error and Brier score) across multi-
ple simulated and real datasets, including shapes, handwritten digits, and astronomical
observations, and achieves stronger performance when paired with equivariant neural
networks, owing to their built-in symmetry constraints. SIDDA’s compatibility with
a range of architectures and its automated approach to domain alignment make it a
versatile tool for multi-dataset studies.

Contributions: First author. I developed the SIDDA algorithm, implemented and op-
timized the training and domain adaptation code, generated experimental datasets, and
conducted all training, evaluation, and analysis. I also produced all figures and docu-
mented results. My coauthors contributed domain expertise, assisted with experimental
design, and helped refine the manuscript.

Sneh Pandya, Purvik Patel, Brian D. Nord, Mike Walmsley, and Alek-

sandra Ćiprijanović. “SIDDA: SInkhorn Dynamic Domain Adapta-

tion for Image Classification with Equivariant Neural Networks.” Ma-

chine Learning: Science and Technology, 2025, DOI: 10.1088/2632-

2153/adf701.
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Chapter 2

A Machine-Learned Model of

Cosmological Stasis

One of the hallmark characteristics of an expanding universe is the time-evolution of components

that contribute to the overall energy density of the Universe. It has been introduced [2] that this

assumption is not always true, and in fact the Universe could experience extended phases of cosmo-

logical “stasis” in which the cosmological abundances of matter, radiation, and/or vacuum energy

can remain steady over extended e-folds of cosmological evolution, facilitated by various physi-

cal mechanisms driving energy pumps which oppose the effects of cosmological expansion [113].

These phenomena can arise naturally from a variety of BSM physical theories, for instance in those

that predict towers of unstable states that inevitably decay.

There are a number of different flavors of stasis. In the original formulation [2], stasis is

achieved when a tower of ϕℓ matter states dominate the energy density but then hierarchically decays

into radiation (hereby referred to as M → γ stasis), whereas [113] further introduced mechanisms

of vacuum energy to matter (Λ → M ) and vacuum energy to radiation (Λ → γ) stasis in a similar

context, as well as studies of the dynamics of “triple stasis” with simultaneous Λ→M → γ stasis.

Such alternative cosmological histories can have observational consequences [114, 115] depending

crucially on the flavor, timescale, and duration of stasis. Though in many cases these provide inter-

esting possibilities for the evolution of our Universe, stasis may also constrain ultraviolet-complete

theories such as string theory if it arises after nucleosynthesis. We will comment on stasis in the

context of Kaluza-Klein towers, string towers, and the string axiverse.

In this chapter, we present an analysis of stasis to complement [2], focusing on M → γ
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stasis. This flavor of stasis depends crucially on the abundances Ω
(0)
ℓ and decay rates Γℓ of the

N particle species that matter dominate prior to stasis. Whereas [2] laid out a general theory of

strict stasis and derived many analytic results in an eight-dimensional power law model, including

attractor behavior, we focus on understanding stasis in a model-agnostic manner on the full 2N -

dimensional space of rates and abundances. Such an analysis seems to require numerics, for which

we employ a variety of machine learning tools (to optimize stasis e-folds, not cosmological viability;

see Section 2.6), but lets us probe the generality of stasis and understand aspects of its duration. The

numerical methods uncover a new exponential model of stasis, which leads to extended periods of

stasis.

This chapter is organized as follows. First, we review essentials of M → γ stasis from [2].

In Section 2.2 we develop a differentiable Boltzmann solver that facilitates a number of numerical

analyses involving stasis. Performing gradient ascent to maximize stasis, we see the emergence

of exponential models that motivate log-uniform statistics. In Section 2.3 we study random stasis

where rates and abundances are drawn from both these log-uniform distributions and also power law

distributions. Stasis occurs quite generally, with longer duration in the log-uniform case. In Section

2.4 we use both types of distributions as priors for stasis-conditioned posteriors. The posteriors

in this Bayesian analysis are modeled using a neural network known as a normalizing flow, which

are optimized using stochastic variational inference. Posterior samples lead to more robust stasis,

referring to a longer duration of stasis epochs, and again prefer an exponential model. In Section 2.5

we study the exponential model directly, demonstrating that it leads to parametrically-in-N longer

periods of stasis than power law models, and discuss potential interfaces with string theory.

2.1 Matter-Radiation Stasis

For a tower of states ϕℓ where ℓ ∈ [0, 1, 2, ..., N ], let ρℓ denote a corresponding energy density

and Ωℓ a corresponding abundance. For general types of stasis, ϕℓ can either be a tower of massive

scalar fields contributing to the total matter abundance ΩM of the Universe, or a tower of vacuum

energy fields contributing to ΩΛ. Below, we will focus on the M → γ stasis formalism. Recall that

for any energy density ρi, Ωi is related via

Ωi ≡
8πG

3H2
ρi , (2.1)

where H is the Hubble parameter and G is Newton’s gravitational constant.
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Differentiating, the time evolution of Ωi is then

dΩi

dt
=

8πG

3

(
1

H2

dρi
dt
− 2

ρi
H3

dH

dt

)
. (2.2)

This set of Boltzmann equations is dependent on the time-evolution of individual ρi as well as H .

Using the Friedmann equation for dH/dt in a FLRW Universe, we obtain

dH

dt
= −H2 − 4πG

3

(∑
ℓ

ρℓ + 3
∑
ℓ

pℓ

)
, (2.3)

where in practice this is expressed in terms of the equation-of-state parameter w ≡ pℓ/ρℓ for a

component. Simplifying further, we arrive at

dH

dt
= −1

2
H2(4− ΩM ) , (2.4)

having invoked wγ = 1/3 and wM = 0 in equation 2.3. Integrating both sides, we arrive at

H(t) =
2

4− ⟨ΩM ⟩

(
1

t− t(0)

)
, (2.5)

where we have used the approximation that H(0)(t − t(0)) ≫ 1 and ⟨ΩM ⟩ is the time-averaged

matter abundance defined as

⟨ΩM ⟩ =
1

t− t(0)

∫ t

t(0)
dt′ΩM (t′) . (2.6)

During stasis, d⟨ΩM ⟩/dt = 0, in which ⟨ΩM ⟩ = ΩM , the asymptotic stasis abundance.

In M → γ stasis, the decays of individual matter species are what source the production

of radiation in this universe. Stasis epochs necessarily require time-dependent energy densities,

whose equations of motion in this case are given by

dρℓ
dt

= −3Hρℓ − Γℓρℓ . (2.7)

Returning to equation 2.2 and substituting in the result of equation 2.4 and 2.7, we arrive at the set

of N Ordinary Differential Equation (ODE)s which govern the time evolution of individual Ωℓ

dΩℓ

dt
= HΩℓ (1− ΩM )− ΓℓΩℓ . (2.8)

Equation 2.8, in combination with the ODE for the Hubble parameter directly gives the dynamics

for our system. As our Universe only contains matter and radiation, ΩM + Ωγ = 1 at all times and

the dynamics for radiation are easily obtained by recognizing that dΩM/dt = −dΩγ/dt.
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For M → γ stasis, the universe is beginning in a matter dominated state, ΩM (t(0)) =

1. With time-evolution, the individual matter species gradually redshift or begin decaying into

radiation; the effects of both must balance to have dΩM/dt = 0 during stasis. This will happen

for all times when the decays of ϕℓ are exactly counterbalanced by Hubble expansion. Further,

all individual Ωℓ’s during stasis must cooperate to produce an asymptotic abundance ΩM . These

combined form the two necessary and sufficient conditions for an extended period of stasis:∑
ℓ

ΓℓΩℓ = H(ΩM − Ω2
M ) (2.9)

∑
ℓ

Ωℓ(t) = ΩM . (2.10)

Equation 2.9 as written is actually a condition for eternal stasis, which of course cannot be physical

for some finite tower of states. However, we can illuminate how the stasis epoch ends by operating

under the assumption of eternal stasis. Let us assume we are in a period of stasis where ΩM has

achieved its ΩM stasis value. With these conditions, we can study the explicit time dependence

for many of the quantities of interest. Beginning with the Hubble parameter in equation 2.3, the

solution is

H(t) =

(
2

4− ΩM

)
1

t
, (2.11)

which further implies that the scale factor grows as

a(t) = a∗

(
t

t∗

)2/(4−ΩM )

(2.12)

for a fiducial time t∗. It further follows from equation 2.7 that

ρℓ(t) = ρ∗ℓ

(
t

t∗

)−6/(4−ΩM )

e−Γℓ(t−t∗) , (2.13)

which in turn implies that

Ωℓ(t) = Ω∗
ℓ

(
t

t∗

)2−6/(4−ΩM )

e−Γℓ(t−t∗) . (2.14)

The result of equation 2.11 when inserted into equation 2.9 while assuming a period of stasis gives

∑
ℓ

ΓℓΩℓ =
2ΩM (1− ΩM )

4− ΩM

1

t
, (2.15)

exhibiting a power law dependence for t, which cannot be true for all t. Thus, this will not yield an

eternal stasis epoch, but a stasis epoch which is terminated when all species decays have concluded.
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The models studied in [2, 113] consider a spectrum of decay widths {Γℓ} and abundances

{Ωℓ} motivated by a variety of BSM models which follow a power law scaling

Γℓ = Γ0

(
mℓ

m0

)γ

, Ω
(0)
ℓ = Ω

(0)
0

(
mℓ

m0

)α

(2.16)

where the mass spectrum takes the form

mℓ = m0 + (∆m)ℓδ (2.17)

and Ω
(0)
0 is a normalization factor enforcing ΩM (t(0)) = 1. The parameters α, γ, and δ are further

restricted to the following range:

−1

δ
< α ≤ γ

2
− 1

δ
. (2.18)

This therefore defines a 8D model parameterized by

{α, γ, δ,m0,∆m,Γ0,Ω
(0)
0 , t(0)} (2.19)

which is crucially a subset of the full 2N -dimensional input parameter space that we seek to study.

It is important to note that missing from this list of parameters is the initial value of the

Hubble constant, H(0). This model of stasis has exhibited global attractor properties that were

extensively studied in [2]. The initial timescale for ϕℓ decays is dictated by the ratio ΓN−1/H
(0).

When this ratio is small, the decays begin slowly after the starting time t(0), and the so-called

“edge effects” in [2] are mild. Conversely, when ΓN−1/H
(0) ≫ 1, particle decays begin almost

immediately and there are severe edge effects. These edge effects are indeed necessary for a stasis

state to both begin and end, as the condition in equation 2.15 cannot be true when the decay process

is just beginning or has concluded. However, due to the global attractor nature of stasis it is possible

to achieve the same configuration of stasis, with the exception that the stasis state is approached

from below rather than above.

2.2 Maximizing Stasis with Differentiable Simulations

The duration of stasis may be determined by solving the N + 1 Boltzmann equations on a (2N +

1)-dimensional parameter space of decay rates, abundances, and the initial value of the Hubble

parameter. This problem is difficult due to its high dimensional nature, and in general we would also

like to be able to differentiate the numerical solution to the Boltzmann equations to understand how

the duration of stasis responds to variations in the rates and abundances. A numerical Boltzmann
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solver may be thought of as a type of simulator, and we seek to differentiate through the entire

simulation process.

Differentiable simulators are part of a growing trend in ML applications within the sci-

ences, motivated by the emergence of more powerful and robust simulations. They have accelerated

scientific analyses from molecular dynamics [116] and biology to physics and cosmology [117].

Further, with the advent of neural-network based probabilistic modeling, differentiable simulations

are essential for implementing techniques such as stochastic variational inference [118] and Hamil-

tonian Monte Carlo [119]. Differentiable simulations thus serve as powerful scientific tools for

which to do both purely data-driven and probabilistic modeling studies.

For N species, our task is to solve a set of N + 1 coupled ODEs as given in equations

2.4 and 2.8 and compute the number of e-folds of a potential stasis epoch. We utilize diffrax

[120], a jax-based [98] library that provides numerical differential equation solvers that preserve

gradients and also allow backpropagation through our solutions to the Boltzmann equations. jax

is a differentiable high-performance numerical computing library which utilizes just-in-time (JIT)

compilation and vectorized computations, earning popularity in the sciences for its efficiency and

modularity. The set of ODEs is stiff, meaning certain numerical techniques will be unstable with-

out a sufficiently small resolution for the step-size. We use the Kvaerno5 [121] solver which is

a 5th order explicit singly diagonal implicit Runge-Kutta method suited for stiff ODEs, with an

absolute and relative tolerance atol = rtol = 10−8 in the step size. We terminate the solver at

t = tmax when ΩM (t) = 10−4, indicating that the universe has passed into a radiation-dominated

epoch. Backpropagation through a differential equation can also be very memory expensive. We use

RecursiveCheckpointAdjoint [122, 123] which utilizes a binomial checkpointing scheme

to preserve memory usage during backpropagation.

We seek to utilize the gradients in our solver to guide the parameter space towards stasis

configurations. It is therefore not enough to solve the Boltzmann equations and be able to back-

propagate through them, we also define a differentiable algorithm to compute the stasis duration

and asymptotic abundance from a given ΩM curve. To this extent, we must first define a numerical

notion of numerical stasis that can be applied to numerical ΩM curves.

2.2.1 ϵ-Stasis

Stasis as defined up to this point is a strict condition on the time-evolution of a cosmological com-

ponent. In [2], the model introduced is constructed so that this can be achieved exactly. However,
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from a numerical perspective, configurations that yield small deviations from exact stasis can nev-

ertheless yield significant alterations to a cosmology. A more general definition of stasis is an epoch

in which ΩM is “flat” enough for “long” enough. This requires a parametric notion of stasis, and we

therefore introduce an ϵ-tolerance on stasis according to two different definitions. First, we develop

a notion of stasis that allows us to create a differentiable (to enable the differentiable simulator) and

accurate stasis finder algorithm to isolate epochs of stasis. Then we present a more intuitive notion

of stasis that is utilized in all the presentations of our results.

We begin with the notion of stasis that admits a differentiable stasis finder algorithm.

Recall that stasis is a phenomenon induced by the cooperative behavior of individual Ωℓ. A period

of stasis is therefore computed by analyzing the total abundance ΩM (t) =
∑

ℓΩℓ(t). For a given

ΩM (t) curve, we must compute the asymptote around which stasis occurs, and further isolate the

duration of a stasis epoch. To do this in a differentiable way, we introduce an exponential weighting

to compute a “flatness score” that yields the stasis duration in t

ts(ΩM ,ΩM ) =

[∑
i

exp

(
− 1

σ
|ΩM,i+1 − ΩM,i| −

1

δ
|ΩM,i − ΩM |

)]
×Θ((0.99− ΩM )(ΩM − 0.01)) , (2.20)

where Θ is the Heaviside function, enforcing that only mixed-component cosmologies are consid-

ered, and the index i is that of the ith time-step in the solution ΩM (t). A tolerance σ = 0.02 and

δ = 0.09, which roughly corresponds to a window-tolerance of ±0.1 about the asymptotic stasis

abundance, was found to work best for optimization.

Upon termination of the solver, we use the solution for H(t) to calculate the total number

of e-folds of the simulation via

Nmax =

∫ tmax

t(0)
H(t) dt , (2.21)

where it is assumed that a(t(0)) = 1. This integral is evaluated numerically using the composite

trapezoidal rule (i.e. jax.numpy.trapezoid). It is then straightforward to compute the number

of e-folds of stasis N via normalization with respect to the total number of e-folds,

N = Nmax ·
ts

tmax
. (2.22)

This normalization step allows us to isolate the contribution of stasis epoch relative to the entire

simulation duration.

Intuitively, the stasis finder measures flatness by considering both how similar consecutive

in ΩM,i values are and how close these values are to ΩM . It does so by creating a score that rewards
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sequences where values are close to each other (indicating flatness) and close to the target value

(indicating relevance), adjusted by the parameters ϵ and δ to fine-tune sensitivity and scaling.

This differentiable calculation, however, requires that ΩM is known. This is retrieved

from a separate, differentiable abundance-finder algorithm. The algorithm first marks ΩM values

that are not matter dominated or radiation dominated (i.e. 0.01 < ΩM < 0.99). It then determines

links between consecutive valid values that are within a specified tolerance ϵ. It proceeds to count

these links for each time step and identifies the range of indices with the maximum number of links,

indicating a period of stasis. Finally, it filters the valid ΩM values within this range and computes

ΩM as the median of these values, representing the typical abundance during the stasis period. This

algorithm, of course, also yields a prediction for N , but we find by examining solutions that it is

inaccurate and does not function as well as equation 2.20.

A pitfall of the differentiable stasis-finder in equation 2.20 is that the sum of flatness

scores considers all parts of ΩM (t) that are near the asymptotic abundance, as opposed to those

only within the stasis period. As such, the differentiable finder can be biased in e-folds; however,

we will see that it still properly serves the purpose of a guiding the parameter space towards stasis

configurations. For these reasons, a more accurate, non-differentiable stasis finder which uses a

sliding-window algorithm to isolate the longest stasis period is used in all presented results. This

sliding window stasis finder is configured for a 10%-tolerance, e.g. the number of e-folds of stasis

is determined by considering a window of ±0.1 around ΩM as valid. All the results presented in

this chapter use this notion of stasis.

2.2.2 Maximizing Stasis

We have amassed the necessary ingredients to use the differentiable simulation to optimize for

stasis. Using the simulation S(θ = {Γℓ,Ω
(0)
ℓ , H(0)}), which returns N and ΩM after solving the

Boltzmann equations and its gradients ∇Γℓ
and ∇

Ω
(0)
ℓ

, we can employ gradient ascent to optimize

on stasis e-folds. We begin with a single vector of samples of Ω(0)
ℓ and Γℓ for a given N , initialized

according to draws from any appropriate distribution. The Boltzmann equation for Ωℓ is inherently

dimensionless; the only dimensionful parameters are H(0) and Γℓ. We will take all Γℓ to be in

units of Planck mass Mp and no greater than this scale, e.g., max(Γℓ) ≤ 1 Mp. Similarly, we will

restrict decay rates to be no smaller than those corresponding to the current age of the Universe,

min(Γℓ) ≥ 10−62 Mp.

We consider both power law and standard uniform distributions for initializing Γℓ and

64



CHAPTER 2. A MACHINE-LEARNED MODEL OF COSMOLOGICAL STASIS

Ω
(0)
ℓ . The power law distribution is representative of the original model of stasis in the limit that

∆m/m0 ≫ 1, while the standard uniform respects minimal physical constraints (i.e. positive-

definiteness and max(Γℓ) ≤ 1 Mp) on the parameters. Recall that Ω(0)
ℓ are normalized upon

entering the simulation such that ΩM (t(0)) = 1. To generate samples from a power law distribution

with a relative scaling ℓβ , we draw from a Pareto distribution with a shape parameter αp = 1/β.

These samples are then inverted to represent draws from a power law distribution. Henceforth, we

denote power law distribution samples as X ∼ ℓβ , with the understanding that they are generated

as the inverse of samples X ∼ Pareto(αp = 1/β).

After sampling but before entering the simulation, we sort the Γℓ, which is without loss

of generality since the ℓ subscript amounts to a species definition. However, we also often sort

the Ω
(0)
ℓ , so that increasingly large rates correspond to increasingly large abundances. This intro-

duces a non-trivial physics-motivated correlation between the parameters, and we henceforth refer

to such samples as “sort-correlated.” When we speak of identically and independently draw (i.i.d.)

parameters, we mean prior to sort-correlation, unless otherwise stated.

Sort-correlation may be performed with any off-the-shelf sorting algorithm, including but

not limited to a simple jax.numpy.sort. As Γℓ and Ω
(0)
ℓ are updated with gradient ascent, we

would like to continue to enforce that their spectra are sort-correlated. Doing so crucially requires

that they are sorted smoothly and differentiably, to not interrupt the flow of gradients during opti-

mization. For this reason, we implement a custom differentiable bitonic sorting algorithm inspired

by [124]. This algorithm works by recursively dividing an array into smaller sub-arrays, sorting

them, and then merging them using compare-and-swap operations, the latter of which is modified

to be differentiable. This sorting technique is also used when doing SVI experiments.

One necessary constraint to recognize is that simply optimizing on stasis e-folds will

encourage matter-dominated cosmologies, as species’ time spent decaying detracts from time spent

redshifting, which is what contributes to the overall stasis duration. As such, a stasis optimization

condition f is designed to enforce a mixed component cosmology

f(θ) = N (θ)− α
[
(ΩM (θ)− l)2 + (ΩM (θ)− u)2

]
(2.23)

×
(
1−Θ(ΩM (θ)− l)Θ(u− ΩM (θ))

)
,

where we recognize that N and ΩM are outputs of S(θ). Above, l = 0.2 and u = 0.8, defining

bounds on the allowed matter abundance, and α specifies the regularization strength depending

on the experiment, ensuring the constraint has a meaningful effect on the optimization landscape.

The Heaviside function indicates that the penalty is only applied when ΩM is outside the allowed
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abundance window. It is now clear to see why the ϵ-stasis finder algorithm needs to be differentiable

in both e-folds and matter abundances, as the gradients of ΩM are necessary to study optimization

of stasis.

When performing gradient ascent on stasis, the sequential gradient updates for Γℓ and

Ω
(0)
ℓ are computed as

Ω
(0)
ℓ,i+1 = Ω

(0)
ℓ,i + η(t)∇

Ω
(0)
ℓ,i

f(θ) (2.24)

Γℓ,i+1 = Γℓ,i + η(t)∇Γℓ,i
f(θ) (2.25)

for a given step i, where η(t) is a (potentially) time-dependent learning rate. In subsequent experi-

ments, a decay-factor γ is applied at epoch t′ such that the learning rate has the functional form

η(t) =

η0, for t < t′

γ · η0, for t ≥ t′ .
(2.26)

Optimization is subject to an early-stopping criterion if f(θ) does not improve over a specified

number of epochs ξ or if a NaN is encountered during optimization.

A detailed algorithm of optimizing stasis with gradient ascent is shown in Algorithm 1. In

short, the algorithm 1) generates initial samples for rates and abundances; 2) sort-correlates them;

3) solves the Boltzmann equations; 4) uses the differentiable stasis-finder to compute the number

of stasis e-folds; 5) compute gradients through the solution; 6) updates the parameters according to

gradient ascent on stasis. This yields the parameters for the next iteration of the pipeline.

We study the outcome of gradient ascent optimization for initializations from a power law

distribution corresponding to Γℓ ∼ ℓ3 and Ω
(0)
ℓ ∼ ℓ1 and a uniform initialization where Γℓ,Ω

(0)
ℓ ∼

Uniform(0, 1). We conduct the experiments for N = 50 species and with ΓN−1/H
(0) = 0.1. We

optimize both for a total of 50000 epochs with an early stopping threshold of ξ = 2000 epochs. An

initial learning rate of η = 0.01 is used.

Example gradient ascent trajectories for the uniform initialization are shown in Figure

2.1(a), where the optimization has settled on ΩM = 0.2 and has achieved 27 e-folds of stasis.

The change from initialized to optimized parameters is seen in going from the black-dashed line at

initialization, through increasingly dark red intermediate trajectories as gradient ascent progresses,

converging to the solid black line. From the trajectories, it can be seen that the optimization was

relatively noisy. Indeed, from a numerical perspective what is essential for a robust epoch of stasis

is large hierarchies in Γℓ and smaller hierarchies in Ω
(0)
ℓ , as is manifest for the power law model
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Algorithm 1 Gradient Ascent on Stasis

Require: θ = {Γℓ,Ω
(0)
ℓ } simulation parameters, N stasis e-folds, α penalty coefficient, l lower

bound on matter abundance, u upper bound on matter abundance, η(t) learning rate, ξ early-

stopping threshold

1: Initialize: Γℓ, Ω
(0)
ℓ via sampling and sort-correlate their spectra

2: while not converged do

3: N ,ΩM ← S(θ)
4: f(θ)← N (θ)−α

[
(ΩM (θ)− l)2 + (ΩM (θ)− u)2

]
×
(
1−Θ(ΩM (θ)− l)Θ(u− ΩM (θ))

)
5: ∇

Ω
(0)
ℓ

f(θ),∇Γℓ
f(θ) ▷ Compute gradients

6: Ω
(0)
ℓ,i+1 ← Ω

(0)
ℓ,i + η(t)∇

Ω
(0)
ℓ,i

f(θ) ▷ Update abundances

7: Γℓ,i+1 ← Γℓ,i + η(t)∇Γℓ,i
f(θ) ▷ Update decay rates

8: Ω
(0)
1 ≤ Ω

(0)
2 ≤ . . . ≤ Ω

(0)
N ▷ Differentiably sort Ω(0)

ℓ

9: Γ1 ≤ Γ2 ≤ . . . ≤ ΓN ▷ Differentiably sort Γℓ

10: Γℓ ← clip(Γℓ, 0, 1) ▷ Ensure Γℓ physical

11: if f(θ) does not improve over ξ epochs or NaN is encountered then

12: break ▷ Early-stopping criterion

13: end if

14: end while
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(a) Uniform initialization (b) Power law initialization

Figure 2.1: Gradient ascent trajectories for N = 50 species and ΓN−1/H
(0) = 0.1, optimized

subject to the condition in equation 2.23 for 50,000 epochs with α = 10. (a) Uniform initialization

produces relatively noisy intermediate trajectories (red lines). (b) Power law initialization benefits

from decompressed Γℓ and Ω
(0)
ℓ spectra, resulting in less noisy trajectories and a more robust epoch

of stasis.
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Figure 2.2: Experiments showing a preference for the exponential model upon optimizing stasis

with gradients for uniform and power law initializations for N = 50 and ΓN−1/H
(0) = 0.1. Gra-

dient ascent was subject to the constraint 0.2 < ΩM < 0.8. Optimization was done for 50 random

initializations for 50,000 epochs with early-stopping. An initial learning rate η0 = 0.01 was used

with a γ = 0.1 multiplicative decay at epoch t′ = 10, 000. A clear bias towards an exponential

model is shown for optimal Γℓ and Ω
(0)
ℓ , even when initialized with a power law distribution similar

to the original model of stasis. It is also seen that the drift shifts across the 1:1 line dividing expo-

nential and power law confidence equality. In some instances, the initialized parameters are shown

to already be a good exponential fit due to the compression of the relative abundance and decay

spectra. Even under such conditions, the drift towards a more exponential model and away from a

power law model is evident.

of stasis and not characteristic of draws from a uniform distribution. Conceptually, this means that

large changes are required to achieve stasis.

When initializing parameters as a power law, the benefit of immediate hierarchies in the

species spectra is apparent in Figure 2.1(b). The optimization is more stable, as shown by the

well-behaved intermediate values in red, and results in a longer epoch of stasis lasting 34 e-folds.

It is then interesting to wonder: does a power law initialization still result in a power law model

after following gradients, or does it change qualitatively? Similarly, does the uniform initialization

change qualitatively under gradient ascent?

We can further deploy the differentiable simulation to study the model dependence of

the optimized Γℓ and Ω
(0)
ℓ . We optimize 50 random initializations of θ = {Γℓ,Ω

(0)
ℓ } with the

differentiable simulation initialized according to a uniform distribution, Γℓ,Ω
(0)
ℓ ∼ U(0, 1), and

power law distributions, Γℓ ∼ ℓ3 and Ω
(0)
ℓ ∼ ℓ1. We conduct our experiments for N = 50 and

ΓN−1/H
(0) = 0.1, the results of which are shown in Figure 2.2.
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We can quantify the model dependence of Γℓ and Ω
(0)
ℓ to a power law model with linear

fit in log-log space when looking at the functional dependence of Γℓ and Ω
(0)
ℓ with ℓ. Similarly, a

linear fit in semi-log space is indicative of an exponential dependence with ℓ. We use the coefficient

of determination (R2 score) for comparisons of model dependence across distributions and across

scales, as it enjoys a scale invariance while still encoding information of fit residuals. The scale

invariance is crucial, as the relative scale of optimized Γℓ and Ω
(0)
ℓ are a priori different than from

their respective initializations. Traditional metrics such as mean squared error are sensitive to this,

and can yield misleading results.

In Figure 2.2 we see that at initialization there is a clear preference towards a power law

model over exponential, as both Ω
(0)
ℓ and Γℓ generally exhibit R2 > 0.9, while exponential fits

feature R2 > 0.6. This is expected, since neither of the initialization distributions were exponen-

tial. After optimization, there is a clear drift towards perfect exponential fit (R2 = 1) across all

experiments, indicating a clear preference towards an exponential model of stasis when optimiz-

ing on stasis e-folds, even when being initialized with a power law distribution that is reflective of

the existing model of stasis. It is also seen in Figure 2.2 that the optimized values are much more

abundant in stasis e-folds than their respective initializations.

This result suggests a new model of stasis for which

Ω
(0)
ℓ ∝ eαℓ Γℓ ∝ eγℓ, (2.27)

an exponential model which is qualitatively different than the power law model introduced in [2].

It also opens the door for additional physical mechanisms that can result in particle spectra that can

induce a stasis state. We will comment on those physics models in Section 2.5. We emphasize

that this result has very little model bias: no trained neural networks or strong prior beliefs that

restrict the effective parameter dimension were used in arriving at this result. The only assumption

is a prior on the full parameter space from which the initial parameter are drawn, and then we sim-

ply differentiably simulate the stasis phenomenon conditioned on increasing stasis. On statistical

grounds, these results suggest a new distribution that these parameters follow; that is, a log-uniform

distribution, a simple distribution for which samples are uniformly distributed in orders of magni-

tude. We will further study this model of stasis, and more generally the stasis parameter space from

a distributional point of view, using neural networks in a Bayesian inference setting. To that end,

these results suggest a new prior distribution.
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Figure 2.3: Example stasis epoch and gradient ascent trajectories for unsorted abundances with

N = 50 and ΓN−1/H
(0) = 0.1. The initializations chosen were Γℓ ∼ Log-U(10−62, 100) and

Ω
(0)
ℓ ∼ Log-U(10−2, 100). Γℓ samples were sorted before optimization via gradient ascent, which

is without loss of generality as ℓ is a species definition. Ω
(0)
ℓ are left unsorted. We see that the

gradients learn to correlate lower ℓ species which contribute to the overall stasis duration, resulting

in a period of stasis lasting ∼ 43 e-folds at an abundance of ΩM = 0.80. We see in the right

panel that these contributing species approximately follow an exponential, characterized by a linear

dependence on ℓ on a semi-log plot. For high ℓ species, which decay at early times to set the stasis

abundance ΩM , the algorithm does not learn to sort them. Indeed, ∼ 40% of abundances do not

monotonically increase with ℓ.
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Figure 2.4: (Left) Stasis configurations for N = 100 species initialized with power law prior draws

across 100 realizations for Ω(0)
ℓ and Γℓ, which correspond to the model of stasis introduced in [2].

Ω
(0)
ℓ and Γℓ are additionally sort-correlated before entering the simulation. The (non-differentiable)

sliding-window stasis finder was used with a 10%-tolerance. We see that the maximum number

of e-folds for this prior distribution is N ∼ 8.4 e-folds for a more matter-dominated cosmology.

(Right) Stasis configurations for N = 100 species initialized with exponential prior draws across

10 realizations, which correspond to sorted samples from a log-uniform distribution. The axes

values correspond to Ω
(0)
ℓ ∼ Log-U(10α, 100) and Γℓ ∼ Log-U(10γ , 100), with the values chosen

to illustrate the transition inN and ΩM . The maximum number of e-folds for this prior isN ∼ 55.1

e-folds, a noticeably longer stasis duration than the power law distribution and completely matter-

dominated. Both distributions also feature a disallowed region in Ω
(0)
ℓ , in which the abundance

spectrum becomes sufficiently stressed that stasis is not possible.
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2.2.3 Stasis and Unsorted Abundances

We have so far exclusively operated under the setting of sort-correlated Γℓ and Ω
(0)
ℓ . It is nonethe-

less interesting to study the emergence of a stasis epoch without respecting strict physical cor-

relations between the parameters. As discussed, we may sort the Γℓ without loss of general-

ity, but in this section we keep Ω
(0)
ℓ unsorted. We proceed by initializing the decay rates as

Γℓ ∼ Log-Uniform(10−62, 100) and sorting the spectrum, and Ω
(0)
ℓ ∼ Log-Uniform(10−2, 100)

for N = 50 species, evolving the parameters according to the gradient update rules given in equa-

tions 2.24 for 50,000 epochs with early-stopping.

The result of this experiment is shown in Figure 2.3. This analysis has indeed shown

that robust stasis epochs are possible without strictly correlated decay rates and abundances, even

though the species contributing to stasis have abundances increasing with decay rates. This realiza-

tion would have been difficult to make with analytical modeling!

We see in Figure 2.3 that the randomly distributed abundances upon initialization become

roughly monotonic up to ℓ ∼ 30, which are exactly the species in the left panel that balance to

produce the stasis epoch lasting 43 e-folds. With the spectrum viewed on a semi-log plot in the

right panel of Figure 2.3, it is clear to see that the contributing species follow an exponential model.

The species ℓ > 30 are those that decay at early times, setting the ΩM value. By just following

gradients, it was deduced that these species did not in fact need to respect strict correlations with Γℓ

to produce stasis.

2.3 Random Stasis in Physics-Motivated Distributions

The results of simply following gradients in the differentiable simulation motivates an exponential

model, as opposed to the original power law model of [2]. In a statistical language, this motivates

the analysis of log-uniform priors in addition to the power law priors. Power law models were

argued to be physically relevant in [2], and we will argue in Section 2.5 that exponential models are

also physically motivated. In this section, we study stasis in random draws from these physically-

motivated priors, and argue that they are also statistically well-motivated in Bayesian statistics. First

we will provide a statistical perspective on the priors, and then study stasis.
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2.3.1 Scale-Invariant Priors and Decay Rates

A prior on a vector of random variables θ is a density that represents some knowledge of the system

or beliefs about the way it behaves, before further evidence is introduced. There exists a particular

class of priors known as “uninformative priors,” and a subclass of such priors that are scale-agnostic.

One of these scale-invariant priors is known as the Jeffreys prior. Mathematically, it is defined to

exhibit the scaling

p(θ) ∝
√

det I(θ) (2.28)

for its density function, where I(θ) is the Fisher information metric defined as

I(θ)ij = E

[(
∂

∂θi
log f(X|θ)

)(
∂

∂θj
log f(X|θ)

) ∣∣∣∣∣θ
]

(2.29)

for a given likelihood function of parameters f(X|θ), which is the probability density of a set

of observed data X given parameters θ. We see that the Jeffreys prior is the volume measure

with respect to the Fisher information metric. It is therefore diffeomorphism invariant and has the

significant advantage that it does not depend on the choice of coordinates for model parameters.

We will now proceed to derive an appropriate Jeffreys prior for Γℓ. The time until decay

τ for a particle given a decay rate Γ is governed by the probability density function (PDF)

f(τ |Γ) = Γ e−Γτ . (2.30)

Under conditions in which a likelihood function is twice differentiable and has a vanishing expec-

tation value of the gradient of the log-likelihood, a simpler definition of the Fisher information can

be used. By inspection, we see that f(τ |Γ) is twice differentiable with respect to Γ. It only remains

to check that

E
[
∂

∂Γ
log f(τ |Γ)

]
= E

[
1

Γ
− τ

]
(2.31)

=
1

Γ
− 1

Γ

= 0,

where we have invoked that E[τ ] = 1/Γ, as τ follows an exponential distribution with respect to Γ.

With these conditions satisfied, we can use a simpler form of the Fisher information

I(θ)ij = −E
[

∂2

∂θi∂θj
log f(X;θ)

∣∣∣∣∣θ
]

(2.32)
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in deriving the Jeffreys prior for Γℓ.

The likelihood of observing a set of particles for a period of time τ = {τ1, τ2, ..., τN}
before they decay with i.i.d decay rates Γ = {Γ1,Γ2, ...,ΓN} is given by

p(τ |Γ) =
N∏
i=1

f(τi|Γi) =

N∏
i=1

Γi e
−Γiτi . (2.33)

Exploiting properties of logarithms, we arrive at

log p(τ |Γ) =
N∑
i=1

(log Γi − Γiτi) , (2.34)

which allows one to compute the Fisher information matrix I(Γ)ij as

I(Γ)ij = −δijEτ

[
∂2 log p(τ |Γ)

∂Γi∂Γj

]
⇒ (2.35)

I(Γ)ii = −Eτ

[
− 1

Γ2
i

]
=

1

Γ2
i

, (2.36)

where δij is the Kronecker delta, enforcing that the Γi’s are i.i.d. distributed. Therefore, we see that

a Jeffreys prior for Γℓ must obey

p(Γ) ∝
√
det I(Γ) =

N∏
i=1

1

Γi
. (2.37)

Such a property is exactly true for a log-uniform prior, as defined by its PDF

f(x) =
1

x log
(
b
a

) , for a ≤ x ≤ b; a > 0 (2.38)

where the interval [a, b] is known as the support and the term log(b/a) appears after normalizing

(2.37).

It is remarkable that the distribution on Γℓ motivated by flow on Γℓ using the differentiable

simulation aligns exactly with the Jeffreys prior for decay rates! We have thus established that such

a distribution for decay rates is worthy of study, on both numerical and statistical grounds, with

physics motivation in Section 2.5.

2.3.2 Random Stasis from Physical Priors

It is now natural to study in detail how much stasis can emerge for Γℓ and Ω
(0)
ℓ spectra simply

drawn from power law and log-uniform priors. We study the mean e-folds of stasis that emerge
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across several configurations of the log-uniform and power law prior, which are related to a new

exponential model of stasis and the original model, respectively.

We initialize the power law priors according to draws Γℓ ∼ ℓγ and Ω
(0)
ℓ ∼ ℓα, where γ ∈

[−1, 7] and α = 2k for k ∈ [−4, 4]. The procedure for generating power law draws is given in 2.2.2.

Similarly, the exponential model prior is initialized according to Γℓ ∼ Log-Uniform(10γ , 100) and

Ω
(0)
ℓ ∼ Log-Uniform(10α, 100) where γ, α = 5k for k ∈ [−9, 0]. These samples are sort-correlated

before entering the simulation. Experiments are run across 100 realizations for N = 100 and with

ΓN−1/H
(0) = 0.1 while simultaneously enforcing max (Γℓ) = 1 Mp.

We see in the top panel of Figure 2.4 that the power law prior achieves a maximum mean

of N = 7.8 e-folds of stasis for α = 2−3 and γ = 7. Indeed, we see that stretched spectra in Γℓ

and compressed spectra in Ω
(0)
ℓ result in more matter-dominated cosmologies with longer epochs

of stasis. Similarly, the exponential model prior achieves a maximum mean of N = 55 e-folds

for γ = −45 and α = 0. It is important to note that after normalization, as Ω
(0)
ℓ (t(0)) = 1, this

configuration corresponds to a constant mass spectrum where Ω
(0)
ℓ = 1/N . This is indeed also a

configuration in which the cosmology is matter dominated, as seen in the bottom panel of Figure 2.4.

All configurations in Figure 2.4 were computed using the sliding-window algorithm for computing

ϵ-Stasis, with ϵ = 0.1.

The lower bounds of α and γ in Figure 2.4 are chosen to illustrate an effective cutoff in

Ω
(0)
ℓ in which the species completely decouple from the stasis phenomena. That is, their abundance

spectra are so stretched that the individual species achieve their peak and decay such that any possi-

ble stasis epoch would occur with little to no matter in the Universe. In other words, in order for to

achieve stasis with a non-trivial mixture of components, the prior on abundances should allow for

an effective number of species to be abundant enough at their peaks such that there is a possibility of

a stasis epoch with ΩM > 0. This is seen clearly in both choices of priors, with the cutoff occurring

for α ≤ −30 and α ≥ 4.

It is remarkable that stasis can emerge in some robust configurations with random (al-

beit sort-correlated) abundances and decay rates! We emphasize that there is no optimization or

gradient information being used here; this is simply the result of sampling from distributions and

sort-correlating the Γℓ and Ω
(0)
ℓ spectra before entering the simulation. Further, it is interesting

to see how persistent in e-folds an exponential model of stasis can be compared to a power law;

yielding close to 60 e-folds in certain cases with just N = 100 species.

76



CHAPTER 2. A MACHINE-LEARNED MODEL OF COSMOLOGICAL STASIS

2.4 Stasis-Conditioned Bayesian Posteriors

We have so far operated in a data-driven setting without any explicit statistical modeling. In this

section, we wish to perform a Bayesian analysis on the complete 2N -dimensional space of Ω(0)
ℓ and

Γℓ. Probabilistic inference on such a high-dimensional space using traditional techniques such as

MCMC would be computationally infeasible. Nonetheless, in the current age of machine learning,

we can leverage techniques that exploit gradient information to make such tasks more accessible.

To this end, we employ SVI, a gradient-based inference technique that approximates complex prob-

ability distributions which are often intractable.

We would like to utilize SVI on the task of searching the full input parameter space of

θ = {Γℓ,Ω
(0)
ℓ } (keeping in mind that we fix the ratio ΓN−1/H

(0)) by modeling the posterior dis-

tribution p(θ|N ) conditioned on optimizing N . At first glance, this seems like a tall order. The

parameter space in question is 2N -dimensional; it must be searched, optimized on, and result in

an easily-sampled posterior. The crux of what makes this feasible is in the expressivity of neural

networks, combined with the information of gradients. In a modern setting, SVI can transform

Bayesian inference into a neural-network based optimization problem, thereby accelerating statis-

tical modeling in high-dimensional spaces. We begin with a review of the essentials of Bayesian

and stochastic variational inference, including the evidence lower bound, and then apply these tech-

niques in the context of stasis.

2.4.1 The Evidence Lower Bound

We proceed to define the fundamental object in SVI, which defines the objective function that is

regressed on. All Bayesian inference problems begin with Bayes’ Theorem, from which we have

p(θ|N ) =
p(N|θ)p(θ)

p(N )
, (2.39)

where p(N|θ) is the likelihood and p(θ) is the prior distribution on θ. In a traditional setting, where

there are observations to guide the posterior towards, the likelihood encODEs the probability of

observed data given input parameters. It is sought to be maximized. For our purposes, the likelihood

is computed via the simulation S(θ) which outputs N e-folds of stasis. Since solving Boltzmann

equations is deterministic, the simulation likelihood is exactly

p(N|Γℓ,Ω
(0)
ℓ , H(0)) = δ(N − S(Γℓ,Ω

(0)
ℓ , H(0))) , (2.40)

where δ is the Dirac-delta function. We will see that the simulation likelihood is disadvantageous

as far as introducing information that aids in searching the full parameter space. For this reason, we
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adopt a simple optimization likelihood with the definition

p(N|Γℓ,Ω
(0)
ℓ , H(0)) ∝ eκ·N , (2.41)

which can be potentially subject to a matter abundance constraint similar to that used in equation

2.23. We emphasize the use of ∝ as this optimization likelihood is, of course, not a normalized

probability density. Further, when implementing SVI, we find that the use of a numerical pre-factor

κ to increase the “strength” of the likelihood term is beneficial. This surrogate (unnormalized)

likelihood serves the utility of encouraging the posterior distribution to explore parameter space

that yields stasis; the exact motivation behind this optimization likelihood will be expanded upon

in section 2.4.3. The denominator of equation 2.39, p(N ) =
∫
p(N|θ)p(θ)dθ is known as the

Bayesian evidence or marginal likelihood and is in general computationally intractable, as it requires

an integral over the entire parameter space.

The crux of SVI is bypassing the direct application of Bayes’ theorem by introducing a

variational family qϕ(θ|N ) with variational parameters ϕ, which should be distinguished from the

parameters θ of the statistical model. The variational family can range from anything as simple as

a standard Gaussian distribution with a trainable mean and variance parameter, to a complex neural

network modeling a density on θ with millions of trainable parameters ϕ. In this work, we will

choose the latter.

We would like to maximize the similarity between the variational family and the true pos-

terior by minimizing the Kullback-Leibler (KL) divergence between the two distributions, generally

defined as

DKL(P ||Q) =

∫
P (x) log

(
P (x)

Q(x)

)
dx (2.42)

for two continuous distributions P and Q. The KL divergence is a type of statistical “distance",

measuring how different the two distributions are. It is always positive semi-definite, satisfying

DKL(P ||Q) ≥ 0; however, it is not a metric in a formal sense as it is not a symmetric quantity (i.e.

DKL(P ||Q) ̸= DKL(Q||P )).

Proceeding with our derivation, after some algebra and substitutions of Bayes’ Theorem

we arrive at

DKL(qϕ(θ)||p(θ|N )) = − Eqϕ(θ) [log p(N|θ)− log qϕ(θ)

+ log p(θ)] + log p(N ) , (2.43)

where the first term, known as the Evidence Lower Bound (ELBO), is the only term on that RHS

that depends on the variational parameters. This is a fundamental object in SVI. It is easy to interpret
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the purpose of the ELBO when written as

ELBO(ϕ, θ,N ) = Eqϕ(θ) [log p(N|θ)−DKL (qϕ(θ)∥p(θ))] , (2.44)

where the first term is the expected log-likelihood, introducing information from the likelihood

(simulation) to the posterior, and the second term is the KL-divergence between the variational dis-

tribution and prior, which ensures the posterior distribution has knowledge of the prior distribution,

as required by Bayes’ theorem. We are then free to rewrite equation (2.43) as

DKL(qϕ(θ)||p(θ|N )) = −ELBO(ϕ, θ,N ) + log p(N ) . (2.45)

Thus, it is clear to see that minimizing the KL divergence is equivalent to maximizing the ELBO.

Moreover, since the KL divergence is positive-definite, the ELBO is the lower bound of the evi-

dence. If qϕ(θ) approximates p(θ|N ) well, computing the intractable evidence is no longer needed.

We see that the ELBO is a function of both variational family parameters ϕ and simulation

parameters θ. It is a loss function that the variational family is regressing on, so its gradients must

also be accessible. What must be computed to optimize qϕ(θ) is the following:

∇ϕELBO(ϕ, θ,N ) =

{
−Eqϕ(θ) [∇ϕ log qϕ(θ)]︸ ︷︷ ︸

Variational Distribution

, Eqϕ(θ) [∇ϕ log p(N|θ)]︸ ︷︷ ︸
Likelihood Term

}
, (2.46)

where the expectation value is taken over qϕ(θ). To backpropagate through the likelihood term in

updating the variational family parameters, we use the chain rule

∇ϕ log p(N|θ) = ∇θ log p(N|θ) · ∇ϕθ (2.47)

where we see the first term requires the gradients with respect to θ:

∇θ log p(N|θ) =
{

∂ log p(N|θ)
∂Γℓ︸ ︷︷ ︸

Decay Rates

,
∂ log p(N|θ)

∂Ω
(0)
ℓ︸ ︷︷ ︸

Abundances

}
.

(2.48)

One can recognize from the optimization likelihood equation 2.41 that log p(N|θ) = N , which is

precisely the output of the differentiable simulation S(θ). It is thus clear to see mathematically why

gradients are necessary when implementing SVI — in order to backpropagate through the likelihood

to update ϕ, the gradients with respect to θ must be known.
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Figure 2.5: Stochastic variational inference pipeline. For a given experiment, a Bayesian prior in

parameters is chosen which acts as a form of regularization in the ELBO. During training, param-

eters are sampled from the variational family qϕ(θ), in this work chosen to be a BNAF. Samples

are differentiably sorted before entering the stasis simulation, which solves the set of N + 1 cou-

pled Boltzmann equations using diffrax to preserve the flow of gradients. The following ΩM (t)

curve is passed into the differentiable stasis finder to isolate the stasis e-foldsN and the asymptotic

matter abundance ΩM . The stasis value is used in the likelihood calculation which is factored into

the ELBO loss, which is used to iteratively optimize qϕ(θ).
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2.4.2 Normalizing Flows

There are several options one can consider for constructing a variational family in SVI. One of the

most expressive options is the normalizing flow (NF) [125]. This method operates by transforming

samples z from a simple probability density (e.g., Gaussian or Uniform) q0(z) into a complex pos-

terior density qϕ(x). Here, x represents the transformed variables in the target distribution, achieved

through a series of invertible transformations. The invertibility is crucial because it allows for both

forward and inverse mappings between the base distribution and the complex target distribution,

generally enabling the calculation of probability densities.

NFs are a class of bijective neural networks with trainable parameters ϕ, where qϕ(x) :

Rd → Rd. To learn arbitrarily complex invertible functions, NFs are constructed as the composition

of a series of N invertible and bijective functions f :

qϕ(x) = fN ◦ fN−1 ◦ · · · ◦ f1(z) , (2.49)

leveraging the fact that the composition of a set of invertible functions is itself still invertible.

The mapping between two density functions qϕ(x) and q0(z) is related via the absolute

value of Jacobian of the transformation

qϕ(x) = q0(z) ·
∣∣∣det(Jqϕ(z)

)∣∣∣ . (2.50)

Despite its simple functional form, the Jacobian computation can be prohibitively expensive for

high-dimensional data or more complex architectures, where it is computed as∣∣∣det(Jqϕ(z)

)∣∣∣ = N∏
i=1

∣∣∣∣det(∂fi(zi−1)

∂zi

)∣∣∣∣ . (2.51)

This matrix can in general be dense, yielding this computation O(N · d3) expensive.

There are a variety of methods and architectures one can choose when constructing a NF.

To bypass the Jacobian computation expense, we implement the BNAF [126], a variation of the neu-

ral autoregressive flow (NAF) [127]. BNAFs employ a NN architecture where the transformations

are applied in blocks, each one generating one dimension of the output at a time, conditioned on the

previously generated dimensions. The autoregressive property and block structure of BNAFs leads

to more stable training and mitigated computational expense, which are essential for implementing

SVI for high-dimensional problems.

The crux of NAFs that makes them so efficient is that one can construct qϕ(x) such that

its Jacobian is lower-triangular, and thus its determinant that must be computed in equation 2.50 is
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a simple product: ∣∣∣det
(
Jqϕ(z)

)∣∣∣ = d∏
i=1

∂fi(zi−1)

∂zi
. (2.52)

The Jacobian is then computed with backpropagation which isO(N ·d) expensive, a clear advantage

over the non-autoregressive NF. The typical NAF architecture is a set of functions f (i), where each

f (i) can be decomposed into “conditioners” c(i) and invertible “transformers” t(i)

fϕ(x<i) = t
(i)
ϕ (xi, c

(i)
ϕ (x<i)) . (2.53)

Despite this structure satisfying all the basic needs of a flow, we see that the number of parameters

scales quadratically. To bypass this expense, the BNAF structure models each t
(i)
ϕ directly as an

NN with no accompanying conditioner. These are all necessary ingredients for a high-dimensional

problem like stasis; however, this comes at the expense of some functionality. Despite being the-

oretically invertible, accessing the inverse of the BNAF, which can be used to compute posterior

samples’ probability densities, is not currently computationally feasible.

2.4.3 Searching for Stasis Theories with SVI

We have now gathered all the essential components to conduct SVI on the stasis simulation, and will

use it to sample configurations of rates and abundances that yield stasis, from which we will be able

to understand trends of stasis configurations. For this, we employ numpyro [128], a probabilistic

programming library that leverages jax for automatic differentiation in the implementation of SVI.

Together with diffrax, these packages can utilize GPU computation, significantly speeding up

the inference process.

We now revisit our choice of the surrogate optimization likelihood in equation 2.41 instead

of the simulator likelihood in equation 2.40. The likelihood function is theoretically a normalized

PDF that encodes the probability of the observed data given the model parameters. However, in

this theoretical particle cosmology setting, there are no direct observations; instead, we aim to

understand the input parameter space that produces epochs of stasis. This raises the question: how

can SVI be made appropriate here?

The answer lies in the definition of the optimization likelihood given in equation 2.41.

In a typical Bayesian inference setting, the likelihood function captures the probability of the ob-

served data given the model parameters. This can often be interpreted in terms of residuals be-

tween simulation outputs and observed data. Minimizing this residual corresponds to maximizing
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Figure 2.6: Prior and posterior comparison for choices of power law prior with Γℓ ∼ ℓ7 and Ω
(0)
ℓ ∼ ℓ

and log-uniform prior with choices of γ = −62 and α = −15 for N = 50. Each individual heat

map is a depiction of 1000 samples and their stasis configuration in (N ,ΩM ) space. For both

choices of priors, there is a higher degree of stasis in the posterior in both mean and maximum

value. The power law posterior features a mean stasis value of 13.59 e-folds and maximum of 25.24

e-folds, while the log-uniform posterior has a mean stasis value of 31.06 e-folds and maximum of

96.5 e-folds. Over 1000 samples, both priors had < 1% of samples achieve a stasis epoch of more

than 10 e-folds, while the power law and exponential posteriors have 76% and 99%, respectively.

While SVI is able to find non-trivial distributions of Γℓ and Ω
(0)
ℓ that results in epochs of stasis, it

is clear to see the effect of the prior regularization in optimization in the large discrepancy between

posterior configurations.
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Algorithm 2 Searching Stasis with SVI

Require: ϕ variational parameters, θ = {Γℓ,Ω
(0)
ℓ , H(0)} simulation parameters, p(Γℓ) prior over

decay rates, p(Ω(0)
ℓ ) prior over initial abundances, ΓN−1/H

(0) fixed early time decays relative

to Hubble constant, ξ early-stopping threshold

1: while not converged do

2: z0 ∼ q0(z) ▷ Sample initial latent variables

3: (Γℓ,Ω
(0)
ℓ )← qϕ(z0) ▷ Normalizing Flow

4: Ω
(0)
1 ≤ Ω

(0)
2 ≤ . . . ≤ Ω

(0)
N ▷ Differentiably sort Ω(0)

ℓ

5: Γ1 ≤ Γ2 ≤ . . . ≤ ΓN ▷ Differentiably sort Γℓ

6: N ← S(Γℓ,Ω
(0)
ℓ , H(0)) ▷ Run simulation

7: p(N|Γℓ,Ω
(0)
ℓ , H(0)) ▷ Compute surrogate likelihood

8: L ← ELBO(ϕ,Γℓ,Ω
(0)
ℓ ,N ) ▷ Compute ELBO

9: ∇ϕ ∝ {∇Ω
(0)
ℓ

L,∇Γℓ
L} ▷ Backpropagate through stasis simulation

10: Γℓ ← clip(Γℓ, 0, 1) ▷ Ensure Γℓ physical

11: ΓN−1/H
(0) ← 0.1 ▷ Enforce initial decays time scale

12: ∆ϕ ∝ −∇ϕL(Γℓ,Ω
(0)
ℓ ) ▷ Update ϕ

13: if L does not improve over ξ epochs or NaN loss then

14: break ▷ Early-stopping criterion

15: end if

16: end while
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the log-likelihood which enters the ELBO, and therefore results in a concrete optimization objec-

tive. However, instead of following this traditional approach, we adopt a utility-oriented perspective

of the likelihood, treating it purely as an optimization objective. The simulation likelihood given in

equation 2.40 is unsuitable for optimization as it is singular and lacks a well-defined gradient. For

this reason, we adopt the optimization likelihood.

A schematic of the SVI pipeline is provided in Figure 2.5, highlighting the four major

components of the SVI pipeline: the prior distribution, the variational family, the simulation S(θ)
and stasis-finder used in the likelihood calculation, and gradient update. A more detailed descrip-

tion of how we employ SVI in this setting is given in Algorithm 2, where we are again reminded

the importance of preserving differentiability. A methodology such as SVI requires that one be

differentiable at every step, from differentiably sorting Ω
(0)
ℓ and Γℓ, to solving the Boltzmann equa-

tions while preserving their gradients, and calculating the stasis duration and matter abundance in a

differentiable way. This leads to an uninterrupted flow of gradients through the pipeline.

Conducting these numerical analyses under the Bayesian machine learning paradigm of-

fers both the benefits of expressivity of neural networks with the statistical rigor of Bayesian analy-

sis. We have introduced an alternative formulation of SVI that allows one to operate without direct

observations, yet still exploit the properties and benefits of SVI. This approach generally enables the

study of otherwise prohibitively difficult high-dimensional parameter spaces, and can be adapted to

any physical system that can be simulated.

2.4.4 Stasis Results with SVI

The analyses of the previous sections exhibited a flow in the space of parameters that preferred an

exponential model of stasis. Additionally, it was shown that an exponential model had manifestly

more robust stasis epochs than the power law prior corresponding to the model in [2]. Using both

sets of priors, it is then natural to consider whether such flows persist when using neural networks

to do inference on the full parameter space.

We run SVI with both priors (power law and log-uniform) for N = 50 and ΓN−1/H
(0) =

0.1. We denote the power law prior samples as being drawn from Ω
(0)
ℓ ∼ ℓα and Γℓ ∼ ℓγ . Similarly,

we denote the sort-correlated log-uniform samples as being drawn from Ω
(0)
ℓ ∼ Log-U(10α, 100)

and Γℓ ∼ Log-U(10γ , 100). A numerical prefactor of κ = 10 was used in the surrogate likelihood.

We utilize a BNAF with two hidden layers and a hidden layer width of 8 neurons. A batch size

of 10 was used for all experiments, corresponding to 10 log-likelihood evaluations per training
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Figure 2.7: Optimizing stasis with SVI and the ELBO loss (equation 2.44) for log-uniform (α = -15,

γ = -62) and power law (α = 1, γ = 7) initializations for N = 50 and ΓN−1/H
(0) = 0.1. A BNAF

with two hidden layers and a hidden layer width of 8 neurons was trained for 2000 epochs with

Adam optimizer and early-stopping. A batch size of 10 was used in training. (Left) A comparison

of model fit for 1000 power law prior and posterior samples. A flow toward a strictly more power law

posterior is seen for Γℓ, with Ω
(0)
ℓ becoming more exponential in the posterior, with a comparable

mean R2 score for both power law and exponential fits in the posterior. (Right) A comparison of

model fit for 1000 exponential prior and posterior samples. Posteriors for both Γℓ and Ω
(0)
ℓ become

strictly more exponential. This posterior additionally has a much larger mean stasis e-folds and

maximum stasis e-folds than the power law prior.
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step. We use Adam [99] optimizer with an initial learning rate of η = .01 for 2000 epochs of

training with an early-stopping threshold of ξ = 200 epochs. All training was done on a single

NVIDIA A100-80GB GPU. We find that the power law prior was susceptible to a mode collapse of

either completely matter dominated or radiation dominated stasis configurations using the likelihood

defined in equation 2.41. To address this, an additional constraint on the likelihood was imposed,

similar to the regularization condition when just using gradients in the differentiable simulation,

shown in equation 2.23. The experiments with the log-uniform prior did not exhibit this mode

collapse.

We find that SVI is able to learn distributions of Γℓ and Ω
(0)
ℓ that result in epochs of

stasis for both choices of priors, as shown in the N − ΩM space heat maps for 1000 posterior

samples in Figure 2.6. Samples from the power law prior exhibit a mean stasis value of 4.61 e-folds

and maximum of 16.51 e-folds, which after optimization is 13.59 e-folds and 25.24 e-folds in the

posterior. The posterior/prior discrepancy of the exponential prior experiment is much more drastic,

with prior samples exhibiting a mean of 7.46 e-folds and maximum of 19.38 e-folds, which is 31.06

e-folds and 96.49 e-folds in the posterior. While the SVI optimization has worked in both scenarios,

it is clear by the discrepancies in posterior configurations the effect that the choice of prior has in

the optimization, as shown in equation 2.44. This was indeed expected from the numerical study of

prior configurations shown in Figure 2.4; it is therefore interesting to study the model dependence

of posterior samples and their flow from model dependence in their priors.

The flow in the space of parameters of Γℓ and Ω
(0)
ℓ for both experiments is shown in

Figure 2.7. For the power law prior, it is seen that Γℓ and Ω
(0)
ℓ are more confidently fit with a power

law model, as expected. After training, there is a clear drift towards a more power law model in

Γℓ. Interestingly, it is only Ω
(0)
ℓ that displays a drift towards an exponential model with the Ω

(0)
ℓ

posterior featuring a mean fit value of R2 = 0.95 for both power law and exponential, with the

mean power law R2 value decreasing from R2 = 0.99 in the prior and the mean exponential fit R2

value increasing from R2 = 0.87 in the prior. This flow of parameters is contrary to the result in

which just the differentiable simulation was used (Figure 2.2), where both Γℓ and Ω
(0)
ℓ drift towards

an exponential. The posterior in this case is a qualitative hybrid of both models of stasis, and even in

such conditions the emergence of stasis epochs is possible. For the log-uniform prior, both Γℓ and

Ω
(0)
ℓ posteriors display clear preference towards an exponential model with a mean score of R2 = 1

for an exponential fit. The mean power law fit R2 score is invariant after optimization, but it is seen

in Figure 2.7 that the scatter has significantly decreased.

These results highlight that in a properly Bayesian setting, both a power law and expo-
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nential model for Γℓ and Ω
(0)
ℓ are valid solutions when conditioning on producing epochs of stasis.

The drift towards an exponential model of Ω(0)
ℓ even when having a power law prior can indicate

that completely power law distributions of Γℓ and Ω
(0)
ℓ are more sparse in the full parameter space.

Additionally, the discrepancy in the statistics of stasis in the two posteriors illuminate a sharp dif-

ference in the persistence of stasis epochs for the two types of models – a mean difference of 18

e-folds.

It could be criticized that the flow of the posterior towards an exponential model is purely

due to the choice of prior. We see that this is not strictly the case as with the Ω
(0)
ℓ parameter flow

for the power law prior experiment, in which the parameter flow goes distinctly against the prior

regularization in the ELBO. Thus, the prior plays an important role in the ELBO, but SVI can lead

to results that are qualitatively at odds with the prior, due to the condition intrinsic to the posterior.

2.5 Models of Stasis

Thus far, we have remained as model-agnostic about stasis as possible, choosing only the prior

distribution on rates and abundances for both our gradient ascent and Bayesian inference analyses.

In both analyses, optimization was chosen to optimize stasis, with a clear preference for exponential

models over power law models. In this section we wish to study an exact exponential model both

analytically and numerically, compare it to exact power law models, and provide a preliminary

analysis of stasis in the String axiverse; more thorough analysis will be reserved for future work.

By “exact" in both contexts, we mean a model with fixed formulae for Γℓ and Ω
(0)
ℓ and no noise, as

opposed to the intrinsically noisy draws of previous sections.

2.5.1 An Exact Exponential Model of Stasis

Motivated by our numerical results, we introduce an exponential model of stasis that yields para-

metrically more stasis than power law models, as a function of the number of species. We will show

that such a model obeys the dynamical equations of stasis and will result in robust, finite epochs

of stasis. We additionally derive algebraic relations with exact predictions for N and ΩM from our

model. We begin my parameterizing this model as

Γℓ = ΓNeγ(ℓ−N), Ω
(0)
ℓ = Ω

(0)
N eα(ℓ−N) (2.54)

for a spectrum of N species indexed by ℓ and general scaling factors α, γ, and ΓN . As in the

original model of stasis, α and γ control the hierarchies in abundances and rates, this time with
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exponential dependence. We are also reminded that Ω(0)
ℓ (t(0)) = 1, which requires the overall

normalization factor Ω(0)
N =

[∑N
ℓ=1 e

α(ℓ−N)
]−1

. However, in contrast with the model in [2], where

the fundamental object was the mass spectrum mℓ, we choose to parameterize this model of stasis

directly with the decay rates and abundances. We are thus ready to define the five parameter model

inspired by an exponential:

{α, γ,ΓN ,Ω
(0)
N , t(0)} , (2.55)

with which shall proceed to show obeys the dynamical equations required of a stasis epoch.

We begin by reminding ourselves that a model of stasis must satisfy the constraint equa-

tions given in equations 2.10 and 2.15. Focusing on the time evolution of the total Ω(0)
ℓ , we get

∑
ℓ

Ωℓ(t) = Ω
(0)
ℓ h(t(0), t)

N∑
ℓ=1

eα(ℓ−N)e−ΓN (t−t(0))eγ(ℓ−N)
, (2.56)

where we have used the result from equation 2.14, but replaced the time dependence with a more

general net gravitational redshift factor h(t(0), t) such that there is no assumption that we are in a

period of stasis. h(t(0), t) invariant across all species (i.e. is independent of ℓ); a more in-depth

discussion of this h-factor can be found in [2]. Moving to the N → ∞ limit, we simplify this

calculation by transforming the sum into an integral

N∑
ℓ=1

eα(ℓ−N)e−ΓN (t−t(0))eγ(ℓ−N) →
∫ ∞

0
eα(ℓ−N+1)e−ΓN (t−t(0))eγ(ℓ−N+1)

dℓ , (2.57)

which can be computed by invoking the Gamma function identity Γ(k)/bk =
∫∞
0 zk−1e−bzdz,

yielding

∑
ℓ

Ωℓ(t) =
Ω
(0)
N

γ
Γ

(
α

γ

)
h(t(0), t)×

[
ΓN (t− t(0))

]−α/γ
.

We can solve for the quantity
∑

ΓℓΩℓ(t) similarly, resulting in

∑
ℓ

ΓℓΩℓ(t) =
Ω
(0)
N ΓN

γ
Γ

(
α

γ
+ 1

)
h(t(0), t)×

[
ΓN (t− t(0))

]−(α/γ+1)
.

It is lastly straightforward to compute the ratio of these conditions, where we invoke the Gamma

function identity Γ(z + 1)/Γ(z) = z,∑
ℓ ΓℓΩℓ(t)∑
ℓΩℓ(t)

=
α

γ

(
1

(t− t(0))

)
. (2.58)
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We see that this result is power law in the difference (t−t(0)), dissimilar to the t−1 dependence from

the stasis dynamical equations in equations 2.10 and 2.15. Indeed, this discrepancy also arises in the

power law model of stasis. Qualitatively, this means that the stasis epoch must emerge some time

after the initial species production time, when t≫ t(0) and hence (t− t(0))−1 ≈ t−1. This is when

the edge effects, most apparent when ΓN/H(0) ≫ 1, have died away. This further indicates that

our model produces finite epochs of stasis, with a natural beginning of the stasis epochs emerging

due to the presence of edge effects, and an end when all species have decayed.

With this result in hand, we can proceed to compare coefficients in 2.15 and 2.58, in which

we find
α

γ
=

2(1− ΩM )

4− ΩM

. (2.59)

We can further invert this to obtain the prediction for ΩM during stasis in terms of our model

parameters, resulting in

ΩM =
2(γ − 2α)

2γ − α
, (2.60)

from which we can also find a parameter restriction for α and γ by enforcing 0 < ΩM < 1:

0 < α <
γ

2
. (2.61)

With this result, we can identify the model parameters that result in MRE. Solving equation 2.59

for ΩM = 1/2, we get the condition
α

γ
=

2

7
(2.62)

for MRE. We will study this result numerically and further compare it to the power law model of

MRE.

It remains now to check that the constraints for
∑

ℓΩℓ(t) (equation 2.10) and
∑

ℓ ΓℓΩℓ(t)

(equation 2.15) are individually satisfied. To that end, without loss of generality we can simply

show that the condition in equation 2.10 is satisfied, as we have already checked the condition of

their ratio. We begin by operating under t≫ t(0), for which we have

h(t(0), t) = h(t(0), t∗)h(t∗, t)

= h(t(0), t∗)

(
t

t∗

)2−6/(4−ΩM )

, (2.63)

where we have inserted the factor for h(t∗, t) from equation 2.14, and t∗ ≫ t(0) is some fiducial

time much later than the initial species production. Inserting this into equation 2.58, we arrive at∑
ℓ

Ωℓ(t) =
Ω
(0)
N

γ
Γ

(
α

γ

)
h(t(0), t∗)

(
t

t∗

)2−6/(4−ΩM )

×
[
ΓN (t− t(0))

]−α/γ
,
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from which we see using the result in equation 2.59 and considering that t ≫ t(0), the time depen-

dence falls out, ensuring that we are in a period of stasis in which ΩM ≡
∑

ℓΩℓ(t). Our exponential

model of stasis is thus consistent with the conditions for stasis as defined from their corresponding

dynamical equations.

We are now in a position to estimate exactly the number of e-folds of stasis expected from

a configuration of our model, given by:

N ≡ log

[
a(t = τ1)

a(t = τN )

]
=

2

4− ΩM

log

(
ΓN

Γ1

)
=

2γ

4− ΩM

(N − 1) , (2.64)

where we have used the result for the time evolution of a(t) in equation 2.12. We see that the

exponential model of stasis yields parametrically more e-folds than the power law model, which

exhibited N ∼ log(N) scaling. A numerical comparison of e-fold data and the theoretical predic-

tion for γ = 1, α = 2/7, and ΓN = 0.01 yielding a stasis epoch with MRE, is shown in Figure

2.8. Further, see Figure 2.9 for a comparison of stasis plots with N = 300 species in the exponen-

tial and power law model. As expected, there is excellent agreement between data and theory in

the limit N → ∞. The Figure also illustrates that more than 60 e-folds of MRE can be achieved

with just 100 species in the exponential model. This result shows that a relatively small number of

species is needed to achieve inflation-level e-folding, which may have important phenomenological

implications.

We additionally compare e-fold scaling with the power law model of stasis in Figure 2.8,

where α = δ = 1 and γ is being varied. The Figure demonstrates the qualitative difference in

e-folds for stasis epochs between the two models, even with strong power law scaling of Γℓ ∼ ℓ7

corresponding to MRE. Specifically, the exponential model achieves the same e-folds of stasis with

just N ∼ 50 species, compared to the 400 species required for Γℓ ∼ ℓ7. The logarithmic scaling in

the power law model and the linear scaling at high N for the exponential model are both evident.

Therefore, while both models produce epochs of stasis, it is clear that the exponential model results

in longer epochs of stasis.

We lastly recall that in [2], it was shown that a stasis state is a global attractor of the

dynamical system. This was demonstrated to be true for the power law model, and we can proceed

to show minimally that it holds for the exponential model as well. In doing so, it is sufficient to see
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Figure 2.8: Comparison between exponential model of stasis with γ = 1, α = 2/7, and ΓN =

0.01 yielding matter-radiation equality, and the power law model of stasis with α = δ = 1. The

theoretical prediction of e-fold scaling for the exponential model from equation 2.64 is shown in

the red dashed line, in which we see that in the N → ∞ limit there is exact agreement between

numerical data and the theoretical prediction. MRE for the power law model with γ = 7 is shown in

green, with the power law model exhibiting logarithmic scaling with N and the exponential model

exhibiting linear scaling with N as N →∞. It is also seen that more than 60 e-folds of MRE (black

dashed line) is achieved with just N ∼ 100 species for the exponential model.
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that for the exponential model ∑
ℓ

ΓℓΩℓ =

(
α

γ

)
ΩM

t− t(0)

=

[
2(1− ΩM )

4− ΩM

]
ΩM

t− t(0)
, (2.65)

where we see that this is exactly the result of equation 4.1 in [2] up to a constant factor. It then

follows that the subsequent analyses showing that the stasis state is an attractor also apply to our

exponential model of stasis.

2.5.2 Stasis and the String Axiverse

Axions arise readily in string theory via the dimensional reduction of higher-form gauge fields;

see, e.g., [129, 130]. Notably, they need not be the QCD axion or axions that couple to any dark

gauge sector. Accordingly, string theory axions can be relevant in a number of phenomenological

or cosmological roles, including as the inflaton [46, 131–133], as the reheaton [134], as the QCD

axion [129, 135–137], as particles that couple to photons [138, 139], and more. The largest number

of axions in a known Type IIB / F-theory compactification is 181,820 [140] in a single geometry,

whereas [141, 142] and [143, 144] give rise to large ensembles of geometries that typically have

thousands or hundreds of axions, respectively.

Could axions give rise to stasis? Features that enable robust periods of stasis include a

spectrum of N particles that may decay to radiation and non-trivial hierarchies in the decay rates.

The former is clearly satisfied in many corners of the string landscape, but in lieu of a detailed analy-

sis we would like to comment on an essential feature that affects rates: in many string constructions,

axion masses are generated non-perturbatively and the ℓth axion masses appears schematically as

mℓ ∝ e−c Tℓ (2.66)

where Tℓ is the volume of the cycle wrapped by the string instanton that generates the mass. Decays

to radiation often occur via dimension five operators, in which case we have

Γℓ ∝ e−3c Tℓ Ω
(0)
ℓ ∝ e−αcTℓ , (2.67)

where α depends on the production mechanism as discussed in [2]. Though the rates and abundances

have power law dependence on masses, the exponential dependence of the non-perturbative mass

causes it to depend exponentially on the cycle volumes, which are themselves sensitive to the details
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of moduli stabilization. However, due to the non-perturbative effects there is a clear opportunity for

exponential hierarchies, and in fact in string theoretic constructions of the models similar to the

Standard Model, the exponential dependence on TQCD sets ΛQCD exponentially below the Planck

scale. Furthermore, if moduli stabilization distributes Tℓ uniformly, then the rates and abundances

are log-uniform and can achieve many e-folds of stasis, as we have shown.

2.5.3 Stasis and the Emergent String Conjecture

The Emergent String Conjecture [145] is a generalization of the Swampland Distance Conjecture

[146] in which a tower of either Kaluza-Klein or string states

mℓ(ϕ) = mℓ(ϕ0)e
−λd(ϕ,ϕ0) (2.68)

becomes exponentially light upon going a distance d(ϕ, ϕ0) from ϕ0 toward ϕ near the boundary of

moduli space. The towers still have power law masses, and therefore the number of e-folds of stasis

satisfies

N ∝ log(N), (2.69)

but the exponential suppression of the lowest mass state yields an exponentially large number of

states below a fixed cutoff. We therefore have

N ∝ λd(ϕ, ϕ0)

δ
, (2.70)

where mℓ ∝ ℓδ. We therefore expect stasis to become increasingly important as the boundary of

moduli space is approached, potentially leading to experimental constraints or observational conse-

quences.

2.6 Summary & Discussion

In this chapter, we have studied M → γ cosmological stasis. In this scenario, a tower of matter

states initially dominates the energy density of the Universe, but subsequent decays to radiation

balance against Hubble expansion, leading to a cosmological epoch with approximately constant

matter and radiation abundances.

A central result of this chapter is a new exponential model of stasis that was motivated by

our numerical approach, searching the full 2N -dimensional parameter space of decay rates Γℓ and

initial abundances Ω(0)
ℓ using gradients from a differentiable Boltzmann solver, as well as stochastic
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Figure 2.9: Comparison of MRE between the power law (left) and exponential (right) models of

stasis, both for N = 300 species. MRE in the power law model from [2] corresponds to α = δ = 1

and γ = 7 and with ΓN−1/H
(0) = 0.01. MRE in the exponential model corresponds to γ = 1,

α = 2/7, and ΓN/H(0) = 0.01. We see that the power law model achieves a stasis configuration of

∼ 17 e-folds with 300 species, while the exponential model achieves ∼ 165 e-folds, demonstrating

the qualitative difference in e-folds between the two models, attributable to different scaling of e-

folds with N .

variational inference with neural networks. This model leads to a longer duration of stasis in e-folds

relative to a power law model and could be motivated by non-perturbative effects in string theory.

We elaborate on and review our main results in what follows.

A stasis epoch could have significant cosmological implications [2], potentially affecting

dark matter production, large-scale structure formation, and the overall understanding of cosmolog-

ical evolution and the age of the Universe. Of particular interest for M → γ stasis is the possibility

of stasis epochs occurring after a matter-dominated epoch at the end of inflation or after a later

matter-dominated epoch prior to nucleosynthesis. In the first case, the decay of the inflaton can in-

stead source ϕℓ states. The hierarchical decays of those states during stasis would then be the source

of inflationary reheating, with the Universe entering radiation domination with the conclusion of the

decays. In the second case, the tower of matter fields can lead to an early matter dominated epoch

prior to BBN, but well after inflation, the decays of which give rise to stasis. There are a number of

potential phenomenological implications of such an epoch, but a stasis state is an attractor regardless

of the arena in which ϕℓ are produced.

In this work, we have taken a model-agnostic data-driven approach to studying theories

of stasis, employing analytic methods only in the final stages. Such an analysis is complementary
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to a model-driven approach, as e.g. in the initial model of stasis that was inspired by Kaluza-Klein

excitations, motivating a mass spectrum that follows a power law in the species index. Together, the

model-driven and model-agnostic approaches demonstrate that stasis is a very general phenomenon.

Our methodology began with constructing a differentiable Boltzmann solver, which is the

crux of our approach. We maximized the number of e-folds of stasis by following gradients in our

differentiable simulation with model-agnostic (aside from the prior) random initializations of Γℓ and

Ω
(0)
ℓ . Such stasis-maximizing trajectories through the space of rates and abundances motivated the

study of log-uniform distributions, which we compared to power law distributions by taking random

samples and solving the Boltzmann equations. This comparison provided an initial indication of the

significant discrepancy in the duration of stasis epochs between the two models. With distributional

priors established, we employed SVI with normalizing flows for a Bayesian analysis of the full,

high-dimensional parameter space; there are some essential differences from standard SVI that we

discuss in the text. From the posteriors, we again saw that stasis maximization generally prefers

log-uniform distributed Ω
(0)
ℓ and Γℓ, corresponding to a model that is exponential in the species

index ℓ. This motivates a hybrid power law / exponential model beyond the strict power law or

exponential models we have studied, further indicating the generality of stasis.

The culmination of our numerical analyses is the analytic exponential model of stasis

studied in Section 2.5. Although our study of stasis does not assume specific physical mechanisms

to source the ϕℓ, we find in Section 2.5.2 that such a model of stasis could be naturally realized

within the string axiverse or near the boundaries of moduli space in accord with the emergent string

conjecture. This new model of stasis is also an attractor.

In addition to the analytic model it inspired, our numerical methodology allows us to

conclude with the following observations:

• Deviations from strict stasis (e.g., ϵ-stasis that could have small oscillations), which can still

be phenomenologically relevant, indicate that Ω(0)
ℓ and Γℓ drawn from certain families of

distributions can result in epochs of stasis.

• Stasis epochs can arise without strictly correlated rates and abundances, with the species

participating in stasis having abundances increasing with decay rates.

• There is a numerical preference for an exponential model when maximizing stasis; this was

observed in both gradient ascent and SVI experiments.
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• An exponential model of rates and abundances yields more e-folds of stasis than the power

law model, with both analytics and numerics demonstrating that N ∝ N in the exponential

model whereas N ∝ log (N) in the power law model.

In our opinion, these model-agnostic numerical analyses together with model-driven analytic con-

siderations together make stasis a very compelling phenomenon from a theoretical perspective. The

generality of the alternative cosmological histories implies that in complex cosmologies, such as

those in string theory, one should not make assumptions about the history and instead one must

simply solve the Boltzmann equations.

In future work, it would be interesting to study other flavors of stasis, notably Λ → γ,

Λ → M , and triple stasis with Λ → M → γ, using the numerical techniques presented in this

chapter. To that end, extending the differentiable methodology to include other energy pumps, such

as the overdamped/underdamped transition described in [113] used to model Λ → M , would be

essential. From a numerical perspective, these transitions can be challenging to implement due to

their instantaneous (i.e., non-differentiable) nature; however, one can consider a family of numerical

approximations (e.g., tanh, sigmoid) to model such transitions in a differentiable way.

It would also be interesting to change the optimization objective in future work. All of

our numerical analyses were aimed at ensuring robust periods of stasis by optimizing the number

of stasis e-folds N . Of course, this optimization is different from being physically optimal, which

depends crucially on theory priors, as well as phenomenological and cosmological viability. The

latter considerations motivate different optimization objectives that could easily be implemented by

adapting our open-source code, provided that the objective is implemented in a differentiable way.

Doing so would open up new avenues for different physical studies of stasis.

We have seen that studies of theories with high-dimensional parameter spaces using dif-

ferentiable simulators, despite being arduous work, can be essential to understanding the physics.

Specifically, we have demonstrated the power of gradients from these simulators to direct flows

in parameter space, both with and without neural networks. The methodology presented here is

flexible and easily adaptable. Indeed, these techniques, in conjunction with neural networks, can

provide profound physical insights, motivate new physical models, and have far-reaching implica-

tions in various scientific fields, including those beyond particle cosmology. Having explored an

early-universe phenomenon, we now turn to a much later cosmological epoch – the era of galaxy

formation – and show how machine learning can aid in modeling astrophysical effects (like intrinsic

alignments) in large-scale structure (Chapter 3).
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Chapter 3

Neural Network Emulators and

Differentiable Modeling for Galaxy

Intrinsic Alignments

3.1 Introduction

The spatial distribution and intrinsic shapes of galaxies encode fundamental information about the

formation and evolution of cosmic structure. Galaxy clustering, quantified through correlation func-

tions, has long served as a primary probe of cosmological parameters and the galaxy-halo connec-

tion [147, 148]. More recently, the IA of galaxy shapes have emerged as both a significant sys-

tematic for weak gravitational lensing measurements and a cosmological signal in their own right

[78, 79, 86, 149]. As Stage IV surveys such as the Vera C. Rubin Observatory Legacy Survey of

Space and Time [17], Euclid [19], and the Nancy Grace Roman Space Telescope [18] come online,

precise modeling of both galaxy clustering and IA is essential for extracting unbiased cosmological

constraints from weak lensing data.

IA modeling has traditionally relied on analytic approaches, such as perturbation theory

[e.g. 87, 150–157]. However, these analytic models often struggle to accurately capture nonlinear

effects. Simulation-based approaches offer a complementary path forward. Fully nonlinear scales

can be described with a halo model [42], which provides a framework for connecting galaxies

to their host dark matter halos without explicit modeling of baryonic physics. Simulation-based

approaches that account for both gravitational and baryonic effects have provided profound insights
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into cosmological evolution [e.g. 158–161]. These methods have the potential to better capture IA

effects compared to purely analytic models. Magnetohydrodynamic simulations, often referred to as

“hydro” simulations, incorporate baryonic effects but exhibit significant variance in their predictions

depending on the simulation suite and the sub-grid physics models employed at sub-parsec scales.

This variance includes disagreements over IA effects measured in different simulation suites [e.g.

162–164]. However, the volumes required for modern cosmological analyses are prohibitively large

for hydrodynamical simulations. Given these challenges, gravity-only N -body simulations, such

as AbacusSummit [1] and Quijote [165], provide a cost-effective and general alternative. These

simulations avoid the need to specify sub-parsec-scale baryonic physics, but inherently lack galaxy

formation and evolution processes. To bridge this gap, various HOD models have been employed to

populate halos from N -body simulations with galaxies. This approach has been extended to include

galaxy populations that exhibit correlated alignments [e.g. 111, 166, 167]. At the scales required

for cosmological inference, emulators built on these N -body and HOD frameworks are essential for

rapidly generating accurate mock galaxy catalogs across large parameter spaces.

The HOD framework provides a powerful statistical description of the galaxy-halo con-

nection [6, 43, 168–170]. By specifying the probability that a halo of given mass hosts a certain

number of galaxies, HOD models can populate dark matter halos from N -body simulations with

realistic galaxy distributions. This approach has been widely successful in modeling galaxy clus-

tering across a range of scales and redshifts [171–173]. Extensions to the basic HOD framework

have incorporated galaxy properties such as color, luminosity, and stellar mass [171, 174], as well

as secondary halo properties beyond mass [175, 176]. Importantly, a growing body of observa-

tional evidence from photometric, spectroscopic, and narrowband surveys has established that IA is

strongly correlated with these same galaxy properties [42, 79, 177–182], suggesting that these HOD

frameworks are naturally well-suited to model these dependencies compared to analytic approaches

such as NLA and TATT.

[183] first introduced a halo model for IA, while subsequent work developed simulation-

based approaches that assign galaxy orientations by sampling from distributions that encode align-

ment with halo shapes or the local tidal field [79, 184]. The HALOTOOLS package [185] provides

a flexible framework for HOD modeling, which was extended by [111] to include IA modeling via

the Dimroth-Watson distribution. This HALOTOOLS-IA framework parameterizes the alignment

strength of central and satellite galaxies separately, enabling joint modeling of galaxy clustering

and orientation statistics.

Despite its utility, HOD modeling can still be computationally demanding, as it requires
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the generation of extensive galaxy catalogs from halo catalogs and the application of estimators to

extract IA and clustering signals. To reduce computational cost and time associated with IA model-

ing, surrogate modeling and emulation based on existing simulations represents a promising avenue

of research. One approach that can offer both precision and efficiency is DL, by training NN sur-

rogates to accelerate numerical simulations. NNs have seen many different scientific applications,

including in cosmology (see [186] for a review), with the availability of large datasets and powerful

GPU-driven computation. They not only provide new insights, but also have the potential to accel-

erate numerous analyses when deployed on GPUs. The benefits of NN-based surrogate models are

not exclusive to forward modeling, as the differentiability of such models can also be exploited in

accelerating inverse problems using differentiable sampling techniques.

A key limitation of the HOD is its reliance on stochastic sampling procedures that are

not differentiable, restricting Bayesian inference with HOD simulations to methods like Markov

Chain Monte Carlo (MCMC). This precludes the use of gradient-based optimization and inference

methods like Hamiltonian Monte Carlo (HMC; Duane et al. 70, Neal 71), which have proven highly

efficient in machine learning and increasingly in cosmological applications (see [186] for a review).

As Stage IV survey analyses begin to require inference over larger parameter spaces to account for

systematics, MCMC-based inference becomes increasingly computationally demanding in high-

dimensional settings. For instance, the Dark Energy Survey Year 6 result included inference over

50 nuisance parameters, in addition to cosmological parameters [187]. In [69], it was estimated that

a Stage IV full 3x2 analysis would require up to 12 years of compute time on 48 CPU cores with

MCMC-like samplingok, , which is contrasted with 8 days on GPU with differentiable sampling

techniques. Consequently, there is a growing need for more computationally efficient (differen-

tiable) methods that enable tractable inference over many free parameters.

[110] introduced DIFFHOD, a differentiable implementation of the HOD framework that

employs continuous relaxations of discrete sampling distributions. By utilizing the Gumbel-Softmax

trick [188, 189] for Bernoulli and Poisson distributions, DIFFHOD enables end-to-end gradient flow

from HOD parameters through to galaxy catalogs. This approach was shown to accelerate param-

eter inference by orders of magnitude compared to traditional likelihood-free methods. Separately,

[112] developed differentiable estimators for galaxy clustering statistics, enabling gradients to flow

through Two-Point Correlation Function (2PCF) measurements.

In this chapter, we present two complementary approaches to efficient IA modeling:

IAEMU, a NN-based emulator that predicts galaxy position and shape correlations from HOD pa-

rameters, and DIFFHOD-IA, a fully differentiable implementation of the HOD model with galaxy
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Figure 3.1: A graphic illustration of this chapter’s contributions. IAEMU is a NN-based surro-

gate model that directly maps from HOD and IA parameters to the galaxy clustering statistic ξ(r),

galaxy position-orientation statistic ω(r), and galaxy orientation-orientation statistic η(r). IAEMU

bypasses the galaxy catalog generation step. DIFFHOD-IA is an end-to-end differentiable model

of HALOTOOLS-IA, with tractable gradients to the galaxy catalog generation step as well as the

aforementioned statistics.
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IA. IAEMU is the first NN-based model to directly predict galaxy position and shape correlations

from HOD parameters, eliminating the need to rerun simulations or generate explicit galaxy cat-

alogs. This approach offers a significant speed advantage over traditional HOD-based modeling.

Additionally, IAEMU successfully models galaxy shape statistics, whose stochasticity is dominated

by galaxy shape noise, as discussed in [111]. IAEMU successfully captures the mean behavior of

these noisier statistics, which would otherwise require multiple realizations of the underlying HOD.

It also estimates galaxy shape noise (aleatoric uncertainty) and quantifies its own epistemic un-

certainty – reflecting uncertainty in the predicted correlation amplitudes – primarily due to limited

training data. IAEMU’s uncertainty estimates enable one to assess the reliability of these predictions

and further enable error propagation in modeling pipelines that incorporate IAEMU.

The DIFFHOD-IA framework extends the differentiable HOD methodology to include the

orientation-dependent statistics crucial for weak gravitational lensing analyses. Our implementation

combines the [6] HOD formulation with the intrinsic alignment model of [111], enabling end-to-end

automatic differentiation from HOD and IA parameters through to the galaxy field. We additionally

extend this framework to differentiably model correlation functions, including galaxy clustering

and IA statistics. Unlike emulator-based approaches, DIFFHOD-IA provides differentiability at the

catalog level, enabling its integration into field-level inference pipelines and extension to arbitrary

summary statistics for next-generation weak lensing analyses.

3.1.1 Related Work

Several previous works have constructed simulation-based emulators for cosmological statistics,

with a focus on matter or galaxy density. [190] constructed Gaussian process-based emulators based

on the AEMULUS Project’s N -body simulations for nonlinear galaxy clustering. [191] similarly

used a Gaussian process-based emulator, HOD modeling, and the MIRA-TITAN Suite of N -body

simulations to predict galaxy correlation functions, building on earlier work from the same group

[192]. The BACCO simulation project ([193], [194]) built NN emulators to include nonlinear and

baryonic effects from simulations. These projects emulate various cosmological statistics from

simulations, but do not include IA. [195], [196], and [197] developed generative models trained on

the TNG100 simulation [159] to emulate IA in hydrodynamic simulations, but these models do not

emulate statistics. The work presented in this chapter is the first to emulate galaxy-IA correlation

statistics using simulated galaxy catalogs, and the first to extend differentiable HOD modeling to

include intrinsic alignments.
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3.1.2 Chapter Organization

The structure of this chapter is as follows. Section 3.2 reviews the HALOTOOLS-IA formulation for

HOD modeling with intrinsic alignments. Section 3.3 presents the IAEMU neural network emu-

lator, including dataset generation, architecture, training, performance evaluation, and uncertainty

quantification. Section 3.4 describes the DIFFHOD-IA differentiable implementation, including re-

laxed sampling procedures, differentiable Dimroth-Watson sampling, and differentiable correlation

function estimators. Section 3.5 validates both approaches against the reference HALOTOOLS-IA

implementation and verifies gradient accuracy. Section 3.6 demonstrates science applications in-

cluding gradient-based optimization and Hamiltonian Monte Carlo inference. We summarize and

discuss future directions in Section 3.7.

3.2 Halo Occupation Distribution with Intrinsic Alignments

We begin by reviewing the HALOTOOLS-IA formalism [111, 198], which builds upon the HOD

formulation from [6]. Given a catalog of dark matter halos, we generate a galaxy catalog using an

HOD model. This model consists of several interconnected components: (1) an occupation com-

ponent, which populates halos with galaxies, (2) a phase space component, which determines the

spatial distribution of galaxies within halos, and (3) an alignment component, which models galaxy

intrinsic alignments. The halotools [199] package constructs these HOD-based galaxy catalogs

following this framework. Specifically, it employs the halo model [200, 201] along with alignment

models introduced in [111], providing a flexible approach for generating mock galaxy catalogs while

simultaneously tracking intrinsic alignments. We refer to this extension of halotools, which in-

corporates IA information, as HALOTOOLS-IA [198]. This structure enables the rapid generation

of multiple galaxy catalogs using consistent occupation, phase space, and alignment parameters.

Depending on the chosen HOD parameters, a given halo may or may not host a central galaxy – the

most massive galaxy residing at the halo’s center. Additionally, halos may contain satellite galaxies,

which are distributed throughout the halo.

The [6] formulation populates halos only using their mass. In total, the HALOTOOLS-IA

model has seven free parameters, with five of them governing the halo occupation and two of them

governing the galaxy IA. These parameters are as follows:

{logMmin, σlogM , logM0, logM1, α︸ ︷︷ ︸
HOD

, µcen, µsat︸ ︷︷ ︸
IA

}. (3.1)
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The first two HOD parameters, logMmin and σlogM , are related to the occupation of central galaxies,

while logM0, logM1, and α govern satellite galaxy occupation. More detailed descriptions of the

HOD parameters can be found in [6]. The IA parameterization is a two-parameter family that

statistically describes the alignment strength of central and satellite galaxies with respect to their

host halos, as defined in [111].

3.2.1 Central Occupation

The central galaxy occupation is characterized by the minimum halo mass required to host a central

galaxy, and the width of the transition around this threshold. These are described by the parameters

logMmin and σlogM . The expected number of central galaxies in a halo of mass M is given by:

⟨Ncen(M)⟩ = 1

2

[
1 + erf

(
logM − logMmin

σlogM

)]
, (3.2)

where erf denotes the error function. Since the presence of a central galaxy is a binary outcome,

central galaxies are assigned to host halos via a Bernoulli distribution:

Ncen ∼ Bernoulli(p = ⟨Ncen(M)⟩).

3.2.2 Satellite Occupation

Satellite galaxy occupation follows a power-law model, governed by the parameters logM0, logM1,

and α. The expected number of satellite galaxies in a halo of mass M is defined as:

⟨Nsat(M)⟩ = ⟨Ncen(M)⟩
(
M −M0

M1

)α

, (3.3)

indicating that satellites are only present in halos that already host a central galaxy. Because multiple

satellite galaxies can inhabit a single halo, they are sampled via a Poisson distribution:

Nsat ∼ Poisson(λ = ⟨Nsat(M)⟩). (3.4)

We utilize a SubhaloPhaseSpace model for the IA in which satellite galaxies are always placed

at the center of subhalos. These are preferentially placed in more massive subhalos first. In the

event that the number of satellites exceeds the number of available subhalos, the satellite occupation

resorts to a NFWPhaseSpace mode, where satellites are spatially distributed by sampling from a

Navarro–Frenk–White (NFW) distribution [202].
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3.2.3 Galaxy Intrinsic Alignments

In the [111] formulation, both galaxies and (sub)halos are modeled as triaxial homologous ellip-

soids, meaning the orientations of the halos and galaxies can be described entirely from their axes.

All galaxies are originally aligned to be parallel to their host halos. The misalignment angle of the

galaxies between their host halos, θMA, is governed by sampling from a Dimroth-Watson distribu-

tion [203]. The Dimroth-Watson distribution is chosen to model galaxy alignments as it provides a

maximum entropy distribution over a sphere, while accounting for the spin-2 symmetry of galaxy

orientations. The Probability Distribution Function (PDF) for the Dimroth-Watson P (θ, ϕ) is de-

fined as

P (θ, ϕ) =
B(κ)

2π
e−κ cos2(θ) sin(θ) dθ dϕ, (3.5)

for polar angle θ = θMA and azimuthal angle ϕ. The normalization factor is given by

B(κ) =
1

2

∫ 1

0
e−κt2 dt. (3.6)

In this formulation, ϕ is sampled from a uniform distribution.

The fundamental parameter governing galaxy and (sub)halo alignment is κ. It is conve-

nient to reparameterize this as

µ =
−2 tan−1(κ)

π
, (3.7)

such that µ = ±1 corresponds to perfect (mis)alignment, and µ = 0 corresponds to random align-

ments. Both central and satellite galaxies are assigned their own alignment strengths, µcen and

µsat, respectively. HALOTOOLS-IA includes two separate alignment formulations: subhalo align-

ment, where satellites are oriented with respect to their host subhalo, and radial alignment, where

satellites are oriented with respect to the host halo radial vector. The radial alignment model also

admits two alignment strength possibilities: constant alignment strength, where it is the same for all

galaxies, and distance-dependent alignment strength, where it has a power-law dependence on the

distance to the central galaxy. We implement all cases in the DIFFHOD-IA code; in this chapter, all

experiments utilize the radial alignment model with constant alignment strength.

3.2.4 Correlation Function Estimators

To measure the correlations in galaxy catalogs, HALOTOOLS-IA uses estimators for the position-

position (ξ(r)), position-orientation (ω(r)), and orientation-orientation (η(r)) correlations. The

105



CHAPTER 3. NN EMULATORS & DIFFERENTIABLE GALAXY INTRINSIC ALIGNMENTS

ξ(r) correlation is defined as

ξ(r) =

〈
n(r)

n̄(r)

〉
− 1, (3.8)

where n(r) is the number of galaxies separated by distance r, and n̄(r) is the expected number of

galaxies separated by distance r for a random distribution. This equation is simpler than the Landy-

Szalay estimator [204] and may be suboptimal in some cases [205], since it omits the random-pair

corrections that reduce variance and account for survey geometry that are present in Landy-Szalay,

making it more sensitive to noise and boundary effects. However, due to the periodic nature of the

simulation box, HALOTOOLS-IA can use analytical randoms, mitigating much of this suboptimality.

This estimator is also computationally faster and is sufficient for HOD models.

The ω(r) correlation is defined as

ω(r) = ⟨|ê(x) · r̂|2⟩ − 1

3
, (3.9)

and quantifies how the orientation of a galaxy at a position x is aligned with the positions of other

galaxies at a distance r. If ω(r) is positive, the orientation tends to align with the direction to nearby

galaxies; if negative, it tends to be perpendicular. Similarly, the η(r) correlation is defined as

η(r) = ⟨|ê(x) · ê(x+ r)|2⟩ − 1

3
, (3.10)

and measures how similarly two galaxies at positions x and x + r are oriented. A positive η(r)

indicates that the orientations tend to be aligned, while a negative value means they tend to be

perpendicular. For both ω(r) and η(r), x is the position vector of a given galaxy, r is the separation

vector between two galaxies, r̂ is the unit vector of the separation vector r, and ê is the galaxy

orientation unit vector that specifies the intrinsic orientation of each galaxy’s major axis. The factor

of 1/3 in these equations accounts for the fact that

1

4π

∫ 2π

0

∫ π

0
cos2 θ sin θ dθ dϕ =

1

3
, (3.11)

where integrating cos2 θ over a sphere corresponds to the case of random alignments.

In this chapter, correlation functions are measured for simulated galaxies across 20 r bins,

evenly spaced in logarithmic scale, between a minimum separation of 0.1h−1Mpc and a maximum

separation of 16h−1Mpc. In future work, the maximum range of this correlation could be extended.

However, for this dataset, we chose this maximum separation because the number of galaxies n

increases with r, and the computational cost of measuring correlations scales as O(n) log(n). In

general, galaxies at r ≤ 1h−1Mpc are considered to be in the “1-halo regime” (galaxies within the

same halo) and galaxies outside this range are in the “2-halo regime” (galaxies residing in separate

halos).
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Table 3.1: BOLSHOI-PLANCK simulation parameters.

Particle Mass Ωm,0 σ8 ns h Lbox z

(h−1M⊙) (h−1Mpc)

∼ 108 0.30711 0.82 0.96 0.70 250 0

3.3 IAEMU: A Neural Network Emulator

In this section, we introduce IAEMU, a neural network-based emulator designed to predict the

galaxy position-position (ξ(r)), position-orientation (ω(r)), and orientation-orientation (η(r)) cor-

relation functions, and their associated uncertainties, using halo occupation distribution (HOD)-

based mock galaxy catalogs. Compared to the simulated catalogs, IAEMU exhibits an approxi-

mately 3% average error for ξ(r) and 5% for ω(r), while capturing the stochasticity in η(r), avoid-

ing overfitting this inherently noisier statistic. Importantly, the emulator also provides aleatoric

and epistemic uncertainties, which when analyzed jointly, can help identify regions in parameter

space where IAEMU’s predictions may be less reliable. Furthermore, we demonstrate the model’s

generalization to a non-HOD based signal by fitting alignment parameters from the TNG300 hydro-

dynamical simulations. Since IAEMU is an NN, it enables approximately a 10,000× speed-up in

mapping HOD parameters to correlation functions when deployed on a GPU, compared to conven-

tional CPU resources. This substantial acceleration also facilitates solving inverse problems more

efficiently by supporting gradient-based sampling algorithms.

3.3.1 Dataset Generation

To train IAEMU, we generate galaxy catalogs using HALOTOOLS-IA, incorporating seven HOD

and IA parameters derived from an existing dark matter halo catalog that is consistent with a real-

istic cosmology. We use dark matter catalogs from the BOLSHOI-PLANCK simulations, which are

available directly through HALOTOOLS-IA for this purpose [206]. The BOLSHOI-PLANCK simula-

tion is a 250 h−1Mpc box, with correlations in this work measured up to 16 h−1Mpc. Simulation

parameters for BOLSHOI-PLANCK can be found in Table 3.1. We populate halos with galaxies fol-

lowing occupation equations from [6]. Further details of how we employ these occupation methods

as well as a discussion of the phase space and alignment models are given in Section 3.2.

The five occupation parameters are: logMmin, logM0, logM1, α, and σlogM . To choose

physically plausible values for the five occupation parameters used by these two models, we select

the best-fit HOD parameter values for the Sloan Digital Sky Survey (SDSS) sample from Table 1 of
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Figure 3.2: Ranges of HOD parameters used in generating the training data from HALOTOOLS-

IA. We generate uniform random values for the four occupation parameters, excluding logMmin.

These values are based on a linear relationship with logMmin, serving as a central line. The range

for random values extends 4 · RMSE surrounding this line. To clarify the visualization, σlog(M) is

displayed separately from other mass variables. Each panel presents published data from [6] as a

solid line, while the dotted line of the same color illustrates the linear fit to logMmin, with the shaded

area indicating the range for uniform random value selection for each parameter. Not shown here

are the two alignment parameters, µcen and µsat, which both vary uniformly on the range [−1, 1]
with no relation to these five occupation parameters.

[6]. The parameters logMmin, logM0, and logM1 control the relationship between dark matter halo

masses and the likelihood of hosting central and satellite galaxies in the HOD model. Specifically,

logMmin defines the minimum halo mass required to host a central galaxy, logM0 sets the mass

scale associated with the suppression of the satellite galaxy occupation, and logM1 determines the

amplitude of the satellite occupation profile. The number of galaxies in a given catalog ranges from

105 to 106, with the average number decreasing with larger logMmin. The parameter α describes the

asymptotic slope of satellite occupation at high halo masses, while σlogM characterizes the width of

the transition between halos that do and do not host central galaxies. Figure 3.2 shows the regions

from which four of the five occupation model parameters are drawn.

The two alignment parameters, µcen and µsat, govern the shape of the Dimroth-Watson

distribution from which galaxy misalignments are sampled, as introduced in [111]. More specif-

ically, an alignment parameter value of 0 corresponds to a uniform distribution in cos (θ), where

θ is the galaxy misalignment angle, indicating randomly oriented galaxies. Values approaching 1

indicate perfectly aligned galaxies, while values approaching−1 correspond to perpendicular align-

ments.

To generate training data, we generate evenly spaced values of logMmin within the range
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[11, 15], covering the typical halo mass scales that host galaxies. For each of these points, we

draw a value for each of the other four occupation parameters uniformly from a region ±4 ·RMSE

around the linear fit to logMmin, where Root Mean Square Error (RMSE) refers to the root mean

squared error between the fiducial SDSS values of each occupation parameter from [6] and their

corresponding values predicted by the linear fit. The two alignment parameters, µcen and µsat,

are each sampled uniformly on [−1, 1]. Earlier iterations of the dataset employed Latin hypercube

sampling to fully sample the parameter space; however, this frequently resulted in galaxy samples

that were unrealistic. For this reason, we restricted the sampling to values lying near the empirical

trends of the SDSS-based HOD fits, which ensures that the resulting correlations remain physically

plausible while still spanning a representative range of parameter space.

Despite the constrained sampling strategy, it was observed that certain input configura-

tions could lead to an absence of galaxy pairs in specific separation bins, resulting in NaN values in

the correlation functions. This issue frequently arises at small scales, or when the values of logMmin

are sufficiently large, making the halos that host galaxies rare. To address this, corresponding galaxy

catalogs were removed. Additionally, as a further screening measure, we impose a restriction on

input configurations that yield ξ/ξDM values exceeding 100, as these are deemed unphysical.

With these input parameter values, we generate galaxy catalogs using HALOTOOLS-IA

and measure the three correlations described in Section 3.2.4. As HOD modeling is inherently

stochastic, we generate 10 realizations of a galaxy catalog for each given set of input values for

training. The multiple realizations can enable IAEMU to distinguish the signal from the shape noise

of the data, and they later serve to quantify the performance of IAEMU for the noisier correlations.

We note that the sample variance does also contribute to the variance in the correlations, but it

is always subdominant to the shape noise (see Appendix D of [111] and Equation A3 of [207]).

Thus, we can capture most of the statistical variance by re-aligning galaxies through these extra

realizations. The final dataset has 110, 526 parameter choices, with 10 realizations, for a total

of 1, 105, 260 entries. These are split into a 70% train, 10% validation, and 20% test set with

unique input parameters in each subset. The training data was generated using a combination of

2.4 GHz Intel E5-2680 CPUs and 2.1 GHz Intel Xeon Platinum 8176 CPUs. The simulations

were parallelized across 150 cores, split evenly to allow simultaneous calculation of the correlation

functions.
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Figure 3.3: Model Pipeline. The HOD input model parameters are normalized before entering the

7-layer deep multilayer perceptron (MLP) embedding network. The embedding network expands

the dimensionality of the input before a bottleneck latent space that transitions to the decoder stage,

which features seven 1D convolutional layers which learn the individual local correlations present

in the output correlation functions, log ξ, ω(r), and η(r). Both the embedding network and decoder

feature residual connections to aid the convergence of IAEMU during training. IAEMU is trained

using the β-NLL loss [7] with a 100 epoch warm-up period corresponding to mean-squared-error

optimization before re-introducing aleatoric uncertainties into the optimization. The generated cor-

relation functions are then re-scaled back to their original values. A detailed description of the

model training procedure is given in [8]. N -body simulation visualization in the right panel is from

[9].
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3.3.2 Model Architecture

The objective is to construct an NN that replicates the mapping between HOD simulations and cor-

relation function estimators. Specifically, the NN will take a 7-dimensional input vector of galaxy

HOD and IA parameters, as described in Section 3.2 and illustrated in Figure 3.3, and predict the

correlation functions ξ(r), ω(r), and η(r) across 20 r bins. We represent each correlation function

by a vector recording the value for 20 evenly spaced values of r. Additionally, the model directly

outputs predictions of the aleatoric uncertainties σaleo on the correlation amplitudes. This allows

us to capture the stochastic nature of HOD modeling through a Mean–Variance Estimation (MVE)

training procedure [208]. Separately, we use Monte Carlo dropout to track the epistemic uncer-

tainties σepi inherent in the NN model. These can arise from limited training data or architecture

misspecification. Both types of uncertainties are useful for analyzing ω(r) and η(r) performance,

which are inherently noisier statistics due to the significant effects of galaxy shape noise in correla-

tions [209].

Mathematically, the task mapping is a function

fϕ : R7 → R2×20 × R2×20 × R2×20

where fϕ maps the input X to a set of mean and aleatoric uncertainty pairs:

X 7→ ([µξ, σ
aleo
ξ ]︸ ︷︷ ︸

∈R2×20

, [µω, σ
aleo
ω ]︸ ︷︷ ︸

∈R2×20

, [µη, σ
aleo
η ]︸ ︷︷ ︸

∈R2×20

).

We implement fϕ as an NN called IAEMU using PyTorch [210]. The IAEMU architecture in-

cludes a fully connected embedding network and three 1D convolutional NN decoder heads, trained

using a multitask learning approach as shown in Figure 3.3.

The embedding network contains five fully connected linear layers, each followed by

batch normalization and LeakyReLU activation [211]. Residual connections link the second and

third layers using a linear projection to match dimensions, and the third and fourth layers by directly

adding the layer outputs, which improves information flow and gradient stability [101]. The em-

bedding network increases the size of the input vector X ∈ R7 layer-by-layer to a 256-dimensional

latent feature, which is then mapped through a final bottleneck layer to a 128-dimensional latent

vector v. To mitigate overfitting, we incorporate dropout [212] into the IAEMU architecture during

training. Additionally, as detailed later, we leverage dropout to estimate the epistemic uncertainty

associated with the model’s parameters using the Monte Carlo dropout technique [213].
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The decoders each contain seven 1D convolutional decoder layers. Each decoder first

takes the output of the embedding network, a feature vector v of size 128, and maps it into an

expanded feature space. This expanded feature vector is then reshaped to create a multichannel

1D feature map, enabling the decoder to utilize 1D convolution to spatially transform the latent

representation. Each layer has batch normalization, LeakyReLU activation, and dropout. Residual

connections are introduced by adding the output of the second convolutional layer to the output

of the third layer and by adding the output of the fifth layer to the output of the sixth layer. Each

decoder gradually downsamples the latent representation v and finally outputs a 2-channel 1D signal

as a tensor of shape 2× 20, where the 2 channels represent the correlation amplitudes and variances

of the correlation function, respectively. To ensure variances are strictly positive, they are passed

through a softplus activation in the output layer. The IAEMU design serves a dual purpose: it

facilitates vector-to-sequence conversion through the convolution of encoded representations from

the embedding network and, within the multitask framework, enables separate forward paths to

isolate features unique to each individual correlation estimator.

3.3.3 Training

We now describe the training procedure for IAEMU. We normalize each feature within the 7-

dimensional input vector X ∈ R7 such that the overall distribution of each component of X has

a mean of 0 and unit variance. That is, each individual feature x (i.e., a single component of X)

undergoes the transformation:

z =
x− µx

σx
, (3.12)

where µx and σx are the mean and standard deviation of the respective feature across the entire

training dataset. This is known as z-score standardization; it is an affine transformation and is thus

easily invertible.

We are interested in predicting three sequences, each of length 20, corresponding to the

correlation functions ξ(r), ω(r), and η(r) for 0.1 h−1Mpc < r < 16 h−1Mpc. Since these correla-

tions exhibit different magnitudes and characteristics, each correlation function is also standardized

separately for the training of IAEMU. This ensures that each correlation is scaled to have a mean of

0 and unit variance across all bins. Without this, the loss landscape would be unevenly influenced

by the differing magnitudes of the correlation functions. For example, ξ(r) can exhibit strong cor-

relations at low values of r, reaching amplitudes on the order of 104 or higher. In contrast, ω(r)

and η(r) exhibit amplitudes several orders of magnitude smaller than ξ(r), and can also frequently
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take on negative values. Applying separate standardization to each correlation function ensures

that all three contribute equally to the loss landscape during training. Since ξ(r) can vary over

several orders of magnitude, we take its logarithm before z-score standardization. This transfor-

mation reduces skewness and can help mitigate the dominance of high-magnitude correlations in

the standardization process. We thus denote the IAEMU predicted correlations as log ξ̂(r), ω̂(r),

and η̂(r). This standardization additionally applies to the IAEMU predicted aleatoric uncertainties:

σ̂aleo
log ξ, σ̂aleo

ω , and σ̂aleo
η , as well as to the epistemic uncertainties: σ̂epi

log ξ, σ̂epi
ω , and σ̂

epi
η . All presented

results are for rescaled correlations and uncertainties, with the rescaling transformations given in

Section 3.3.4.

To predict the mean and variance of the values of the correlation function, we use the

β-NLL loss from [7], which is defined as

Lβ-NLL = EX,Y

[
σ̂2β(X)

(1
2
log σ̂2(X) +

(Y − µ̂(X))2

2σ̂2(X)
+ C

)]
(3.13)

This is similar to Gaussian-NLL loss [208], defined

LNLL = EX,Y

[
1

2
log σ̂2(X) +

(Y − µ̂(X))2

2σ̂2(X)
+ C

]
, (3.14)

where X denotes the input data vector, µ̂(X) and σ̂2(X) the model predictions at an individual bin,

Y the ground truth label, and C a normalization constant. The numerator of the second term in

Equation 3.14 is the typical mean-squared-error (MSE) loss, used when the model only outputs a

point estimate approximating the mean of the distribution. One drawback of the Gaussian NLL loss

is that the model can become stuck in local minima in the loss landscape during training. This results

in a prediction with an incorrect mean and high variance. However, by adjusting β appropriately,

this risk can be reduced. The utility of the β-NLL loss can be seen in the gradients:

∇µ̂Lβ-NLL(θ) = EX,Y

[
µ̂(X)− Y

σ̂(2−2β)(X)

]
, (3.15)

∇σ̂2Lβ-NLL(θ) = EX,Y

[
σ̂2(X)− (Y − µ̂(X))2

2σ̂(4−2β)(X)

]
. (3.16)

The β parameter allows one to interpolate between Gaussian-NLL in the limit that β → 0,

and standard MSE in the limit that β → 1. This loss has the benefit of allowing one to encode

the contribution of the mean prediction to the loss, to discourage local minima with poor mean

predictions and large variances. It was empirically found in [7] that a value of β = 0.5 generally

performs best. However, we explore different values of β and introduce a warm-up period of ℓ′
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epochs to enable individualized training for each correlation. The total loss function during training

at epoch ℓ is:

L(ℓ; θ) =


Lξβ-NLL(θ, 1.0) + Lωβ-NLL(θ, 1.0) + Lηβ-NLL(θ, 1.0) if ℓ < ℓ′

Lξβ-NLL(θ, 0.9) + Lωβ-NLL(θ, 0.5) + Lηβ-NLL(θ, 0.5) if ℓ ≥ ℓ′
(3.17)

where we set βξ = 0.9 after the warm-up as this is a higher-signal correlation.

We train the IAEMU for a maximum of 500 epochs with a 100-epoch warm-up period and

early stopping. We also employ gradient clipping for numerical stability, as the training of MVE

networks can suffer from instability. The use of residual connections and a shallower embedding

network than the decoder is to stabilize convergence during training. We employ various techniques

to further aid the convergence of the model. Following the recommendations in [214], we initialize

all variance output-neurons to have a bias of zero which results in a constant variance prediction

across all bins at initialization, ensuring that no bins are biased towards large variances.

The choice of the β parameter in the β-NLL loss dictates the strength in which the loss

interpolates between standard MSE and Gaussian-NLL loss. The optimal value of β will also not

be the same for each correlation that is predicted. We implement a warm-up period during training

with β = 1.0 for all correlations to maximize regression on the means before transitioning to a

value of βξ = 0.9 and βω = βη = 0.5 for the remainder of training. The value of βξ was chosen

as ξ(r) correlations exhibit a very high signal-to-noise ratio, so the aleatoric uncertainties on these

correlations are generally not significant or of interest.

We use the AdamW optimizer [100] with a training batch size of 128 and a step learning

rate scheduler (10% decay at 167-epoch intervals with a starting learning rate of 0.01). Additional

L2-regularization via a weight decay factor of 10−4 is used in the optimizer. All training was done

on two NVIDIA A100-80GB GPUs. During training, IAEMU is validated every 5 epochs with

an early stopping patience of 100 epochs based on the validation criteria. The validation criteria

for saving the model is a linear combination of MSE and Gaussian-NLL losses computed for each

correlation ξ, ω, and η. The total MSE and NLL losses are calculated as the sum of each correlation,

and the averaged validation losses are computed over the validation dataset. The final combined

validation loss Lval is defined as:

Lval = α · LMSE + (1− α) · LNLL,

where α = 0.7 determines the weighting between MSE and NLL, guiding model selection based

on this combined criterion.
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3.3.4 Correlation Rescaling

As IAEMU outputs standardized correlations, it is crucial to properly rescale the model-predicted

amplitudes, aleatoric uncertainties σ̂aleo, and epistemic uncertainties σ̂epi for analysis. For ξ(r), we

denote ξ̂ as the (standardized) model prediction, ξ̄ refers to the ξ(r) correlations from the training

dataset used for calculating statistics, and σ̂aleo
ξ and σ̂

epi
ξ are the IAEMU-predicted aleatoric and

epistemic uncertainties for ξ(r). The reverse transformation is as follows:

ξ = exp
(
log ξ̂ · σlog ξ̄ + µlog ξ̄

)
.

As a result of taking the log of ξ(r) for training, the rescaled aleatoric and epistemic uncertainties

are only symmetric in log space. The corresponding transformation of uncertainties from log to

linear space follows from the log normal moments:

σaleo
ξ =

√(
e(σ

aleo
log ξ)

2 − 1
)
e2(log ξ̂ σlog ξ̄+µlog ξ̄)+(σaleo

log ξ)
2
,

σ
epi
ξ = exp

(
log ξ̂ σlog ξ̄ + µlog ξ̄

)
· σlog ξ̄ · σ̂epi

log ξ.

Here the aleatoric term follows from the exact log normal variance, while the epistemic term is

obtained by linear error propagation through the exponential mapping.

The galaxy shape correlations ω(r) and η(r) had no log-scaling and therefore have a

simpler inversion procedure:

ω = ω′ · σω̄ + µω̄, σaleo
ω = σω̄ · σ̂aleo

ω , σepi
ω = σω̄ · σ̂epi

ω

η = η′ · ση̄ + µη̄, σaleo
η = ση̄ · σ̂aleo

η , σepi
η = ση̄ · σ̂epi

η .

3.3.5 Performance

We evaluate the model on the 20% in-distribution but held-out test set, as summarized in Figure 3.4.

All test-set predictions are mean predictions averaged over 50 forward passes (i.e., predictions with

Monte Carlo Dropout) of IAEMU, so that an epistemic uncertainty on predictions can be retrieved.

Reported metrics are evaluated on the correlations in their original domain; they are not computed

in the standardized or log-transformed domain employed during IAEMU training.

In reporting metrics, we exclude outlier examples in the ω(r) and η(r) correlations where

IAEMU shows a strong Spearman correlation coefficient (> 0.5) with the ground truth or its pre-

dicted amplitude is within 1σ of the true uncertainty of the data for the majority of the bins, but
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Figure 3.4: Top: Average fractional error for the position-position (ξ(r)), position-orientation

(ω(r)), and orientation-orientation (η(r)) correlation function predictions in the test set shown in

purple. Middle: Median residuals of the test set predictions, expressed in units of the standard devi-

ation of the ground truth data, σ̂, obtained from 10 realizations used to construct the dataset shown

in blue. Bottom: Per-bin Spearman correlation coefficient (SCC, green), normalized root-mean-

square error (NRMSE, pink), and symmetric mean absolute percentage error (SMAPE, orange) for

the correlation functions. A black vertical dashed line is included in all plots to indicate the transi-

tion in r between the 1-halo and 2-halo regimes. It is seen that ξ(r) features a 3% error, on average,

and ω(r) features a 5% error. Though exhibiting a larger fractional error, η(r) predictions are on

average strictly within 1σ of the true uncertainty. This similarly holds for ω(r), and ξ(r) exhibits a

bias at large r, reflecting the higher fractional error. Both ξ(r) and ω(r) exhibit large SCC values

and low NRMSE and SMAPE values across all bins, indicating good performance. For η(r), the

SCC value at low r (SCC ≥ 0.5) indicates a strong correlation between IAEMU predictions and

the ground truth. This gradually decreases at the onset of the 2-halo regime, with the NRMSE and

SMAPE performance decreasing as well.
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the fractional error exceeds a factor of 100 and 450, respectively. These extreme values arise from

the lack of a high-signal-to-noise ground truth and occur when the true correlation amplitude is

small and changes sign, conditions under which the fractional error can become arbitrarily large

even when predictions accurately follow the underlying signal. They are therefore artifacts of the

small amplitude and noise of the data, rather than indicators of genuine model inaccuracies. The

thresholds were chosen empirically to exclude only these pathological cases, affecting fewer than

≲ 1% of test-set predictions. Including these outliers does not impact the overall assessment of

performance, but significantly inflates the mean fractional error, introducing numerical instability.

Notably, the median fractional error remains stable—within approximately 0.1%—for both ω(r)

and η(r), irrespective of whether these extreme cases are retained. Even with this mitigation, many

instances remain in the test set where the performance of IAEMU is visually suitable, but features

large fractional error due to these numerical artifacts.

For the position-position (ξ(r)) correlation, the mean fractional error per bin (top panel)

reaches a maximum of 10%, with IAEMU achieving an average error of 3.2% for ξ(r). The ξ(r)

performance is biased high at large r, where the ξ(r) correlation amplitudes are small (||ξ|| ≪
1) and approach zero. This bias may arise in part from the standardization for training, which

can disproportionately emphasize regions with larger amplitudes or compress the dynamic range

at small values, leading to systematic bias. Additionally, as IAEMU naturally predicts log ξ, small

residuals near zero can appear large when transformed back to linear space.

For ω(r), the accuracy drops at the onset of the 2-halo regime, with an average model

error across all bins of 4.9% and a similar maximum of ∼ 10%. We also find that the median

fractional error across all bins is less than 10% for 66% of test-set predictions. This is approaching

the accuracy for IA modeling likely required for Stage IV surveys [215]. The mean fractional error

for orientation-orientation (η(r)) is significantly higher, averaging 54%. However, it is important to

note that the ground truth ω(r) and η(r) correlations – even after averaging over 10 realizations of

the dataset – are generally noisy and can often fluctuate between positive and negative values. Frac-

tional error can thus be misleading in this case due to the absence of high-signal ground truth values

for comparison, and due to the correlation amplitudes being close to zero and frequently changing

sign. We also studied the r-weighted mean fractional errors ((5.5%, 5.2%, and 67.4%) compared to

their unweighted counterparts (3.2%, 4.9%, and 53.8%), which reveals a ∼ 2% difference for ξ(r),

a similar performance for ω(r), and a larger difference for η(r). This is in line with the observed

bias for ξ(r) at large r. In the case of η(r), we emphasize that fractional error for η(r) should not

be interpreted in isolation as a gauge of model accuracy.
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With this in mind, we show in the middle panel of Figure 3.4 the median residual in

units of the dataset’s true aleatoric uncertainty σ̂. From this metric, it is observed that despite the

large fractional error in η, the predictions of IAEMU remain strictly within 1σ of the ground truth

correlations across all bins. This trend also holds for ω(r). For ξ(r), the residual is computed in log

space in the 2-halo regime to more consistently represent the bias with how IAEMU was trained,

and to avoid exaggerated deviations caused by exponentiating small correlation values. Despite the

large stochasticity of ω(r) and η(r), this indicates that IAEMU has learned to capture the mean

behavior and not overfit to the noise fluctuations in these correlations. This provides the added

benefit of capturing the “cosmic mean” of the correlations directly with IAEMU, which would

otherwise require running multiple realizations of the underlying HOD. This can also be frequently

seen in example IAEMU predictions for ω(r) and η(r).

Metrics

We further evaluate the performance of IAEMU using three key metrics: the Spearman Correlation

Coefficient (SCC), which measures the rank correlation between predicted and true values; the

Normalized Root Mean Square Error (NRMSE); and the Symmetric Mean Absolute Percentage

Error (SMAPE). The SCC, which ranges between 0 and 1, is particularly useful for assessing rank-

based correlations and is well-suited for analyzing sequence data. The NRMSE is defined as:

NRMSE =

√
1
n

∑n
i=1(yi − ŷi)2

1
n

∑n
i=1 y

2
i

(3.18)

where yi represents the ground truth value, and ŷi denotes the corresponding prediction by IAEMU.

This metric provides an indication of prediction accuracy, but can be sensitive to outliers, due to

dependence on squared error. To quantify relative percentage error, we use the SMAPE, which is

defined

SMAPE =
1

n

n∑
i=1

2|yi − ŷi|
|yi|+ |ŷi|+ ϵ

(3.19)

where ϵ = 10−8 is introduced to prevent division by zero. The SMAPE is generally more robust

to outliers compared to the NRMSE, but it tends to be more sensitive to small values (i.e., small

correlation amplitudes). These three metrics are selected due to their scale-invariant properties,

which are essential for comparing IAEMU’s performance across the varying scales of ξ, ω, and η.

An SCC value of 1 indicates a perfect correlation between IAEMU and the ground truth data, while

lower values of NRMSE and SMAPE reflect better predictive performance. The reported metrics
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are averaged over correlations in the test set. Together, these metrics provide a comprehensive

assessment of IAEMU’s performance.

For ξ(r), we find an SCC value of 0.99 when averaged across all bins, and a value of

0.98 for ω(r) as seen in Figure 3.4. This indicates a very strong correlation between the IAEMU

predictions and the underlying data. For η(r), the average SCC across all bins is 0.55, with the

SCC ≈ 0.75 at low r, but it is around 0.5 after entering the 2-halo regime, which still reflects a

moderate correlation between the data and model. At larger r, the SCC decreases, indicating a

weak correlation. It is important to note that the SCC can be strongly affected by stochasticity

and the low amplitude of the data, particularly when the amplitudes approach zero, as is the case

frequently for η(r).

For ξ(r) and ω(r), the NRMSE averaged across all bins is 0.19, as shown in the bottom

panel of Figure 3.4. The corresponding SMAPE values averaged across all bins are SMAPE(ξ) =

0.10 and SMAPE(ω) = 0.30. The relatively low NRMSE values indicate that, on average, the pre-

dictions closely follow the ground truth across the full range of data. However, the higher SMAPE

for ω(r) compared to ξ(r) suggests that the relative error is more pronounced for ω(r), potentially

due to the generally smaller correlation amplitudes in ω(r). This implies that while the absolute

prediction error remains comparable, the percentage error is exacerbated by the lower magnitude

of the true values in ω(r). A similar trend is observed for η(r), where both the NRMSE (0.69)

and SMAPE (1.11) are significantly larger. These higher values indicate that IAEMU’s predictions

for η(r) exhibit larger absolute and relative deviations from the ground truth. This could be at-

tributed to a decrease in performance, increased variability, or a broader dynamic range in η(r),

which naturally poses greater challenges for accurate predictions.

Limitations

IAEMU’s predictions for η(r) are less accurate compared to ξ(r) and ω(r), which perform well

across metrics considered. While IAEMU successfully captures the correct scaling of η(r) across all

bins, its accuracy for ω(r) and η(r) is primarily limited by the stochastic nature of these correlations,

even when trained on multiple realizations and evaluated on their means. The averaged ground truth

correlations still exhibit fluctuations that are indicative of noise due to the relatively small volume

considered for the simulations. This hinders the evaluation of IAEMU’s performance as well as

training; however, as also demonstrated in the middle panel of Figure 3.4, IAEMU reliably captures

the underlying mean behavior despite the presence of noise. The bias at large r for ξ(r) can likely be
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attributed to the use of log and the standardization procedure for training. In a multitask framework,

standardization can potentially be avoided by using trainable loss coefficients [216].

Efficiency

We emphasize the stark difference in speed for obtaining correlations given input HOD parameters

using IAEMU versus HALOTOOLS-IA. IAEMU performs inference on a batch of size 32, 768 in

1.02 seconds on a single NVIDIA A100-80GB GPU, while the HOD, when run in parallel on 150

CPU cores for the same parameters, takes approximately 3 hours. This constitutes an approximate

factor of 104 improvement in runtime. On a single CPU core, this would constitute an improve-

ment of roughly 106. While a direct comparison between a GPU and multiple CPU cores is inher-

ently challenging due to differences in hardware architectures and parallelization capabilities, this

comparison highlights the practical advantage of IAEMU in terms of computational efficiency for

large-scale inference tasks with typical hardware availability. Additionally, IAEMU’s compatibility

with differentiable sampling algorithms allows for rapid posterior estimation, further showcasing its

efficiency in inverse modeling applications.

3.3.6 Aleatoric and Epistemic Uncertainty

Due to the high stochasticity of correlations like ω(r) and η(r), IAEMU was designed to produce

distributions on its outputs, tracking multiple types of uncertainty, thereby enabling confidence

assessment in its predictions. Aleatoric uncertainty represents the intrinsic variability in the data, in

this case representing variance in the correlations due to galaxy shape noise and sample variance,

as studied in [111]. The aleatoric uncertainties of ω(r) and η(r) can thus be reduced through a

larger simulation box size (resulting in more galaxies) and through multiple realizations of the same

volume. Shape noise dominates over sample variance in the HOD model predictions [111], making

multiple realizations important for retrieving accurate correlation functions. Epistemic uncertainties

are uncertainties inherent to a model and can be large when an architecture is ill-suited for a task,

or when a model is not trained on sufficient data [217]. Aleatoric uncertainties are directly output

from IAEMU through its design and training procedure. Epistemic uncertainties are obtained via

the Monte Carlo dropout technique [213], where dropout is used during inference across multiple

forward passes. This introduces stochasticity into IAEMU’s predictions, and the resulting variance

in the outputs represents the epistemic uncertainty (see [217] for a review on distinguishing between

aleatoric and epistemic uncertainty).
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Figure 3.5: Aleatoric vs. epistemic uncertainty comparison for ω(r) and η(r) with uncertainty bias.

For test-set predictions, we analyze the total spread of aleatoric uncertainties of the data predicted by

IAEMU and epistemic uncertainties due to the stochasticity of IAEMU. The coloring corresponds to

the log-residual between IAEMU predicted aleatoric uncertainties and (true) aleatoric uncertainties

from HALOTOOLS-IA produced from the 10 realizations used in producing the dataset. It is seen

that the epistemic uncertainty is generally smaller than the aleatoric uncertainty, due to the majority

of the scatter falling below the 1:1 line in aleatoric-epistemic uncertainty space. A general bias

of 0.42 dex for ω(r) and 0.24 dex for η(r) is observed between the true and predicted aleatoric

uncertainties, with IAEMU uncertainty estimates being biased high. This is exacerbated near the

1:1 line, in which the epistemic uncertainty of IAEMU is comparable to the predicted aleatoric

uncertainty.
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Figure 3.6: Aleatoric vs. epistemic uncertainty comparison for ω(r) and η(r) with correlation am-

plitude bias. For test-set predictions, we analyze the total spread of aleatoric uncertainties of the

data predicted by IAEMU and epistemic uncertainties due to the stochasticity of IAEMU. The col-

oring corresponds to the log-residual between IAEMU predicted correlation amplitudes and (mean)

ground truth amplitudes from HALOTOOLS-IA produced from the 10 realizations used in produc-

ing the dataset. It is seen that there is no clear correlations between residuals in the amplitudes

and IAEMU aleatoric and epistemic uncertainties in the case of ω(r). For η(r), it is seen that the

sharpest log-residual occurs for predictions in the region where the IAEMU aleatoric uncertainty

is ≈ 2 dex larger than the associated epistemic uncertainties. This can be an instance of IAEMU

overfitting, wherein the intrinsic uncertainty of the model on the correlation amplitude is negligible

compared to the correlation’s own uncertainty.
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Figure 3.5 compares the aleatoric and epistemic uncertainties from IAEMU with the true

aleatoric uncertainty from HALOTOOLS-IA across 10 realizations of the simulation. Figure 3.5

shows that epistemic uncertainties are generally smaller than aleatoric uncertainties, as indicated

by the majority of scatter points falling below the 1:1 line. This suggests that IAEMU’s architec-

ture is sufficiently expressive for this task, and that it was not data-limited during training despite

the stochasticity of these correlations. However, a median bias of 0.34 dex for ω(r) and 0.18 dex

for η(r) for aleatoric uncertainties when compared to the true aleatoric uncertainties is observed,

suggesting that IAEMU is not perfectly calibrated for aleatoric uncertainties. This residual is partic-

ularly pronounced near the 1:1 line, wherein IAEMU’s epistemic uncertainty predictions are com-

parable to the aleatoric uncertainty predictions. That is, IAEMU tends to overestimate aleatoric

uncertainties in regions where the correlation amplitudes are less certain. Nevertheless, the shape

noise estimates from IAEMU can provide valuable covariance information for Monte Carlo infer-

ence [108], significantly improving posterior constraints compared to inference without covariance

information.

We also study the relationship between aleatoric and epistemic uncertainties in terms of

the residuals in the correlation amplitudes, as shown in Figure 3.6. For ω(r), we observe a trend

where the largest errors in the correlation amplitudes occur in the regime where the epistemic un-

certainties are 1 dex smaller than the predicted aleatoric uncertainties. This trend is more pro-

nounced for η(r), where the highest errors occur when the aleatoric uncertainties are 2 dex larger

than IAEMU’s epistemic uncertainties, as seen in Figure 3.5. This may indicate an overconfidence

for IAEMU predictions of η(r) in this regime; however, it is also clear in comparing Figure 3.5 and

Figure 3.6 that this regime is where the η(r) correlations are the noisiest. In other words, this oc-

curs when the galaxy shape noise is most prominent. It is thus expected that the residual on IAEMU

predictions would be exaggerated due to IAEMU not overfitting to the shape noise. Nonetheless,

this regime is also where IAEMU aleatoric uncertainty predictions are the most accurate.

These insights lead to the following conclusions about the performance of IAEMU for

ω(r) and η(r), and provide a useful diagnostic for gauging its accuracy in the absence of HALOTOOLS-

IA ground truth data:

• IAEMU is not significantly limited by data, as evidenced by the scale of its epistemic uncer-

tainties compared to aleatoric uncertainties for ω(r) and η(r).

• IAEMU residuals on correlation amplitudes are largest when both the true and predicted

aleatoric uncertainties of IA correlations are large, which is typically an artifact of IAEMU
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learning the mean behavior of these noisier statistics.

• IAEMU tends to overestimate aleatoric uncertainties for both ω(r) and η(r) in regimes where

they are comparable to the epistemic uncertainties. This occurs when the model is most

uncertain. IAEMU correlation amplitudes are still accurate in this regime, as shown in Figure

3.6.

• IAEMU aleatoric uncertainty predictions are most accurate for regions of parameter space

that yield the noisiest correlations. This can be attributed to stronger gradient information

with larger variance magnitudes, as seen in Equation 3.14.

In practice, one may consider both the aleatoric and epistemic uncertainties predicted by

IAEMU to assess the quality of its predictions in the absence of an underlying HALOTOOLS-IA

ground truth. Despite the observed bias, aleatoric uncertainty remains valuable for covariance esti-

mation (e.g., accounting for shape noise) when performing parameter inference with IAEMU [108].

Post-hoc calibration methods, such as those discussed in [218], can help correct for these biases

in parameter inference. These methods calibrate uncertainty estimates after training, ranging from

non-parametric approaches like histogram binning and isotonic regression, to simple parametric

schemes such as Platt scaling [219] and its extensions (e.g. temperature scaling and Dirichlet cal-

ibration). Even when the primary concern is the correlation amplitudes, the relationship between

IAEMU’s epistemic and aleatoric uncertainties provides valuable insight into the reliability of the

predictions, as illustrated in Figures 3.5 and 3.6.

3.4 diffHOD-IA: A Differentiable Implementation

While IAEMU provides rapid emulation of correlation functions at the summary statistic level, it

cannot be extended to arbitrary observables without retraining. To address this limitation and enable

field-level inference, we developed DIFFHOD-IA, a fully differentiable implementation of a halo

occupation distribution (HOD) model that incorporates galaxy intrinsic alignments (IA). Building

upon the DIFFHOD framework of [110], we extend differentiable galaxy population modeling to

include the orientation-dependent statistics crucial for weak gravitational lensing analyses.

In particular, DIFFHOD-IA allows an end-to-end differentiable mapping for:

HOD + IA parameters→ misaligned galaxy field→ summary statistics
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under the HOD model of [6] and IA model of [111]. Our contributions also include differentiable

modeling of 2PCFs within this framework, following the work of [112]. Differentiably computing

summary statistics is a priori nontrivial, because common cosmological summaries such as the

2PCF rely on inherently discrete operations like galaxy pair counting. We will showcase the utility

of DIFFHOD-IA with both 2PCFs and other objectives. Importantly, the differentiability up to the

galaxy field level enables the modular extension to any differentiably computed summary statistic

for a variety of applications.

For galaxy clustering, our differentiable HOD methodology closely follows the DIFFHOD

methodology of [110], which we will summarize below. We extend this framework with a differen-

tiable procedure for Dimroth-Watson sampling via inverse Cumulative Distribution Function (CDF)

sampling. As we adopt their methodology closely, we refrain from extensively benchmarking the

HOD component of DIFFHOD-IA, and instead focus our analyses on the IA modeling and its ac-

curacy compared to HALOTOOLS-IA.

3.4.1 Differentiable Sampling

Sampling from distributions is not an operation whose gradients can be tracked, as an individual

sample z does not encode parametric information about the distribution which it was sampled from.

A common approach for backpropagating through distributions is via the reparameterization trick,

as is extensively used in variational autoencoders [220]. In this procedure, the random variable is

expressed as a deterministic function of both the distribution parameters and a source of parameter-

free noise. For example, for a normally distributed variable z ∼ N (µ, σ2), one instead samples

ϵ ∼ N (0, 1) and rewrites z as:

z = µ+ σ · ϵ, (3.20)

which allows gradients to be backpropagated through µ and σ.

Discrete distributions, such as the Bernoulli or Poisson distribution, assign binary values

(e.g., galaxy/no galaxy) to their random variables. As a result, it is a priori difficult to differen-

tiably sample from such distributions. One approach to this challenge is the Gumbel-Softmax trick

[188], which defines a continuous relaxation of a discrete distribution, allowing gradients to be

backpropagated via the reparameterization trick. Specifically, for a categorical distribution with

class probabilities {π1, . . . , πk}, a sample z is typically drawn as a one-hot vector using:

z ∼ Categorical(π1, . . . , πk), (3.21)
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where zi = 1 indicates the selected category. However, this process is non-differentiable due to

the discrete argmax operation implicit in categorical sampling and the inherently stochastic nature

of sampling. To enable differentiability, one introduces the reparameterization trick by injecting

independent Gumbel noise gi ∼ Gumbel(0, 1) – a choice that follows from the Gumbel-Max trick

for sampling from categorical distributions [189] – and replacing the argmax with a differentiable

softmax approximation. The relaxed sample yi is then given by:

yi =
exp ((log πi + gi)/τ)∑k
j=1 exp ((log πj + gj)/τ)

, (3.22)

where τ > 0 is a temperature parameter that controls the degree of approximation. In the limit

τ → 0, the softmax converges to a hard (non-differentiable) categorical sample; for larger τ , the

distribution becomes smoother and more uniform. The trade off is in the gradients, where small τ

values result in a large variance of gradients, while large τ results in a smaller variance.

3.4.2 Differentiable Central Occupation

Central occupation sampling is defined by a Bernoulli distribution, as described in Section 3.2.1.

We must differentiably sample

Ncen ∼ Bernoulli(p = ⟨Ncen(M |Mmin, σlogM )⟩). (3.23)

To this end, we utilize the Gumbel-Softmax trick in defining the Relaxed Bernoulli distribution

Ncen =
1

1 + exp
(
−
(
log
(

p
1−p

)
+ ϵ
)
/τ
) , (3.24)

with ϵ ∼ Logistic(0, 1). We adopt a temperature value of τ = 0.1, consistent with the full analysis

of the occupation accuracy dependent on values of τ in [110].

3.4.3 Differentiable Satellite Occupation

Satellite occupation requires sampling from a Poisson distribution as

Nsat ∼ Poisson(λ = ⟨Nsat(M |M0,M1, α)⟩). (3.25)

In [110], it was proposed to treat each potential satellite galaxy assignment as an independently

sampled Bernoulli distribution with probability p = λ/Nmax, where Nmax is the number of trials and
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λ is the Poisson rate. The resulting statistics are then Binomial distributed, which has an identical

mean to a Poisson distribution. The two distributions only differ in the variance, where

Var(NPois.
sat ) = ⟨Nsat⟩ (3.26)

Var(NBin.
sat ) = ⟨Nsat⟩

(
1− ⟨Nsat⟩

Nmax

)
. (3.27)

In the limit Nmax →∞, the two distributions are identical in their first two moments. In this work,

we use a fiducial value of Nmax = 48 for all experiments, in line with the results of [110].

We have now simplified satellite sampling into independent Bernoulli sampling identical

to Equation 3.24 with p = ⟨Nsat⟩/Nmax. In this work, all experiments use SubhaloPhaseSpace,

wherein satellite galaxies are deterministically placed at the centers of subhalos, prioritized by sub-

halo mass. This prioritization is implemented differentiably by applying a softmax over the subhalos

within each host halo, with logits determined by subhalo rank, i.e., the ordering of subhalos by de-

creasing mass within each host halo. Formally, the rank-weighted soft assignment qi for subhalo i

is computed as:

qi =
exp (−ranki/trank)∑

j∈Hh
exp (−rankj/trank)

, (3.28)

where ranki ∈ {0, 1, 2, . . . } is the indexed position of subhalo i within host halo h, Hh is the set

of all subhalos associated with that host, and trank = 0.5 is a temperature parameter controlling the

sharpness of the prioritization. These normalized weights qi are then scaled by the expected number

of satellites ⟨Nsat⟩ to yield the relaxed per-subhalo satellite probabilities.

3.4.4 Differentiable NFW Sampling

In the event that Nsat > |Hh|, we assign the locations of all remaining satellite galaxies according

to samples from a NFW distribution. We generate satellite positions via an inverse CDF sampling

procedure, which we will also use for IA sampling in Section 3.4.5. Our treatment follows the

approach of [110], but rather than using their closed-form approximation based on the Lambert W

function, we employ a numerically stable Newton iteration to invert the CDF. Both approaches are

differentiable and similarly accurate. We begin with the CDF of the NFW profile:

P (< r) =
ln(1 + cr/rvir)− cr/rvir/(1 + cr/rvir)

ln(1 + c)− c/(1 + c)
, (3.29)

where c is the concentration parameter of the host halo and rvir is the virial radius of the host halo.

We obtain position samples by drawing u ∼ Uniform(0, 1) and solving P (< r) = u for r using

Newton’s method for six iterations.
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3.4.5 Differentiable Galaxy Intrinsic Alignments

The central and satellite galaxy misalignments are modeled by the Dimroth-Watson distribution,

defined by its PDF in Equation 3.5. To differentiably sample from it, we perform inverse CDF

sampling, analogous to the NFW sampling procedure described in Section 3.4.4. The original (un-

normalized) marginal density over the misalignment polar angle θ ∈ [0, π] is given by:

p(θ) ∝ exp(−κ cos2 θ) sin θ. (3.30)

Changing variables to t = cos θ ∈ [−1, 1], the density becomes:

p(t) =
1

Z(κ)
exp(−κt2), t ∈ [−1, 1], (3.31)

with normalization constant

Z(κ) =

∫ 1

−1
exp(−κt2) dt. (3.32)

To draw differentiable samples, we define the CDF

F (t | κ) = 1

Z(κ)

∫ t

−1
exp(−κs2) ds. (3.33)

This integral admits closed-form expressions that depend on the sign of κ, yielding the following

piecewise form of the CDF:

F (t | κ) =



1
2

[
1 +

erf(
√
κt)

erf(
√
κ)

]
, κ > 0

t+1
2 , κ = 0

1
2

[
1 +

erfi(
√−κt)

erfi(
√−κ)

]
, κ < 0

(3.34)

As we are interested in solving t = F−1(u | κ), we must invert the expression in Equation 3.34 for

t:

cos(θ) =


1√
κ
erf−1 [erf(

√
κ) · u] , κ > 0

u, κ = 0

1√
−κ

erfi−1
[
erfi(
√−κ) · u

]
, κ < 0.

(3.35)

To generate samples, we invert the CDF by solving t = F−1(u | κ) for u ∼ Uniform(0, 1). For

convenience, we rescale the uniform random variable via the transformation u′ = 2u − 1, which

maps u ∈ (0, 1) to u′ ∈ (−1, 1); we drop the prime in what follows. To construct the full 3D
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orientation vector n, we draw u ∼ Uniform(−1, 1) to obtain t = cos θ using Equation 3.35, and

independently sample ϕ ∼ Uniform(0, 2π). These are converted to Cartesian coordinates as:

n =


√
1− t2 cosϕ
√
1− t2 sinϕ

t

 . (3.36)

In practice, the inverse CDF is solved via Newton’s method. The resulting galaxy orientation vectors

are fully differentiable with respect to the IA parameters.

3.4.6 Differentiable Correlation Functions

Typical cosmological analyses employ low dimensional summary statistics computed over the full

galaxy field. We proceed by outlining a prescription to differentiably calculate 2PCFs, enabling an

end-to-end differentiable pipeline from halo occupation and IA parameters to summary statistics.

We find that computing the IA statistics is directly differentiable with respect to the IA parameters

using discrete galaxy catalogs; computing ξ(r) requires generating catalogs where the galaxies

have a weight proportional to their occupation probability, as done in [112]. We note that the

IA statistics ω(r) and η(r) also depend on the HOD parameters through the galaxy positions and

number counts; however, for the experiments in this work, we operate in a fixed HOD setting to

validate the differentiable IA implementation. All correlation measurements use 20 logarithmically-

spaced bins from r = 0.1 h−1Mpc to r = 16 h−1Mpc. We present a numerical comparison of the

differentiable correlations compared with their non-differentiable counterparts in Section 3.5.1.

Weighted Galaxy Catalogs

2PCF calculations require galaxy pair counting, which is a discrete operation and not easily made

differentiable. To compute 2PCFs differentiably, we follow the methodology of [112]. This requires

treating galaxies as existing with a probability p, as opposed to discrete objects with weight 1 (exists)

or 0 (does not exist).

For central galaxies, the weight wcen
i corresponds to the mean central occupation proba-

bility from Equation 3.2:

wcen
i = ⟨Ncen(M)⟩, (3.37)

evaluated at the host halo mass M . For satellite galaxies placed in subhalos, the weight is computed

as follows:

wsat
i = qi · ⟨Nsat(M)⟩, (3.38)
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where qi is the softmax weight prioritizing massive subhalos, defined in Equation 3.28. These

weights encode the probability that each galaxy exists in the catalog, enabling gradient flow through

the HOD parameters to clustering statistics like ξ(r). Orientation-dependent statistics ω(r) and η(r)

receive gradients through the IA parameters.

Galaxy Clustering Statistics

ξ(r) quantifies the excess probability of finding galaxy pairs at separation r relative to a uniform

random distribution:

ξ(r) =
DD(r)

RR(r)
− 1, (3.39)

where DD(r) is the (weighted) count of galaxy pairs separated by distance r, and RR(r) is the

expected pair count if galaxies were drawn from a uniform distribution. ξ(r) depends only on the

HOD parameters that govern galaxy occupation; the IA parameters µcen and µsat do not affect ξ(r),

as they influence only galaxy orientations.

We pre-compute all galaxy neighbor pairs (i, j) with separations |rij | < rmax using a

KD-tree with periodic boundary conditions. The weighted pair count in each bin is computed as:

DD(rk) =
∑

(i,j)∈Bk

wiwj , (3.40)

where wi and wj are the galaxy occupation weights and Bk denotes pairs with separations falling in

bin k. For the expected pair count, we use the analytic expectation:

RR(rk) =

(∑
i

wi

)2

−
∑
i

w2
i

 Vk

Vbox
, (3.41)

where Vk = 4π
3 (r3k+1 − r3k) is the shell volume and Vbox is the simulation volume. The term in

brackets represents the effective number of distinct galaxy pairs for the weighted galaxy catalog.

While galaxy positions are fixed in SubhaloPhaseSpace, the weights wi are differ-

entiable functions of the HOD parameters through ⟨Ncen⟩ and ⟨Nsat⟩. Gradients thus flow through

the weight computation:
∂ξ

∂β
=
∑
i

∂ξ

∂wi

∂wi

∂β
, (3.42)

where β ∈ {logMmin, σlogM , logM0, logM1, α}. Satellites placed via NFWPhaseSpace fall-

back are assigned weights proportional to ⟨Nsat⟩ of their host halo, preserving gradient flow. This

enables gradient-based inference of HOD parameters from galaxy clustering measurements.

130



CHAPTER 3. NN EMULATORS & DIFFERENTIABLE GALAXY INTRINSIC ALIGNMENTS

Intrinsic Alignment Statistics

There are two IA statistics of interest: ω(r) and η(r), as defined in Equations 3.9 and 3.10. As

with ξ(r), we pre-compute all neighbor pairs (i, j) with separations |rij | < rmax using a KD-tree

with periodic boundary conditions. For each pair, we compute the separation vector with periodic

wrapping. For ω(r), we compute the position-orientation alignment:

aωij = (êi · r̂ij)2 . (3.43)

For η(r), we compute the orientation-orientation alignment:

aηij = (êi · êj)2 , (3.44)

which measures the alignment between the orientation vectors of galaxies i and j.

Pairs are assigned to radial bins, and the correlation functions are estimated as:

ω(rk) =

∑
(i,j)∈Bk

aωij

|Bk|
− 1

3
(3.45)

and

η(rk) =

∑
(i,j)∈Bk

aηij

|Bk|
− 1

3
, (3.46)

where Bk denotes the set of pairs in bin k and |Bk| is the pair count. Crucially, since galaxy positions

are fixed, the pair counts |Bk| are constants with respect to the IA parameters. Gradients flow

exclusively through the orientation vectors êi, which depend on µcen and µsat via the differentiable

Dimroth-Watson sampling described in Section 3.4.5.

3.5 Validation

We validate both IAEMU and DIFFHOD-IA against the reference HALOTOOLS-IA implementation

using the Bolshoi-Planck simulation. We additionally study the differentiability with respect to both

the HOD and IA parameters and compare the gradient quality with finite difference methods. We do

not extensively benchmark the HOD implementation, as the implementation follows that of [110].

We construct a mock observable galaxy catalog and use this fiducial catalog as a reference

in the following sections. This catalog is constructed using the parameters:

logMmin = 12.54, σlogM = 0.26, logM0 = 12.68

logM1 = 13.48, α = 1.0, µcen = 0.79, µsat = 0.30.
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The HOD parameters were determined by fitting the halo occupation to match a galaxy catalog

from the TNG300 [159] simulation for a stellar mass M∗ cutoff of logM∗ ≥ 10.5. This HOD is run

on the Bolshoi-Planck dark matter catalog at z = 0, whose simulation parameters can be found in

Table 3.1. This is the same HOD configuration used in [8, 111]. The IA parameters correspond to

best fit parameters to the TNG300 galaxy catalog from HALOTOOLS-IA in [8].

3.5.1 Comparison of diffHOD-IA to halotools-IA

We compare the performance between DIFFHOD-IA and HALOTOOLS-IA using visualizations of

the galaxy field density, comparison of 1-pt statistics (i.e., galaxy number counts, Ngal), and relevant

2-pt statistics. This is shown in Figure 3.7. This comparison provides a comprehensive metric for

the performance of DIFFHOD-IA.

We find excellent agreement between DIFFHOD-IA and HALOTOOLS-IA for the fidu-

cial galaxy catalog used. The galaxy field densities produced by the two simulations are visually

consistent, as shown in the top left and center panels of Figure 3.7. As galaxy placements are de-

terministic due to the use of SubhaloPhaseSpace, this is representative of agreement in the

per-halo ⟨Ncen⟩ and ⟨Nsat⟩ between the two implementations. In both cases, approximately 0.17%

of the remaining satellites were occupied according to NFWPhaseSpace.

To go beyond a visual comparison, this is further confirmed upon examining the histogram

of Ngal across 100 realizations in the top right panel of Figure 3.7. The DIFFHOD-IA galaxy num-

ber counts are 29772± 109, and the HALOTOOLS-IA number counts are 29729± 110, illustrating

excellent agreement. Minor differences in the mean values may stem from the fact that the seed

mapping between DIFFHOD-IA and HALOTOOLS-IA is not one-to-one, which can lead to small

deviations over a finite number of realizations.

In the bottom panels of Figure 3.7, we compare ξ(r), ω(r), and η(r) between the two

implementations. This is using the (non-differentiable) HALOTOOLS-IA implementation for the

correlation estimators, to highlight any potential differences at the 2PCF level coming solely from

the galaxy occupation and IA. We find generally excellent agreement between DIFFHOD-IA and

HALOTOOLS-IA across all three statistics. This even includes the IA statistic η(r), which is much

noisier than ω(r) due to galaxy shape noise. We additionally see comparable error bars between the

implementations across 100 realizations. This is confirmed upon inspecting the fractional error of

the correlations, from which we find a mean bias of 0.28% for ξ(r), 0.16% for ω(r), and 1.77% for

η(r). We benchmark the accuracy of the differentiable correlation estimators as outlined in Section
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Figure 3.7: Validation of DIFFHOD-IA against the reference HALOTOOLS-IA implementation for

the TNG300 fiducial HOD. Top left and center: Projected galaxy density fields across the sim-

ulation volume along the line of sight. Both implementations produce visually indistinguishable

large-scale structure. Top right: Distribution of galaxy number counts Ngal across 100 realizations

using identical random seeds. Both implementations produce consistent galaxy number densities

with similar scatter. Bottom left: Galaxy position-position correlation function ξ(r) averaged over

100 realizations, with error bars indicating the standard deviation across realizations. The two

implementations show excellent agreement across all scales. Bottom center and right: Galaxy

position-orientation correlation function ω(r) and orientation-orientation correlation function η(r).

These correlations show strong agreement between the two implementations across all scales. η(r)

exhibits larger statistical noise and error bars due to the effects of galaxy shape noise. Despite the

noise, the two implementations remain consistent within uncertainties.
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Figure 3.8: Validation of differentiable correlation function estimators against halotools refer-

ence implementations for the same galaxy catalog. Left: Galaxy position-position correlation func-

tion ξ(r). The black circles show the (non-differentiable) measurement from halotools, while

red squares show the differentiable estimator using HOD-derived occupation probability weights.

Center: Galaxy position-orientation correlation function ω(r), comparing halotools (black)

with our differentiable estimator (red). Right: Galaxy orientation-orientation correlation function

η(r), comparing halotools (black) with our differentiable estimator (red). Both ω(r) and η(r)

show excellent agreement between implementations, with η(r) exhibiting larger statistical fluctu-

ations due to galaxy shape noise. The differentiable estimators enable gradient-based inference:

ξ(r) gradients flow through galaxy occupation weights from HOD parameters, while ω(r) and η(r)

gradients flow through orientation vectors from IA parameters.

134



CHAPTER 3. NN EMULATORS & DIFFERENTIABLE GALAXY INTRINSIC ALIGNMENTS

Figure 3.9: Gradients of the halo occupation distribution functions with respect to HOD parameters

as a function of halo mass. Left panel: Gradients of the mean central galaxy occupation ⟨Ncen⟩
with respect to logMmin (blue) and σlogM (orange). The gradients are largest in the transition region

around log10M/M⊙ ≈ 12 where the occupation probability transitions from 0 to 1, and vanish at

high masses where ⟨Ncen⟩ saturates to unity. Right panel: Gradients of the mean satellite galaxy

occupation ⟨Nsat⟩ with respect to all five HOD parameters: logMmin, σlogM , logM0, logM1, and

α. In both panels, solid lines show gradients computed via automatic differentiation and dotted

points show finite difference estimates, demonstrating excellent agreement. The IA parameters µcen

and µsat do not affect galaxy number counts and have zero gradient everywhere. These gradients

enable efficient gradient-based inference of HOD parameters from galaxy clustering observations.

3.4.6 in Appendix

We next benchmark the accuracy of the differentiable correlation estimators as outlined

in Section 3.4.6. This is shown in Figure 3.8. There is exact agreement between the DIFFHOD-IA

and HALOTOOLS-IA estimators for ω(r), η(r), and ξ(r) in the case of unit galaxy weights. In

the case of HOD weights, which is necessary for full differentiability of ξ(r) with respect to HOD

parameters, the two correlations more noticeably differ, but still exhibit good agreement.

3.5.2 HOD Gradients in diffHOD-IA

We first study gradients of the 1-pt statistics of the galaxy catalog, ⟨Ncen⟩ and ⟨Nsat⟩, for various

halo masses evaluated at the fiducial HOD values. We compare the autodifferentiation (autodiff)

values from DIFFHOD-IA with finite-difference methods. The IA parameters, µcen and µsat, are

excluded in this analysis as they do not affect the galaxy number counts. The results of this analysis
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are shown in Figure 3.9.

We see in the left panel of Figure 3.9 that the only HOD parameters with non-zero

gradients for ⟨Ncen⟩ are logMmin and σlogM , which is in agreement with the analytic expres-

sion for ⟨Ncen⟩ given in Equation 3.2. The finite difference gradients are additionally plotted

as scatter, exhibiting excellent agreement with the autodiff gradients. The gradients vanish for

log10M/M⊙ ≳ 13, at which point all available halos in the catalog are populated with a central

galaxy. Similarly, at log10M/M⊙ ≲ 11, the halos are not massive enough to frequently host central

galaxies, so the gradients become small. The gradients for both σlogM and logMmin are approxi-

mately unity (up to a sign) at log10M/M⊙ ≈ 12, where the occupation probability for the fiducial

HOD transitions from 0 to 1.

In the right panel of Figure 3.9, we see that all five HOD parameters have nonzero gradi-

ents for ⟨Nsat⟩, as expected from the analytic expression given in Equation 3.3. The magnitudes of

the gradients vary across several orders of magnitude as halo mass increases, which is an important

diagnostic for specifying learning rates when using the gradients in a gradient-based optimization

pipeline. We again see excellent agreement between the DIFFHOD-IA autodiff gradients and the

finite differences. These results are in excellent agreement with a similar analysis shown in [110].

3.5.3 Intrinsic Alignment Gradients in diffHOD-IA

We next examine the differentiability of the IA model in DIFFHOD-IA by validating the accuracy

and gradients of the Dimroth–Watson distribution sampling procedure. The Dimroth–Watson dis-

tribution is parameterized by the alignment strength µ ∈ [−1, 1], which controls the shape of the

Dimroth–Watson distribution from which galaxy misalignment angles are sampled. We compare the

differentiable Dimroth–Watson samples with typical samples for a range of misalignment angles in

Figure 3.10. The DIFFHOD-IA data was generated using 500000 samples and 6 Newton iterations

for the inverse CDF sampling procedure. For each sample, we compute the misalignment angle θ

between the sampled galaxy orientation and a reference alignment direction.

The left panel of Figure 3.10 shows the empirical probability distributions P (cos θ) con-

structed from the samples (solid lines) alongside the analytic Dimroth–Watson PDF (dashed lines).

The histograms are computed with 100 bins spanning cos θ ∈ [−1, 1] and normalized to unit area.

The close agreement across all values of µ validates our implementation of the inverse-CDF sam-

pling procedure for sampling from the Dimroth–Watson. As expected, positive µ produces align-

ment with probability mass concentrated near cos θ = ±1 (corresponding to θ ≈ 0◦ or 180◦), while
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Figure 3.10: Validation of differentiable sampling from the Dimroth-Watson distribution for galaxy-

halo misalignment angles. Left panel: Probability distribution P (cos θ) of misalignment angles

for varying alignment strength µ. The top axes show the corresponding misalignment angle θ in

degrees. Solid lines show histograms from samples drawn using our differentiable inverse-CDF

sampler; dashed lines show the analytic Dimroth-Watson PDF. The close agreement validates the

differentiable sampling implementation. Positive µ (magenta) produces alignment with probability

concentrated at cos θ = ±1, while negative µ (cyan) produces anti-alignment peaked at cos θ = 0.

Right panel: Gradient of the probability distribution with respect to the alignment parameter,

∂P/∂µ. Dashed lines show analytic gradients derived from the PDF formula; scatter points show

finite-difference gradients of the analytic Dimroth-Watson PDF; solid lines show gradients com-

puted via automatic differentiation through the sampling procedure, where a Gaussian kernel den-

sity estimate is used to obtain a smooth density from discrete samples. A discrepancy is seen for the

autodiff computed gradients for µ ≈ 0.
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negative µ produces anti-alignment with probability peaked at cos θ = 0 (θ ≈ 90◦).

To validate the gradients, we compute ∂P (cos θ)/∂µ in three ways. First, we use autodiff

through the DIFFHOD-IA sampling procedure. We draw samples for each µ value, construct a

differentiable Gaussian kernel density estimate (KDE) to obtain a smooth density function from the

discrete samples, and compute gradients via autodiff. The KDE is necessary to convert the discrete

histogram into a continuous, differentiable function. We additionally compute analytic and finite-

difference gradients of the exact Dimroth–Watson PDF with respect to µ, which can be derived

from Equation 3.5 for the analytic case. The right panel of Figure 3.10 shows generally good

agreement between the autodiff gradients (solid lines), the analytic gradients (dashed lines), and

finite-difference gradients (scatter). We note that in the case of µ ≈ 0, the gradient similarly tends

to zero as the Dimroth–Watson distribution becomes uniform. The gradient can thus be sensitive to

Monte Carlo noise in this regime.

3.6 Applications

We demonstrate the utility of both IAEMU and DIFFHOD-IA with gradient-based optimization

experiments. These experiments illustrate how gradients in the simulation can be used to obtain

parameter estimates and posteriors over parameters of interest from mock observational data. All

DIFFHOD-IA experimental results presented use a value of Nmax = 48, τ = 0.1, and the subhalo

phase space model with a NFW fallback. A constant radial alignment strength model is used for

the IA. Our emphasis will be on the IA parameters µcen and µsat, as several experiments illustrat-

ing the differentiability of the HOD are included in [110]. We construct moment-matching and

differentiable correlation function optimization objectives. In addition, we demonstrate accelerated

inference with both DIFFHOD-IA and IAEMU using HMC, compared to HALOTOOLS-IA with

MCMC.

3.6.1 Moment-matching Objective

Setup. We consider the task of inferring the IA parameters µ = (µcen, µsat) from a target galaxy

catalog observable, restricting for simplicity to a single HOD configuration given by the fiducial

TNG300 model used previously. Importantly, fixing the HOD does not fix the realized galaxy

catalog: different random seeds produce catalogs with varying numbers of galaxies, requiring an

optimization procedure that is robust to stochastic catalog realizations. To this end, we consider a
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moment matching optimization procedure, matching the misalignment angle distributions between

the generated and target galaxy catalogs via their first two moments. This does not rely on a one-

to-one correspondence between galaxies, and additionally requires no knowledge of the underlying

PDF governing the galaxy misalignments.

Optimization. For a given parameter vector µ and simulation seed s, we generate the

mock galaxy catalog and compute the per-galaxy alignment statistic t2 = (n · u)2, where n is the

galaxy orientation and u is the reference axis (host halo major axis for centrals, radial direction

for satellites). We use t2 rather than t because the Dimroth–Watson distribution is symmetric about

t = 0, making ⟨t⟩ = 0 for all µ. For each population (centrals and satellites separately), we compute

the mean ⟨t2⟩ and variance Var(t2) across all galaxies, which serve as our summary statistics.

Our loss function matches these first and second moments between simulated and ob-

served catalogs across seeds s, treating central and satellite galaxy populations separately

L(µ; s) = αcenLcen + Lsat, (3.47)

where

Lcen =
(
⟨t2⟩sim − ⟨t2⟩obs

)2
+ wcen,σ2

(
Var[t2]sim −Var[t2]obs

)2
, (3.48)

Lsat =
(
⟨t2⟩sim − ⟨t2⟩obs

)2
+ wsat,σ2

(
Var[t2]sim −Var[t2]obs

)2
, (3.49)

where it is implied that the t2 statistics are computed over central galaxies only in Lcen and satellites

only in Lsat. We use weights wcen,σ2 = wsat,σ2 = 0.5, and αcen = 2.0 to up-weight the smaller

central galaxy population. To mitigate the Monte Carlo noise in Dimroth–Watson sampling, we

average the loss over Ns = 3 random seeds:

L̄(µ) = 1

Ns

Ns∑
i=1

L(µ; si). (3.50)

This construction matches the variance Var[t2] within each catalog to capture galaxy shape noise,

while averaging the loss over multiple simulated realizations stabilizes the gradient signal. The seed

averaging is performed over a fixed set of seeds; importantly, the target catalog uses a different seed

than the optimization seeds. We compare experiments using one and three seeds in Figure 3.11.

We note that for the target catalog generated at fixed input parameters, the observed align-

ment angles represent a single Monte Carlo draw from the underlying Dimroth–Watson distribution,
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Figure 3.11: Gradient-based recovery of IA parameters from 50 random initializations using

moment-matching optimization. The target parameters (µcen = 0.7905, µsat = 0.307, pink star)

represent the best-fit µ values to the TNG300 HOD configuration, with the empirical uncertainty

shown as pink contours. Optimization trajectories are shown as gray lines connecting initial posi-

tions to converged solutions. Brown circles denote optimizations using a single HOD realization

seed per gradient step, while green squares show results when averaging over three seeds. The inset

panel (lower left) shows a zoomed view of the convergence region, revealing tight clustering of final

parameter estimates around the true values. Both single-seed and three-seed strategies successfully

recover the target parameters across diverse initializations.
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inducing an effective µ that may differ slightly from the nominal input values. To determine the

effective µ values for the target catalog, we independently match the observed ⟨t2⟩ to the theoreti-

cal Dimroth–Watson expectation for the central and satellite populations. This yields best-fit values

of µcen = 0.7905 and µsat = 0.307, which differ slightly from the input values µcen = 0.79 and

µsat = 0.30.

We estimate the uncertainties in µcen and µsat by quantifying the variance in effective

µ values across independent catalog realizations. To this end, we generate 50 independent HOD

realizations at the fiducial IA parameters using different random seeds. For each realization, we

compute ⟨t2⟩ separately for centrals and satellites, as done in the optimization, and determine the

effective µ by matching to the theoretical Dimroth–Watson expectation via numerical inversion.

The scatter in these effective µ values across realizations quantifies the uncertainty in the effective

µ for a single catalog realization, capturing the combined variance from HOD sampling and orien-

tation sampling. Importantly, this also defines the expected region within which our optimization

should converge. This yields uncertainties σ(µcen) = 0.001 and σ(µsat) = 0.012, with a correlation

coefficient of ρ = 0.04. These uncertainties are visualized in pink in Figure 3.11.

We note that the roughly one order of magnitude larger uncertainty for µsat compared to

µcen is primarily due to the smaller alignment strength of µsat = 0.30 relative to µcen = 0.79 At

lower µ, the Dimroth–Watson distribution is less sharply peaked and galaxy orientation samples

have a higher entropy, producing greater variance in µ inferred from a finite catalog. This larger

uncertainty is reflected in the scatter of converged µsat values seen in Figure 3.11.

Results. Figure 3.11 shows the results of gradient-based optimization of IA parameters

using the moment matching objective. We perform 50 independent optimization runs from random

initializations uniformly sampled from µ ∈ [−1.0, 1.0], each run for 100 optimization steps. The

trajectories in Figure 3.11 show the parameter space flow from initializations to the fiducial TNG300

IA values, with final points filtered by best loss. We see that the moment-matching loss over the

full galaxy field successfully optimizes the IA parameters toward the ground truth values for the

HOD across all initializations and both seed-averaging strategies. In the inset panel, we observe

that the 3-seed optimization exhibits slightly tighter convergence to the true values. Quantitatively,

the 1-seed optimization results in final values µcen = 0.791±0.002 and µsat = 0.320±0.007, while

the 3-seed optimization achieves µcen = 0.790± 0.002 and µsat = 0.309± 0.006.

The scatter in converged µcen values is slightly larger than the computed target uncertainty,

likely reflecting optimization noise and finite optimization time. Conversely, the scatter in converged

µsat values is comparable to the target uncertainty, and the slight bias toward higher values may
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arise from an asymmetry of the loss landscape near the true value. Nevertheless, all optimization

runs converge to within a few percent of the true values, demonstrating robust parameter recovery.

Although the IA parameters in this simplified setting could be recovered via a direct curve fit, this

experiment illustrates how differentiability enables efficient parameter recovery using only one-

point alignment statistics. This is especially relevant when the analytic form of the PDF is not

known; in this case, we have captured properties of the true distribution as characterized by its first

two moments.

3.6.2 Correlation Function Objective

Setup. We now turn to optimization with a more traditional summary statistic with 2PCFs. In this

section, we will optimize the IA parameters such that the generated catalog ω(r) correlation matches

that of the fiducial TNG300 correlation function, denoted ω̂(r). ω̂(r) is computed by averaging over

20 independent orientation samples at the fiducial IA parameters. The per-bin variance of ω̂(r)

is estimated from the scatter across these realizations, which reduces galaxy shape noise in the

optimization target. Unlike a single realization of galaxy orientations, which can result in effective

µ values that differ from the input, this averaging ensures that the optimal µ parameters for ω̂(r)

converge to the true input values. We choose to optimize on this statistic over η(r), as ω(r) is less

contaminated with galaxy shape noise due to it being a cross correlation with galaxy positions. We

cannot use ξ(r) as it has no dependence on µ; a full analysis that includes the HOD parameters

would jointly use ξ(r), ω(r), and η(r).

Optimization. We construct a weighted mean-squared-error loss between the predicted

and target correlation functions:

L(µ) =
∑
k

Wk [ω(rk)− ω̂(rk)]
2 , (3.51)

where ω̂(rk) is the averaged target correlation computed from the fiducial TNG300 catalog and Wk

are inverse-variance weights, determined by estimating the variance of ω̂(rk) across multiple orien-

tation realizations at fixed positions. We generate 20 independent orientation samples at reference

IA parameter values and compute:

Wk =
1

σ2
ω(rk) + ϵ

, (3.52)

where σ2
ω(rk) is the empirical variance in bin k and ϵ = 10−6 provides numerical stability to prevent

division by zero in bins with very low variance. The weights are normalized such that
∑

k Wk = 1.

This inverse-variance weighting approximates the covariance due to galaxy shape noise, which is in

142



CHAPTER 3. NN EMULATORS & DIFFERENTIABLE GALAXY INTRINSIC ALIGNMENTS

general dominant over the sample variance at the scales being considered [111]. While the jackknife

covariances that account for both sample variance and galaxy shape noise from the TNG300 data

itself are available following the procedure of [111], we instead use a diagonal variance estimate

obtained by averaging over many DIFFHOD-IA orientation realizations (for fixed galaxy positions),

which serves as a proxy for the shape noise and is considerably more computationally efficient.

Results. Figure 3.12 shows the results of gradient-based optimization of IA parameters

using the differentiable ω(r) objective. We perform 50 independent optimization runs from random

initializations uniformly sampled from µ ∈ [−1.0, 1.0], each run for 2000 optimization steps. The

optimization successfully recovers the target parameters across all initializations, with mean recov-

ered values µcen = 0.791±0.003 and µsat = 0.303±0.009, compared to target values of µcen = 0.79

and µsat = 0.30. All converged solutions lie well within the expected statistical uncertainty, shown

in pink in Figure 3.12.

To estimate the uncertainty, we generate 50 independent HOD catalog realizations at the

true IA parameters with different random seeds. For each realization, we compute ω(r) averaged

over 20 orientation samples and find the maximum likelihood IA parameters via grid search, mini-

mizing

χ2 = (ω − ω̂)TC−1(ω − ω̂), (3.53)

where C is the covariance matrix of ω(r) estimated from 50 independent orientation samples at the

fiducial parameters. We additionally correct for the finite number of realizations by incorporating

the Hartlap factor [221] when inverting the covariance matrix. The scatter in recovered parameters

across these 50 catalogs provides an empirical estimate of the covariance, yielding uncertainties

σ(µcen) = 0.008 and σ(µsat) = 0.026, with correlation coefficient ρ = −0.68. This anti-correlation

aligns with theoretical expectations and was also seen experimentally in [108]. The tighter cluster-

ing of converged values reflects the fact that all optimization runs fit the same catalog to the same

target, whereas the uncertainty contours capture the full variance including HOD stochasticity.

3.6.3 Hamiltonian Monte Carlo

One of the key advantages of both IAEMU and DIFFHOD-IA is their differentiability, which en-

ables the use of gradient-based sampling algorithms. We now demonstrate Hamiltonian Monte

Carlo (HMC) inference that achieves substantial speedups over traditional Markov Chain Monte

Carlo (MCMC) approaches.
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Figure 3.12: Gradient-based recovery of IA parameters from 50 random initializations using corre-

lation function matching optimization. The target parameters (µcen = 0.79, µsat = 0.30, pink star)

represent the fiducial TNG300 HOD configuration. Optimization trajectories are shown as gray

lines connecting initial positions to converged solutions. Gray circles denote converged values. The

inset panel (lower left) shows a zoomed view of the convergence region, revealing tight clustering

of final parameter estimates around the true values.

144



CHAPTER 3. NN EMULATORS & DIFFERENTIABLE GALAXY INTRINSIC ALIGNMENTS

Background on HMC

HMC is a variant of the Metropolis-Hastings algorithm, where Hamiltonian dynamics are simulated

using a time-reversible, volume-preserving numerical integrator to propose transitions to new points

in the state space. We use HMC to sample from a posterior distribution over the inputs x, given

trained NN parameters θ and observations D. This is described by

p(x|D, θ) ∝ p(D|x, θ)p(x) , (3.54)

Equation 3.54 is a form of Bayes’ Theorem, where p(D|x, θ) is the likelihood function and p(x) is

the prior distribution on x. HMC achieves this by forward modeling the dynamics of a governing

Hamiltonian H:

H = T + U =
1

2
pTM−1p− ln p(x|D, θ) (3.55)

where T is the kinetic energy with mass matrix M and momentum p, which controls the exploration

in parameter space, and − ln p(x|D, θ) takes the role of the potential energy U . The time-evolution

of x and p is accordingly governed by Hamilton’s equations:

dx

dt
=

∂H

∂p
,

dp

dt
= −∂H

∂x
. (3.56)

HMC thus arrives at the posterior distribution over the inputs by sequentially evolving the dynamical

variables according to Hamiltonian dynamics; this of course corresponds to minimizing the potential

energy, which maximizes the log probability. As seen in equation 3.56, Hamilton’s equations require

gradients with respect to H , specifically −∇x ln p(x|D, θ). Decomposing this with chain rule,

∇x ln p(x|D, θ) = ∇x ln p(D|x, θ) +∇x ln p(x)

∝ ∇x ln p(fθ(x)|D)

= ∇fθ(x) ln p(fθ(x)|D) · ∇xfθ(x) ,

where in the second line we recognize that the likelihood is implicitly a function of the outputs of

the forward model, fθ(x), explicitly denoting its dependence on parameters θ. Due to the differ-

entiability of both IAEMU and DIFFHOD-IA, both are compatible with HMC. We thus see how

differentiability through the forward model is leveraged in this algorithm.

Comparison of Methods

Setup. To complement our previous correlation function matching gradient descent experiment, we

now turn to HMC to illustrate Monte Carlo inference capabilities with DIFFHOD-IA. We use the
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Table 3.2: Comparison of µcen and µsat posteriors from the Monte Carlo experiments. DIFFHOD-

IA and IAEMU posteriors used HMC, while HALOTOOLS-IA posteriors used MCMC.

Method µcen µsat

HALOTOOLS-IA 0.793± 0.017 0.294± 0.056

IAEMU 0.799± 0.022 0.317± 0.049

DIFFHOD-IA 0.802± 0.016 0.318± 0.048

same ω̂(r) mock observation from the previous section, this time using the jackknife covariance

estimate from TNG300. For this analysis, we use a fixed HOD and only consider µsat and µcen as

free parameters.

We use the uninformative priors:

µcen, µsat ∼ Uniform(−1, 1), (3.57)

and employ the numpyro [128] implementation of a No-U-Turn Sampler (NUTS) [222]). We use

four chains with 1500 steps (500 burn-in). This exact analysis was conducted in [8], allowing a di-

rect comparison for DIFFHOD-IA with the ground truth HALOTOOLS-IA, as well as HALOTOOLS-

IA emulator IAEMU [8]. HMC on DIFFHOD-IA took roughly 5 minutes to converge on a single

NVIDIA A100 GPU, while HMC with IAEMU converged in approximately one minute on the same

GPU. As HALOTOOLS-IA is not differentiable, a comparable MCMC analysis required up to a full

day across 150 CPU cores.

Results. Posteriors for DIFFHOD-IA, HALOTOOLS-IA, and IAEMU are shown in Figure

3.13. There is in general excellent overlap between the three posteriors, illustrating that DIFFHOD-

IA offers similar inference capabilities as HALOTOOLS-IA with much faster convergence with

HMC. A slight bias is seen in the case of µsat for both DIFFHOD-IA and IAEMU compared to

HALOTOOLS-IA, which can potentially be attributed to different seeds in the target galaxy catalog.

Nonetheless, DIFFHOD-IA is within 0.4σ agreement with HALOTOOLS-IA. Exact posterior values

are given in Table 3.2.

3.6.4 Out-of-Distribution Generalization with IAEMU

Previously, [111] showed that HALOTOOLS-IA is expressive enough to model the IA signal derived

from The TNG300 suite of hydrodynamical simulations, which incorporate more complex physics,

including baryonic effects. This constitutes an OOD shift over the joint distribution of inputs and
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Figure 3.13: µcen and µsat posteriors for the fiducial TNG300 catalog derived using DIFFHOD-

IA with HMC (blue), IAEMU with HMC (orange), and HALOTOOLS-IA with MCMC (green).

DIFFHOD-IA is in excellent agreement with HALOTOOLS-IA, while exhibiting substantially faster

inference convergence with HMC.
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Figure 3.14: The 2PCFs for IA, fitted to observations from the TNG300 simulation, using both

HALOTOOLS-IA and IAEMU. The correlations are measured across three mass threshold samples,

as denoted in the left panel legend. Purple corresponds to most massive sample, pink for intermedi-

ate, and red for least massive. True correlations are shown as scatter points and HOD and IAEMU

fits shown as lines. These 2PCFs correspond to the posterior mean values of µcen and µsat, as shown

in Figure 3.15. Error bars for TNG300 are obtained via jackknife resampling, while the 1σ epistemic

uncertainty for IAEMU is estimated from 50 forward passes using the Monte Carlo dropout tech-

nique. The 1σ uncertainty band for HALOTOOLS-IA reflects variations from random realizations

of the model. Left: Position-position correlation function ξ(r) with the upper and lower curves

offset by 1 dex for visual clarity, showing that IAEMU can model galaxy bias. Middle: Position-

orientation correlation function ω(r). Right: Orientation-orientation correlation function η(r).
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outputs from an HOD that IAEMU was trained on. In this section, we investigate whether IAEMU

exhibits a similar modeling capability as HALOTOOLS-IA, and can thus be robust to OOD shifts for

inverse modeling. To this end, we select the best-fit occupation model parameters that reproduce the

HOD of TNG300, as described in [111], and determine the posterior distributions on µcen and µsat

that fit the signal. This ensures that halos with comparable masses are populated with a comparable

number of galaxies as in TNG300, leaving galaxy alignment as the major factor affecting how

similar correlations from the two samples are. This experiment therefore enables us to investigate

potential biases between IAEMU and HALOTOOLS-IA in the alignment parameter input space when

modeling IA for an OOD sample.

To perform parameter inference, we leverage the differentiability of IAEMU to attain ef-

ficient posterior estimates. We employ HMC with NUTS, using 2000 warm-up steps and an initial

learning rate of 0.005, collecting 4000 posterior samples for analysis. All posteriors resulted in an

effective sample size greater than 1000, and all HMC experiments were executed on a single GPU

and converged in roughly one minute. For comparison, the MCMC implementation in [111] utilized

parallelization across 150 CPU cores and required up to a full day due to computational constraints.

This highlights a near 2000× speed-up for IAEMU-HMC relative to HALOTOOLS-IA-MCMC on

the tested hardware. While this is somewhat lower than the acceleration achieved in forward mod-

eling with IAEMU compared to HALOTOOLS-IA, it remains a substantial improvement. The re-

duced gain is anticipated: HMC necessitates backpropagation through IAEMU, roughly doubling

the computational load compared to a forward pass [223], along with added overhead from NUTS

numerical integration. Additionally, the sequential nature of HMC does not allow for paralleliza-

tion. Nevertheless, its rapid convergence demonstrates its efficiency over traditional, parallelized

MCMC approaches. We emphasize that a detailed convergence comparison was not performed,

and that the parallelized MCMC yielded approximately 75, 000 posterior samples, in contrast to the

4000 obtained via IAEMU. Hence, the reported speed-up metrics should be interpreted as indicative

benchmarks rather than definitive measurements.

The correlation function predictions from IAEMU with posterior means for µcen and µsat

are shown in Figure 3.14, in which we see that there is generally good agreement with IAEMU

predictions compared to those from HALOTOOLS-IA for all correlations. The correlation function,

ξ(r), is also shown to illustrate the agreement between HALOTOOLS-IA and IAEMU for galaxy

clustering statistics; however, it does not depend on µcen or µsat. We also see that the quality of fit for

both HALOTOOLS-IA and IAEMU decreases with decreasing stellar mass, which was also observed

in [111]. This provides some indication that a constant alignment strength parameterization is not
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Figure 3.15: Optimal parameter values for central alignment strength (µcen) and satellite alignment

strength (µsat) fit to ω(r) observations from TNG300 with three distinct mass cutoffs for halos in-

cluded in the underlying HOD model. Posterior contours for HALOTOOLS-IA and IAEMU are

shown with 4000 posterior samples each, with HALOTOOLS-IA contours in orange and IAEMU

contours in blue. Posteriors for HALOTOOLS-IA were obtained via MCMC using 75 walkers run-

ning in parallel for 23 hours on CPU, resulting in up to 1300 steps per walker, or as few as about

450 steps per walker for slower runs. Posteriors for IAEMU were retrieved using NUTS, a vari-

ant of the HMC algorithm, with 2000 warm-up steps around a minute on a single GPU. IAEMU

posteriors exhibit a better than 0.4σ overlap with posteriors from HALOTOOLS-IA, indicating that

IAEMU can generalize to OOD shifts for inverse modeling. Exact posterior summaries for compar-

ison can be found in Table 3.3. Left: Sample 1 IAEMU posteriors with optimal values µcen = 0.81

and µsat = 0.35. Middle: Sample 2 IAEMU posteriors with optimal values µcen = 0.70 and

µsat = 0.14. Right: Sample 3 IAEMU posteriors with optimal values µcen = 0.52 and µsat = 0.01.

sufficient to extend this HOD-based model to hydrodynamic simulations in the low-mass regime,

which could potentially be addressed with a mass-dependent alignment parameterization.

The corner plots in Figure 3.15 show the joint (µcen, µsat) posteriors for three sepa-

rate stellar mass thresholds M∗ for both IAEMU and HALOTOOLS-IA. Sample 1 corresponds to

log(M∗) > 10.5, Sample 2 to log(M∗) > 10.0, and Sample 3 to log(M∗) > 9.5. The HOD

parameter fits corresponding to these mass cutoffs can be found in [111]. We confirm two trends

also observed in [111]: central alignment strength is larger than satellite alignment strength, and

the alignment strength monotonically increases with the stellar mass threshold. We find a greater

than 0.4σ agreement between MCMC with HALOTOOLS-IA and HMC with IAEMU for all sam-

ples. The strongest discrepancy is in the posterior variance for Sample 3, which is the noisiest set
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Table 3.3: Posterior values for IAEMU and HALOTOOLS-IA fit on TNG300.

Sample Mass Cutoff Posterior µcen µsat

1
log M∗ > 10.5 IAEMU 0.80+0.02

−0.03 0.32+0.04
−0.05

HALOTOOLS-IA 0.79+0.02
−0.02 0.30+0.05

−0.06

2
log M∗ > 10.0 IAEMU 0.69+0.03

−0.03 0.11+0.04
−0.05

HALOTOOLS-IA 0.68+0.03
−0.03 0.14+0.03

−0.03

3
log M∗ > 9.5 IAEMU 0.56+0.04

−0.07 0.00+0.05
−0.04

HALOTOOLS-IA 0.54+0.04
−0.04 0.05+0.03

−0.03

of TNG300 data and also has the largest IAEMU epistemic uncertainty, as seen in Figure 3.14. This

reflects the discussion in Section 3.3.6, wherein it was seen that the epistemic uncertainty of IAEMU

is correlated with the true and predicted aleatoric uncertainty. Exact values for HALOTOOLS-IA and

IAEMU posterior summary statistics are shown in Table 3.3.

3.6.5 External Usage of IAEMU

We proceed to summarize an external application of IAEMU that demonstrates the utility of its

differentiability. This experiment was presented in [108] and is included here to illustrate how

the emulator enables inference workflows that would otherwise be difficult to implement using

traditional correlation function estimators. The goal of the experiment is to identify regions of

parameter space that minimize the IA contamination. As it is understood what configurations of µcen

and µsat generally minimize the IA correlations ω(r) and η(r), this experiment tests for potential

biases in IAEMU. In contrast to the inference task considered earlier, the objective here is to infer

parameters that drive the IA signal toward zero. The proceeding analysis focuses on ω(r) as done

previously.

The differentiability of IAEMU allows direct access to gradients of ω(r) and η(r) with

respect to the input parameters. This is quantified in Figure 3.16, which shows the Jacobian of

the predicted IA correlations with respect to the seven model parameters. The gradients of ω(r)

are both larger in magnitude and more structured across radial bins than those of η(r), and can be

evaluated efficiently. We additionally see stronger gradient signal with respect to the IA parameters
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Figure 3.16: Jacobian matrices of the predicted IA correlation functions ω(r) (left) and η(r) (right)

with respect to the seven HOD and IA model parameters, evaluated at the fiducial parameter values.

Each row corresponds to a radial bin and each column to an input parameter. The ω(r) Jacobian

exhibits larger and more structured gradients, particularly with respect to µcen, µsat, and logMmin,

while the η(r) Jacobian is dominated by sensitivity to logM1 and α at small scales and is generally

weaker in magnitude due to higher shape noise. The sign reversal in α for ω(r) at large radial bins

reflects the transition from the one-halo to the two-halo regime.
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Figure 3.17: Posterior distributions of the IA parameters µcen and µsat obtained by minimizing the

ω(r) correlation using HMC with NUTS, for three stellar mass thresholds: logM∗ ≥ 10.5 (left),

logM∗ ≥ 10.0 (center), and logM∗ ≥ 9.5 (right). The HOD parameters are fixed to fiducial values

from TNG300, while uniform priors of [−1, 1] are imposed on both IA parameters. In all cases

the posteriors peak near zero, consistent with the expectation that vanishing alignment strengths

minimize the IA signal. An anti-correlated degeneracy between µcen and µsat is visible in the joint

contours, reflecting the physical cancellation between opposing central and satellite alignments. The

posteriors tighten with decreasing stellar mass threshold as the larger galaxy samples reduce shape

noise.

alone, which motivates the use of ω(r) as a higher-fidelity summary statistic. η(r) is more strongly

affected by shape noise, so this aligns with expectations.

To isolate regions of parameter space that minimize ω(r), we again employ HMC with

NUTS. The HOD parameters are fixed to fiducial values corresponding to the three stellar mass

thresholds drawn from TNG300 and Table C1 of [111]. Uniform priors in the range [−1, 1] are im-

posed on the IA parameters µcen and µsat. The likelihood is taken to be a multivariate normal distri-

bution centered at zero correlation, with a covariance given by the aleatoric uncertainty predicted by

IAEMU. In this way, the inference favors regions of parameter space that yield minimal IA signal

while accounting for shape noise. The resulting posterior distributions are shown in Figure 3.17

for the three different stellar mass cuts. In all cases, the posterior peaks near µcen = µsat = 0,

indicating that vanishing alignment strengths minimize the ω(r) correlation, as expected. However,

a clear degeneracy is present along directions where µcen and µsat take opposite signs. Physically,

this corresponds to scenarios in which perpendicular satellite alignments partially cancel the parallel
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alignments of central galaxies, resulting in a suppressed net alignment signal.

3.7 Summary & Discussion

In this chapter, we have presented two complementary approaches for efficient and differentiable

modeling of galaxy intrinsic alignments within the halo occupation distribution framework: IAEMU,

a neural network-based emulator, and DIFFHOD-IA, a fully differentiable HOD implementation

with intrinsic alignments.

3.7.1 IAEMU Summary

We developed IAEMU, a neural network-based surrogate model designed to predict galaxy intrin-

sic alignment correlations derived from halo occupation distribution modeling. IAEMU eliminates

the need to generate full galaxy catalogs and computes correlation functions using traditional HOD

pipelines, which are computationally expensive. On a single GPU, IAEMU achieves a ×104 speed-

up in wall-clock time compared to HALOTOOLS-IA run on a moderately parallelized CPU setup

representative of typical resources (e.g., ∼150 cores). When comparing single GPU to single CPU

performance, this corresponds to an approximate 106× speed-up. This substantial acceleration en-

ables efficient forward modeling and significantly expedites inverse modeling tasks. The differen-

tiable nature of IAEMU facilitates the use of gradient-based inference methods such as Hamiltonian

Monte Carlo (HMC), which are otherwise infeasible with HALOTOOLS-IA. Although the speed-

up in individual evaluations is dramatic, the end-to-end improvement in sampling-based inference

compared to parallelized MCMC is somewhat lower, due to the additional computational overhead

from gradient evaluations and the inherently sequential nature of HMC arising from numerical tra-

jectory integration. Nevertheless, HMC achieves significantly faster convergence than parallelized

MCMC, making it a far more efficient option overall for inverse modeling despite the reduced rela-

tive speed-up.

IAEMU was also designed to account for both aleatoric and epistemic uncertainties, corre-

sponding to the uncertainty inherent in the data and the model, respectively. This enables confidence

assessments for IAEMU predictions in the absence of ground truth data, as well as provides covari-

ance information for inverse modeling with IAEMU. To isolate aleatoric uncertainty, we trained

IAEMU using a mean-variance estimation framework under the assumption of Gaussian-distributed

outputs, optimized with the β-negative-log-likelihood loss function. For epistemic uncertainty,
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we employed the Monte Carlo dropout technique, which randomly nullifies certain nodes within

IAEMU during inference, introducing stochasticity into the model predictions. We find that analyz-

ing these distinct sources of uncertainty provides valuable insight into the strengths and weaknesses

of IAEMU, offering a practical method for diagnosing the quality of emulator predictions and mo-

tivating future improvements. We further show the benefits of accelerated parameter inference (i.e.,

inverse problems) using gradient-based sampling techniques with IAEMU, exploiting the fact that

NNs are differentiable models.

IAEMU achieves an average error of approximately 3% in emulating position-position

and 5% in position-orientation galaxy IA correlations. Although the orientation-orientation cor-

relation η(r) is inherently noisier and thus more difficult to quantify performance for, IAEMU’s

predictions for η(r) on average remained within 1σ of the true aleatoric uncertainty of the data

when evaluated on the test set. This indicates that IAEMU still successfully captures the average

behavior of this correlation without overfitting to the shape noise, which would otherwise require

multiple realizations of HALOTOOLS-IA. IAEMU also generally exhibits strong SCC values with

the data across all three correlations, indicating that despite the large fractional errors, NRMSE, and

SMAPE in the case of η(r), IAEMU captures the overall shape of the correlations well.

Finally, we found that IAEMU has comparable performance to HALOTOOLS-IA when

used to fit the alignment parameters µcen and µsat to IA correlation measurements from the TNG300

hydrodynamic simulation, in a manner similar to the robustness test originally performed in [111].

This demonstrates IAEMU’s robustness to OOD shifts for inverse problems. Specifically, we

observe a better than 0.4σ agreement in the µcen and µsat posteriors across three separate mass

regimes between IAEMU, fit using HMC, and HALOTOOLS-IA, fit with Markov Chain Monte

Carlo (MCMC). A significant advantage was the improvement in computational efficiency; while

HALOTOOLS-IA with MCMC required approximately one day on a cluster CPU, IAEMU com-

pleted the inverse problem in less than a minute on a single GPU. This constitutes a nearly 2000×
speed up over MCMC with HALOTOOLS-IA, demonstrating that the efficiency benefits of neural

network surrogate models extend beyond forward modeling.

Limitations. IAEMU is an emulator designed to predict 2PCFs based on HOD model-

ing. Consequently, one inherent limitation of IAEMU is its reliance on phenomenological HOD

parameterizations, and IAEMU thus inherits any limitations currently present in HALOTOOLS-IA.

Moreover, since IAEMU was trained solely on HODs conducted on the BOLSHOI-PLANCK N -

body simulation, it does not currently factor in cosmology dependence, which is an avenue of future

work.
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3.7.2 diffHOD-IA Summary

We have developed DIFFHOD-IA, a differentiable HOD framework that includes galaxy IA model-

ing. Our HOD implementation closely follows that of [110], which is extended to the IA modeling

of [111] via inverse Dimroth–Watson CDF sampling. We additionally draw inspiration from [112]

to extend the differentiability of DIFFHOD-IA to include IA correlation functions. The DIFFHOD-

IA code is publicly available.

Speed. The utility of DIFFHOD-IA over HALOTOOLS-IA stems from its differentiabil-

ity, which enables the use of gradient-based algorithms to optimize the input model parameters. For

forward modeling, DIFFHOD-IA runs in comparable time to HALOTOOLS-IA (seconds per cata-

log on CPU), with no significant speedup on GPU. For forward modeling, IAEMU is substantially

faster, exhibiting an approximately 10000× speedup over HALOTOOLS-IA and DIFFHOD-IA. The

benefits of differentiability are clearer in inverse modeling. Our HMC analysis converged in ap-

proximately 5 minutes on a single GPU, compared to approximately one day across 150 CPU cores

for HALOTOOLS-IA with MCMC.

The utility of DIFFHOD-IA over IAEMU comes from its differentiability at the catalog

level. IAEMU models the correlations ξ(r), ω(r), and η(r), bypassing the galaxy catalog generation

step. This limits its predictive abilities to only 2PCFs, whereas DIFFHOD-IA can be extended

to differentiably model any summary statistic. This also requires that any changes to the HOD

formulation require retraining IAEMU, while these changes, if necessary, can be made directly

within the DIFFHOD-IA simulation. In addition, IAEMU may not generalize well to different dark

matter catalogs (e.g., different cosmologies), whereas this is not a concern with DIFFHOD-IA.

DIFFHOD-IA is written in JAX [98], enabling several processing and vectorization speedups

via jax.jit and jax.vmap. As vectorization on GPU requires static array sizes, modeling up

to the 2PCF level can be easily vectorized. This does not include generating galaxy catalogs, as

the sizes of galaxy catalogs vary across HOD instances and random seeds. For potentially differ-

ent galaxy-halo connections, or with using weighted-galaxy catalogs, static galaxy catalogs can be

generated in parallel.

Results. We benchmarked the accuracy of the sampling procedure and gradients of DIFFHOD-

IA, comparing autodiff computed gradients with analytic and finite-differences, and comparing the

differentiable Dimroth Watson samples with samples from the true distribution. DIFFHOD-IA

agreed with HALOTOOLS-IA across all tests: including galaxy number counts, and the ξ(r), ω(r),

and η(r) statistics for the fiducial galaxy catalog.
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For a fixed HOD, we utilized gradients in DIFFHOD-IA to retrieve IA parameters µ from

a mock observable galaxy catalog and correlations corresponding to the TNG300 simulation. We

tested this using gradient-based optimization with a moment matching and correlation function loss.

We further leveraged the differentiability of DIFFHOD-IA in a Hamiltonian Monte Carlo pipeline,

showing excellent agreement with HALOTOOLS-IA and IAEMU.

3.7.3 Future Directions

Future extensions of this work could proceed in several directions. The current implementation

uses the [6] HOD formulation, but the differentiable framework readily accommodates more so-

phisticated HOD models that include assembly bias [175] or environment-dependent effects [224].

In addition, HALOTOOLS-IA specifies galaxy misalignments solely according to galaxy orienta-

tions, and does not currently include galaxy shapes or ellipticities. DIFFHOD-IA can readily be

extended with shape information in accordance with future versions of HALOTOOLS-IA. Similarly,

while we have focused on the radial alignment model with constant alignment strength, the distance-

dependent alignment strength model implemented in DIFFHOD-IA could be explored for galaxies

with radially-varying alignment properties. More generally, this can be extended to different IA

parameters per galaxy, as opposed to catalog-wide definitions.

The differentiability also allows inserting DIFFHOD-IA into larger differentiable infer-

ence pipelines. For example, DIFFHOD-IA can be integrated into simulation pipelines that incor-

porate a differentiable particle mesh solver such as JAXPM [225], along with a differentiable halo

finder like JFOF [110]. This would enable end-to-end gradient flow from cosmological, HOD, and

IA parameters to the galaxy field.

The differentiable correlation function framework could also be extended to 2D-projected

statistics, which are more directly comparable to observational weak lensing measurements [226].

Of equal interest is the extension to higher order statistics and field-level inference methods which

would impose tighter constraints on parameters. A joint inference over both HOD and IA parameters

represents a natural application, using the differentiable estimators for ξ(r) and ω(r). In the present

work, fixing the HOD avoids degeneracies between HOD and IA parameters that arise at the 2PCF

level — for instance, the satellite fraction governed by logM1 and α directly affects the relative

contributions of centrals and satellites to ω(r), which could partially mimic changes in µsat. Such

joint analyses over the full 7-dimensional parameter space would require careful treatment of these

degeneracies and are reserved for future work.
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There remain several functional improvements required for IAEMU to be fully deployable

in cosmological analyses. At present, IAEMU predicts only 2PCFs and is not configured to model

corresponding one-point statistics such as galaxy number counts. Furthermore, the 2PCFs computed

in HALOTOOLS-IA only include galaxy orientations and not their full shapes, which are essential

for a complete IA analysis. In addition, emerging simulation suites are beginning to forego explicit

host-subhalo distinctions in favor of halo-core models [227]. As a result, HALOTOOLS-IA would

need to be updated to incorporate halo-core models, and IAEMU would accordingly need to be

retrained. Incorporating these improvements is ongoing work in both HALOTOOLS-IA and future

iterations of IAEMU. Lastly, IAEMU also has the capacity to perform joint inference over both

HOD and IA parameters; however, this was not explored in Section 3.6.4. The central purpose of

that experiment was reproducing the results of [111], which focused on varying the IA parameters.

Performing a joint inference over both HOD and IA parameters will be explored in future iterations

of IAEMU.

In future versions of the emulator, we will improve upon the IAEMU pipeline by explor-

ing different architectural, data, and modeling choices. IAEMU, as presented here, operates in a

traditional supervised learning regime, where the model learns a direct, deterministic mapping be-

tween the HOD parameters and correlations. Although we introduce stochasticity for uncertainty

quantification via MC dropout and MVE, a more natural probabilistic approach could be achieved

through conditional diffusion generative modeling, where the model learns a probabilistic mapping

via a denoising process on the data, or through flow-based architectures as in [228]. These models

can also have their internal representations restricted by known symmetries in the data, enhanc-

ing their effectiveness in physical settings like this [see 229, for an example of SO(3)-equivariant

diffusion applied to IA], which naturally lends such techniques to field-level modeling of the full

galaxy catalog. Field level emulation can also expand IAEMU summary statistics outside the 2PCFs

modeled here. The denoising training paradigm when applied to cosmology has thus far exhibited

promising results in enhancing the resolution of existing simulations [230] as well as functioning as

surrogate models [231].

A field-level emulator for HALOTOOLS-IA could incorporate elements of NN-based mod-

eling together with differentiable components, such as differentiable HOD models [110]. Both NNs

and differentiable simulations share a differentiable structure, allowing their components to be inte-

grated within the same modeling framework. While non-NN-based differentiable methods provide

useful tools for inverse modeling, they can be computationally demanding and are often comple-

mented by faster NN-based surrogates.
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Simulation-based modeling has opened a new set of opportunities to better understand

galaxy intrinsic alignments, complementing earlier analytic and semi-analytic efforts. However,

these new techniques have incurred additional computational expense. In this chapter, we have

shown a compelling case in which accuracy and efficiency can be achieved with both NN-based

emulators and differentiable simulations for galaxy intrinsic alignments from HOD simulations.

These developments provide a foundation for efficient, gradient-based joint inference of HOD and

IA parameters in current and future weak lensing surveys, and offer efficient and promising sur-

rogate models for halo-based galaxy bias and IA modeling with the potential to expedite model

validation in Stage IV weak lensing surveys.
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Chapter 4

Symmetries and Domain Adaptation for

Neural Network Generalization

Deep NNs excel at extracting complex features from data, making them a powerful tool for a wide

range of tasks, including classification, regression, and anomaly detection. Unfortunately, some

extracted features can be very dataset-specific, which makes it challenging for NN models to gen-

eralize to data that differs from the training data, even when the differences are subtle. For instance,

a significant drop in performance occurs when the input distribution changes between the training

and test datasets, despite the conditional distribution of the labels given the inputs remaining the

same — a scenario commonly referred to as a “covariate shift” [232, 233].

Generalization allows models to perform well across diverse data domains, ranging from

subtle variations in input distributions to entirely different datasets or environments. Differences

between training and testing data can be due to data collection or quality [234], distortions [235],

image corruptions [236], or even single-pixel level differences, which can cause the NN to give

inaccurate predictions [237]. Generalization capabilities, in turn, aid the efficiency and applicability

of NNs in both science and industry, as they would otherwise need to be continually retrained on

new data. For example, in astronomy, a generalized model trained on data from one telescope should

accurately predict properties of data from another telescope that has different noise characteristics

or resolution, significantly accelerating the process of identifying or characterizing celestial objects

across surveys.

Domain Adaptation (DA) is a group of methods that aim to improve the generalization

capabilities of NNs by enabling the NN to learn features in the data that persist across domains [238,
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239]. It is often applied to problems where one has access to labeled data from a “source” domain,

but would also like the model to perform well on unlabeled “target” domain data. A large group

of distance-based DA methods tackles the covariate shift problem by minimizing some distance

metric between internal NN latent representations (distributions) of the source and target data. This,

in turn, forces the NN to extract mainly domain-invariant features, which makes both latent data

distributions well-aligned.

Some well-known distance-based DA methods use Maximum Mean Discrepancy (MMD)

[240], correlation alignment (CORAL) [241], contrastive domain discrepancy (CDD) [242], the

Kullback-Leibler (KL) divergence [243], or the Wasserstein distance [244], which is derived from

the Optimal Transport (OT) [245] theory for measuring distance between probability distributions.

The theory is aimed at solving the OT problem, which includes determining the minimal cost of

transporting a probability mass from one distribution to another, where the cost is defined by a

chosen metric that measures the effort required to move it. OT thus provides a principled way to

quantify the dissimilarity between distributions, capturing both the geometry of the space and the

magnitude of the differences.

In the sciences, NNs have made significant progress — from mapping the structure of bi-

ological proteins [246] to the cosmos [247]. In astronomy, astrophysics, and cosmology, the success

is mainly due to the emergence of large datasets and high-fidelity simulations. Stage IV projects,

such as the Vera Rubin Observatory Legacy Survey of Space and Time (LSST) [248], the Nancy

Grace Roman Telescope [18], and the Euclid mission [19], will yield an unprecedented amount of

data that analysis pipelines must analyze efficiently. Simultaneously, there are many simulations of

the Universe from sub-parsec to gigaparsec scales with magneto-hydrodynamic simulation suites,

such as IllustrisTNG [249] and CAMELS [250], that can be used to prepare pipelines for the anal-

ysis of real data.

Since simulation-trained models often exhibit a substantial drop in performance when ap-

plied to real data, there has been extensive work in implementing DA for astronomical applications:

for galaxy morphology classification [251, 252], classification of supernovae and identification of

Mars landforms, [253], inference of cosmology [254], inference of strong gravitational lensing pa-

rameters [255, 256], constraining star formation histories of galaxies [257], and gravitational lens

finding [258]. In astronomy, atmospheric distortion, telescope noise, Point Spread Function (PSF)

blurring, and data processing errors commonly affect data quality and contribute to the domain shift

between simulated and real data. Most DA applications in astronomy and beyond require extensive

hyperparameter tuning that is highly sensitive to the dataset. The goal of this work is to address this
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shortcoming.

Domain shift problems are common in other areas of science and industry, with DA meth-

ods being applied to a variety of tasks such as medical image analysis [259], classification of remote

sensing data [260], geospatial semantic segmentation [261], autonomous driving in the presence of

changing weather conditions [262], material discovery [263], etc. In such domains, shifts can occur

across image modalities—for instance, between different wavelengths such as optical and infrared,

or, in medical imaging, between MRI and CT scans of the same tissue.

Most image-based problems in the sciences are addressed using CNNs. At the same time,

ENNs are gaining popularity due to their ability to explicitly encode symmetry information present

in the data, which is often explicitly known — e.g., SL(2,C) in particle physics [264] and SE(3)

for rigid body motion [265]. ENNs have also been shown to achieve state-of-the-art performance

on many tasks, such as 3D object classification and alignment [266], dynamical systems modeling,

representation learning in graph autoencoders and predicting molecular properties [267], classifi-

cation and segmentation tasks [268], and accounting for function-preserving scaling symmetries

that arise from activation functions [269]. They have also been shown to possess inherent robust-

ness to symmetric transformations and noise perturbations due to their restricted feature learning

[92, 270, 271]. This robustness has been observed to increase with the group order N for the cyclic

group CN and dihedral group DN , which are subgroups of SO(2) and O(2), respectively. Still, in

the presence of covariate shifts, even ENNs can exhibit a drop in performance [92].

In this chapter, we focus on the Sinkhorn divergence [272], a symmetrized variant of

regularized OT distances. We introduce Sinkhorn Dynamic Domain Adaptation (SIDDA), a more

automated training algorithm for DA that minimizes the need for hyperparameter tuning. To achieve

this, we leverage active scaling of (1) the entropic regularization of the OT plan, and (2) the weight-

ing of classification and DA loss (i.e., for addressing the covariate shift in the datasets) terms, during

training. To demonstrate the efficacy and broad scope of applications of our proposed DA method,

in this work, we use several datasets of varying complexity: simple simulated datasets, well-known

benchmark datasets used in the computer science community, real observational galaxy datasets,

and real remote sensing datasets. We also study the robustness of ENNs and the improved efficacy

of SIDDA when used in conjunction with ENNs compared to typical CNNs.

The chapter is organized as follows. In Section 4.1, we describe existing DA methods and

their shortcomings, motivating the use of OT-based distances to facilitate DA. We describe the core

methodology of SIDDA, and motivate the use of ENNs as inherently robust architectures. In Section

4.2, we describe the construction of all simulated and real datasets we use in our study. In Section
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4.3, we describe the network architectures used, training procedures, metrics for calibration, and

metrics for interpreting NN latent spaces. In Section 4.4, we summarize our results and conclude in

Section 4.5.

4.1 Methods

The major components of this work are DA and equivariance, which we combine to create

a more efficient and robust NN classifier. Within DA, we implement the Sinkhorn divergence, a

symmetrized and regularized variant of OT distances that offers considerable improvement in DA

over traditional methods. We construct a training program that constantly adjusts the loss landscape

and regularization strength of the Sinkhorn plan, offering optimal domain alignment with minimal

hyperparameter tuning.

4.1.1 Domain Adaptation

DA comprises a set of techniques aimed at aligning the latent distributions of NNs in the

presence of covariate shifts in data. Typically, DA operates in settings where one can access labeled

source images x ∈ Xs ⊆ Rm×m, and unlabeled target images x∗ ∈ Xt ⊆ Rm×m from Xs and Xt

source and target data domains, where m denotes the number of pixels in each dimension (height

and width) of the image.

Consider the latent vectors z ∈ Zs ⊆ Rl and z∗ ∈ Zt ⊆ Rl, where Zs and Zt denote

the latent spaces of the source and target domains, respectively, and l represents the dimension of

the latent vectors (i.e., the width of the corresponding neural network layer). Latent distributions

refer to the probability distributions over these latent vectors, and during training, DA minimizes a

statistical distance measure between them. DA is incorporated through an additional loss term, LDA,

alongside the standard task loss (e.g., cross-entropy for classification, LCE), to promote alignment

between the two latent distributions. In this work, LDA (the “DA loss”) is the loss due to covariate

shifts. The total loss function is then:

L ∝ LCE + LDA . (4.1)

In practice, a delicate balance between the two terms must be achieved to ensure proper alignment.

There are numerous DA methods, each with its own strengths and limitations. One com-

monly used approach is MMD [240, 273], where the distance between the means of the latent
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embeddings from the source and target domains serves as the DA loss function. In DA, compar-

isons are often made between distributions that are not explicitly known but can be sampled. MMD

can be combined with kernel methods, which map probability distributions into a high-dimensional

reproducing kernel Hilbert space (RKHS) [273], providing a more flexible method for comparing

distributions. This approach allows for analyzing distributions through well-defined operations in

the RKHS, even when the original distributions are not well-defined. The MMD between two prob-

ability distributions µ and ν — representing distributions over latent vectors z and z∗, respectively

— is

MMD(µ, ν) =

(
Ez,z′∼µ

[
k(z, z′)

]
+ Ez∗,z∗′∼ν

[
k(z∗, z∗

′
)
]
− 2Ez∼µ,z∗∼ν [k(z, z

∗)]

)1/2

,

where k represents the kernel function, and z, z′, and z∗, z∗
′

are individual samples from latent

distributions µ and ν, respectively.

Despite its utility, MMD has several theoretical and implementation-related shortcomings.

First, its efficacy is highly sensitive to the choice of k. In typical applications, the Gaussian kernel

k(z, z∗) = exp
(
− ||z−z∗||2

2ϵ2

)
is used with kernel bandwidth ϵ. Other kernel options include the

linear kernel k(z, z∗) = zT z∗, the Laplacian kernel k(z, z∗) = exp
(
− ||z−z∗||

2ϵ

)
, and others. Most

kernels generally belong to a one-parameter family (e.g., ϵ for Gaussian and Laplacian kernels) and

must be carefully tuned, or complex linear combinations of kernels with many different parameter

values must be used. The specific choice of kernel depends heavily on the nature of the problem.

That is, MMD can exhibit bias with small sample sizes and often struggles with domain alignment

when dealing with high-dimensional distributions [274, 275].

4.1.2 Optimal Transport and The Sinkhorn Divergence

OT distances and their symmetrized variants, such as Sinkhorn divergences, offer an al-

ternative to MMD. Traditionally, computing OT is prohibitively expensive [276]. Entropic regular-

ization, OTσ, [277] provides a more efficient method for estimating OT distances. The regularized

OT is defined as

OTσ(µ, ν) = min
γ∈U(µ,ν)

∑
i,j

γijd(zi, z
∗
j )

p + σH(γ)

 , (4.2)

where d(zi, z
∗
j )

p is the distance between source feature zi and target feature z∗j . When p = 1, this

distance becomes the Earth Mover’s distance [278], and when p = 2, it becomes the quadratic
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Wasserstein distance. The transport plan γ ∈ U(µ, ν) is a joint probability distribution between µ

and ν, where the set of admissible transport plans U(µ, ν) is defined by the marginal constraints:∑
j

γij = µi,
∑
i

γij = νj . (4.3)

The entropy H(γ) = −∑i,j γij log γij regularizes the transport plan γ, and σ controls the regular-

ization strength. One limitation of OTσ is that OTσ(µ, µ) ̸= 0, implying a non-zero cost even when

transporting a distribution to itself, leading to bias in the measure.

To correct this bias, the Sinkhorn divergence Sσ(µ, ν), defined as

Sσ(µ, ν) = OTσ(µ, ν)−
1

2
OTσ(µ, µ)−

1

2
OTσ(ν, ν), (4.4)

can compensate for the bias in OTσ [279]. As σ → 0, Sσ(µ, ν) converges to the true optimal

transport OT0, and as σ → ∞, it interpolates towards MMD loss [279]. For small values of σ, an

unbiased transport plan that still enjoys the benefits of OT-based distances can be constructed.

4.1.3 Dynamic Sinkhorn Divergences for Domain Adaptation

For this work,LDA in Equation 4.1 is specifically the Sinkhorn divergence Sσ(µ, ν). How-

ever, a careful balance between LCE and LDA must be achieved to optimize the classification task

while simultaneously maximizing domain alignment.

Finding the best weights for each of the loss terms can be very challenging and time-

consuming. Furthermore, a single choice of weights might not be the best choice throughout the

whole training procedure. To manage this balance, we employ dynamic weighting of the losses

by introducing two trainable parameters, η1 and η2, which dynamically adjust the contributions of

the loss terms for each task throughout training. These parameters ensure that no single loss term

dominates the optimization process, allowing the loss landscape to be optimally adjusted for both

tasks. Drawing inspiration from [216], we use the following for the total loss function:

L =
1

2η21
LCE +

1

2η22
LDA + log(|η1η2|) , (4.5)

where η1 and η2 are trainable scalars, and their values are jointly learned with the model weights

during training. At the beginning of training, both η1 and η2 are initialized to a value of one and are

subsequently updated during training. The inclusion of the term log(|η1η2|) acts as a regularization

to prevent η1 and η2 from collapsing to unstable values, such as zero. As ηi → 0, the corresponding

loss term is more heavily weighted. To ensure that no single component dominates, we impose the
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additional constraint η2/η1 ≥ 0.25. In general, the DA term must not dominate over the classifica-

tion loss, which the above inequality enforces. For our implementation, we found that this threshold

worked best and stabilized training, but such a cutoff may not always be optimal.

In [216], the two weight terms η1 and η2 were introduced for the dynamic weighting of

the losses. These terms explicitly minimize the regression uncertainty associated with each loss

term, as their model outputs a Gaussian distribution with variance η2i for each task. In the case

of classification, their weight terms become 1/η2i . Since uncertainties are not one of the network

outputs in our case, the exact written form of loss weights is not important and the extra factor of

two can very well be absorbed into the trainable weight parameter.

The level of regularization σ in Sσ(µ, ν) is another critical hyperparameter [279]. When

σ is too small, the transport plan approaches the true Wasserstein distance, substantially increasing

the computational cost of domain alignment. In this regime, the Sinkhorn iterations may also fail

to fully converge, potentially introducing biases similar to those observed in OTσ. Conversely, if

σ is too large, the regularization interpolates toward MMD, removing the unique benefits of using

Sσ(µ, ν). To address this, we adopt a unique, dynamic regularization per epoch of training ℓ, σℓ,

where the transport plan is continually updated. We compute σℓ iteratively as:

σℓ = max

(
0.05 ·max

i,j
∥zi − z∗j ∥2, 0.01

)
. (4.6)

In this formulation, σℓ is dynamically adjusted based on the maximum pairwise distance Dij =

||zi − z∗j ||2 between the source and target latent distributions. We additionally set scaling based

on the appropriate measures on the unit square or cube, which justifies the prefactor of 0.05 in

Equation 4.6 [279]. This is further stabilized through the layer normalization of the latent vectors

prior to computing Dij . This stabilization discourages outliers from disproportionately affecting

the computation of σℓ. Finally, we impose a lower bound of σℓ ≥ 0.01 to mitigate numerical

instabilities and excessive computation as Sσ approaches the unregularized Wasserstein distance.

Batches of size n of latent vectors from source and target data, denoted zn and z∗n, are

retrieved through a forward pass of a single combined batch of the source and target data, X =

[xn, x
∗
n], through the NN. The NN outputs a combined batch of latent vectors, denoted as Z, which

is subsequently separated into two subsets: one corresponding to the source domain and the other to

the target domain. This is particularly important for NNs, which utilize batch normalization [280].

If zn and z∗n were passed separately, the batch statistics would be computed independently, leading

to inconsistent normalization as the zn batch statistics will not incorporate z∗n and vice versa.
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Figure 4.1: SIDDA pipeline. The source and target domain batches of size n, xn and x∗n, are first

concatenated into a single batch X before being passed into the model. After passing through the

convolutional layers, the neural network produces a combined batch of latent vectors, Z, extracted

from the final linear layer. This layer is positioned just before the output layer, which generates

the class probabilities, Y. Both Z and Y are split into separate batches for the source and target

domains, resulting in zn (source) and z∗n (target) from Z, and yn (source) and y∗n (target) from Y,

respectively. Only the source yn are used in training, as there are typically no target domain labels.

Both zn and z∗n are used to compute σℓ, a parameter that iteratively updates the regularization of the

Sinkhorn plan in LDA. This process aligns the latent distributions of the source and target domains.

This loss contribution is appropriately weighted with the classification loss, LCE, using a dynamic

weighting of the tasks. The result of training using SIDDA is improved classification accuracy

in both domains due to the aligned latent distributions, which can be visualized using non-linear

clustering algorithms on the NN latent distributions.
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We name this combined approach, which is dynamically adjusting a balance between

cross-entropy and DA loss terms, and likewise dynamically adjusting the regularization of the

Sinkhorn plan that facilitates the DA, SIDDA. SIDDA not only facilitates effective alignment be-

tween source and target domains, as we will demonstrate, but also reduces the need for extensive hy-

perparameter tuning — a common challenge in DA implementations [281]. As a result, this method

provides a more automatic and reliable DA implementation with minimal computational overhead,

leveraging existing resources that allow efficient computation of Sinkhorn divergences [282]. We

implement this technique using the geomloss library [283], which provides GPU implementa-

tions for Sinkhorn divergences and compatibility with PyTorch [210]. A pipeline illustrating the

dynamic DA approach during training is given in Figure 4.1.

4.1.4 The Jensen-Shannon Distance

Recent advancements in DA theory have introduced the Jensen–Shannon (JS) divergence

[284] as a fundamental tool for understanding the inherent limitations of DA [285]. The JS di-

vergence is a symmetrized statistical distance metric. For two latent distributions µ and ν, the JS

divergence DJS is defined as

DJS(µ∥ν) =
1

2
DKL(µ∥τ) +

1

2
DKL(ν∥τ) , (4.7)

where DKL denotes the KL divergence [243], defined as

DKL(µ || ν) =
∫ ∞

−∞
p(z) log

(
p(z)

q(z)

)
dz . (4.8)

Here, p and q denote probability densities of the latent features z in the source and target distribu-

tions µ and ν. τ = 1
2(µ+ν) represents the mixture distribution of µ and ν. The JS divergence offers

two key advantages over DKL: it is symmetric (since, in general, DKL(µ∥ν) ̸= DKL(ν∥µ)), and it

is always finite. Additionally, the square root
√
DJS defines a metric known as the Jensen-Shannon

distance.

For DA applications, there exists a lower bound on the target domain loss [285]:

Lt(z∗) ≥ Ls(z)−
√
DJS(µ∥ν) , (4.9)

where Ls is the source domain loss, Lt is the target domain loss, and
√
DJS(µ∥ν) is the JS distance

between the source and target latent distributions µ and ν, respectively. This bound emphasizes

that perfect alignment between source and target domains is fundamentally constrained by two
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components: Ls and the JS distance between the source and target distributions. A smaller JS

distance implies that the feature distributions of the source and target domains are closely aligned,

which lowers the bound on Lt and enables better transferability of the learned model. Conversely,

a larger JS distance indicates a greater discrepancy, limiting the potential for minimizing target

domain loss through adaptation alone.

The similarity between the source and the target latent distributions µ and ν is inherently

influenced by the feature extraction capabilities of the neural network. DA methods aim to align

features in the latent distribution; however, these features are ultimately limited by the network ar-

chitecture. As a toy example, consider the case of image classification, where the architecture is a

MLP. Many image classification tasks exhibit translation invariance, inherent in CNNs, but not in

MLPs. DA on this task with CNNs will likely be more successful than with MLPs, as the transla-

tion invariance of the CNN further restricts the allowable features, and thus, the cost of alignment

will be smaller. In particular, we define “robust” features as those that respect the underlying data

symmetries. More specifically, they yield similar classification probabilities under isometries that

preserve the symmetries of the images. If these symmetries persist in both the source and target

domains, which is typically true except for extreme symmetry-breaking perturbations, then the cost

of aligning robust features will be less than features learned from symmetry-agnostic architectures.

Consequently, it is reasonable to expect that ENNs endowed with appropriate higher-order symme-

tries will exhibit greater robustness and achieve more precise DA alignment than CNNs, because the

latent distributions of ENNs are inherently more constrained. Furthermore, when the assumption

of underlying symmetries holds in both the source and target domains, as is typical in many DA

applications, this advantage of ENNs becomes even more pronounced.

4.2 Data

We evaluate the performance of our method on three simulated datasets and two real

datasets: (1) a single-channel dataset of shapes consisting of lines, circles, and rectangles; (2) a

single-channel dataset resembling astronomical objects, including stars, spirals, and elliptical galax-

ies; (3) the multichannel MNIST-M dataset [286]; (4) the Galaxy Zoo (GZ) Evo dataset of galaxies

observed by two different optical telescopes [287]; and (5) the Multi-Modal Remote Sensing Scene

Classification (MRSSC2) dataset that contains optical and synthetic aperture radar (SAR) imag-

ing [288]. The MRSSC2 dataset enables us to test performance in the presence of more severe

covariate shifts caused by different wavelengths of the imaging data. The shapes and astronomical
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objects datasets are constructed using DeepBench [289]. All datasets used in our experiments can

be found on Zenodo.

4.2.1 Covariate Shifts

We use images from three simulated datasets, shown in Figure 4.2, to study the perfor-

mance on induced covariate shifts between the source and target domains. For all of our simulated

datasets, we introduce fixed levels of Poisson noise in the target domain. Additionally, for MNIST-

M, we also study the effects of PSF blurring in the target domain. By studying these two distinct

covariate shifts, we evaluate the robustness of our method on covariate shifts relevant to data in

realistic settings, particularly in the context of astrophysics and cosmology.

This is implemented for an image I with grid values (ζ, ξ) and channels c as

IPoisson(ζ, ξ, c;S) = I(ζ, ξ, c) + P

(⟨I⟩
S
− ⟨I⟩

)
, (4.10)

where S is the signal-to-noise ratio, and P denotes the Poisson distribution with rate parameter

λ = ⟨I⟩
S − ⟨I⟩. We incur PSF noise in each image channel by convolving the images with a

Gaussian kernel G of kernel width ϵ:

IPSF(ζ, ξ) = (I ∗G)(ζ, ξ), (4.11)

where

G(ζ, ξ) =
1

2πϵ2
exp

(
−ζ2 + ξ2

2ϵ2

)
. (4.12)

4.2.2 Simulated Images

For the shapes dataset, we use DeepBench [289], an open-source library for generating

simulated datasets, and randomly construct rectangles, lines, and circles with varying radii (for cir-

cles), heights and widths (for rectangles), and lengths (for lines). The object positions, orientations,

and thicknesses are also randomly assigned to introduce variance in the dataset. Poisson noise in

the images is normalized with respect to the original image signal. We set a signal-to-noise ratio

S = 0.05. Example images from the dataset can be seen in the left two panels of Figure 4.2.

We also use DeepBench for simulating astronomical objects. We generate astronomical

objects resembling spiral galaxies, elliptical galaxies, and stars. For spiral galaxies, we randomly

assign the centroid, winding number, and pitch to ensure morphological variation. The pitch is

the angle indicating how tightly the arms are wound, while the winding number measures the total
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Figure 4.2: Example images for simulated datasets in the source domain (top row) and the target

domain (bottom row) with corresponding labels. Left Panels: Shapes dataset, featuring lines,

rectangles, and circles, simulated with DeepBench. This dataset includes variations in object

positions and orientations, with Poisson noise added and normalized relative to the image signal in

the target domain. Middle Panels: Astronomical objects dataset, generated using DeepBench.

Parameters for spiral and elliptical galaxies were randomly sampled to determine morphology and

position, while stars were generated similarly, with the number of stars as an additional parameter.

Target domain images include additional Poisson noise. Right Panels: MNIST-M dataset with

simulated Poisson noise (bottom left) and PSF blurring (bottom right) in the target domain.
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number of arm rotations from the center to the galaxy’s edge. For elliptical galaxies, we vary the

amplitude, radius, ellipticity, Sérsic index [290], and rotation, as well as the centroid location. The

amplitude sets the brightness level, ellipticity describes the degree of deviation from a circle, the

Sérsic index controls light concentration (higher values indicate more central concentration), and the

rotation defines the orientation angle of the galaxy’s major axis. Lastly, we apply similar variations

to generate stars, with the number of stars in each image uniformly distributed in the range [0, 10].

We use a fixed Poisson noise level of S = 0.2 to generate noisy target domain images. This level of

noise was chosen as it allows for a sufficient decrease in the target domain performance for models

without DA. Example images are shown in the middle two panels of Figure 4.2. Both of these

datasets contain 12,000 training images (with 20% being used for validation) and 3,000 test images

in each domain. The images are square with 100 pixels on each side, and they are single-channel:

each sample image has dimensions 100× 100× 1.

MNIST-M [286] is a dataset that combines the handwritten digits of MNIST [291] with

randomly extracted color photos from BSDS500 [292] as background images. The original dataset

contains 59,001 training images and 90,001 test images, out of which we use a balanced subset of

15,000 training (with 20% set aside for validation) and 5,000 testing images in each domain. Since

this is a three-channel dataset, images have a dimension of 32 × 32 × 3. We then create two types

of target domain covariate shifts: 1) we set a signal-to-noise ratio of S = 0.05 for Poisson noise,

and 2) a kernel width of ϵ = 2 for PSF blurring. Example images are shown in the right two panels

of Figure 4.2.

Both the images and the induced covariate shifts are simulated and do not capture all

the complexities of real-world noise. Nevertheless, these datasets provide valuable benchmarks for

challenges commonly encountered in astronomical and cosmological contexts, where DA methods

can substantially enhance the robustness of neural network-based image classification pipelines.

4.2.3 Real-Sky Galaxy Image Dataset

We use the GZ Evo dataset [287] to test cross-domain robustness in a more realistic sce-

nario, where the covariate shift is present due to differences between images from two different

astronomical surveys. These differences are due to different levels of observational noise, PSF

blurring, pixel scale, as well as differences in populations of observable astronomical objects (how

distant or how faint a resolved object can be). GZ is a citizen science project that labels galaxy im-

ages through online participation. GZ Evo combines labeled image datasets across several surveys
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Figure 4.3: Top Panel: Example source domain images from the GZ Evo dataset with correspond-

ing labels. Images are from GZ2 data observed by SDSS. Bottom Panel: Example target domain

images from the GZ Evo dataset with the same labels. Images are from GZ DESI (combined obser-

vations from the DESI Imaging Surveys).

and iterations of GZ. Within GZ Evo, we use the GZ2 Dataset from the Sloan Digital Sky Survey

(SDSS) [293] as the source, and a GZ Dark Energy Spectroscopic Instrument (DESI) dataset that

combines observations from the DESI Imaging Surveys (DECals, MzLS, BASS, DES) [294, 295]

as the target. Older GZ SDSS data contains objects up to magnitude 17 in the r band, and redshifts

below 0.25, while newer GZ DESI includes fainter objects up to magnitude 19 and more distant

objects with redshifts below 0.4. Additionally, these surveys are different in the amount of obser-

vational noise and PSF blurring. Finally, GZ SDSS images include 3-filter gri images, while GZ

DESI includes 3-filter grz images.

The original GZ Evo dataset contains 664, 219 images, each labeled according to vote

counts (e.g., “8 of 10 volunteers answered Spiral, and 7 of 10 answered Bar”). GZ Evo also offers

an aggregated version where the vote counts are converted into distinct classes, which is convenient

for developing machine learning models. 239, 408 galaxies could be confidently assigned a distinct

class based on the original vote counts. Of this sample, 82, 185 corresponded to GZ DESI and

95, 703 to GZ SDSS. The galaxy dataset used in this work contains a random sample of 40, 000

(32,000 training images with 20% set aside for validation, and 8,000 testing images) images in each

of the domains, across six distinct classes: “smooth-round”, “smooth-cigar”, “unbarred spiral”,

“edge-on-disk”, “barred spiral”, and “featured” galaxies. The “featured” galaxy class corresponds to

any galaxy without a clear spiral structure or a visible bar, but which is also not completely smooth.

The original galaxy images had dimensions 428× 428× 3 and were subsequently downsampled to

100×100×3 for more efficient training. Example images across all classes between GZ SDSS and
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Figure 4.4: Top Panel: Example source domain optical images from the MRSSC2 dataset with

corresponding labels. Bottom Panel: Example target domain SAR images from the MRSSC2

dataset with the same labels.

GZ DESI are shown in Figure 4.3.

4.2.4 Remote Sensing Scene Classification Dataset

Finally, we test the efficacy of SIDDA on a more extreme covariate shift problem, where

the source and target domain images are coming from two different wavelength ranges. Such appli-

cations are relevant in various scenarios, including medical imaging, remote sensing applications,

and astronomy.

We use the MRSSC2 dataset, which contains multi-channel images across four wave-

lengths: optical, short wavelength infrared, thermal infrared, and SAR (microwave/radio wave-

lengths) [288]. Optical images show the true surface state, short wavelength infrared is more sen-

sitive to soil moisture, thermal infrared reflects the surface temperature state, and SAR reflects the

degree of surface backscattering. This can lead to substantial differences between images observed

at different wavelengths. Together, the four imaging modalities (i.e., wavelengths) contain a total of

26710 images split across seven scenes, including “city,” “farmland,” “mountain,” “desert,” “coast,”

“lake,” and “river.”

We used 4924 optical images (source domain) and 4809 SAR images (target domain)

for training, which were split into 80% training and 20% validation. For testing, there are 1231

source domain images and 1203 target domain images. Example images across all classes between

optical and SAR are shown in Figure 4.4. We chose these two datasets as the differences between

images visually appeared the most extreme, which should lead to the most extreme covariate shift

between them. Finally, the original images have dimensions 256× 256× 3; we downsampled them

to 100× 100× 3 for more efficient training.
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4.3 Network Architectures and Experiments

We evaluate our method on two sets of NNs: (1) CNNs constructed in PyTorch and (2)

ENNs constructed in escnn, a PyTorch-based library for easy construction of ENNs. Details of

architectures and training are presented in [106]. Most of our experiments use an ENN equivariant

to D4, following the results in our previous work [92], as this level of equivariance is beneficial

but not overly computationally expensive to train. We also study the performance of our method

as a function of group order for the dihedral group. The code used in this work is available on

our GitHub.

4.3.1 Equivariant Neural Networks

The efficacy of DA is limited by the feature extraction capabilities of the NN and its

performance on the source domain. For image classification tasks, CNNs are useful due to their

translation invariance and locality. There are, however, often additional symmetries inherent in the

data, such as rotational and reflection invariance, that can be leveraged to enhance feature extraction

and improve performance.

ENNs are a subclass of CNNs that can exploit higher-order symmetries besides the typ-

ical translation equivariance of CNNs [95, 96]. Of interest for 2D images are symmetries of the

Euclidean group E(2) — in particular, the 2D special orthogonal group SO(2) and the orthogonal

group O(2) and its associated subgroups. These (sub)groups allow ENNs to inherit symmetries of

the circle and N-gon, respectively. As SO(2) and O(2) are continuous, they contain an infinite num-

ber of irreducible representations and have associated challenges when constructing architectures.

For this reason, the discrete subgroup of O(2), the dihedral group DN , is used in this work, which

is straightforward to construct using open-source software, such as escnn [296, 297].

For image data (particularly astronomical data), rotational symmetry (with or without re-

flections) is typically inherent. For instance, galaxy morphologies are often invariant under rotations

because there is no preferred reference frame in the Universe. Learning these symmetries can be in-

duced in typical CNNs through data augmentation during training [298, 299]. However, the output

feature map fout with grid values (ζ, ξ) from the convolution with kernel K with grid values (i, j),

fout(ζ, ξ) =
∑
i,j

K(i, j) · f(ζ + i, ξ + j), (4.13)

is inherently only translation-equivariant. In contrast, group convolution [95, 300] in ENNs can be

175

https://github.com/deepskies/SIDDA


CHAPTER 4. SYMMETRIES AND DOMAIN ADAPTATION FOR NN GENERALIZATION

equivariant to any arbitrary group G:

fout(g) =
∑
h∈G

K(h−1g) · f(h) (4.14)

for g, h ∈ G: g and h correspond to the transformation for which the output feature map fout(g)

is computed. For example, if G is the group of 2D rotations SO(2), g and h represent specific

rotation angles. ENNs construct specialized filters K that are equivariant to the desired symmetries.

Therefore, they learn transformation-invariant features that preserve the underlying symmetries in

the data throughout training.

Each NN operation — convolution, activation, pooling, and dropout — must be equiv-

ariant [102]. Our ENN architectures have three convolutional blocks, each containing a group

convolution (R2Conv), batch normalization (InnerBatchNorm), ReLU activation, max pool-

ing (MaxPoolPointwise2D), and dropout (PointwiseDropout). The global group equiv-

ariance for the network is defined before the first convolutional layer. Following the convolutional

layers, a group pooling operation aggregates over all the symmetry channels, an essential step for

constructing invariant representations in the latent distribution as discussed in [301]. Finally, the

ENN includes two linear layers that downsample the learned representation to the designated num-

ber of output classes for classification.

The latent vector of the NN is extracted before the last linear layer, with no dropout

in the linear layers. The latent vectors for all our networks undergo a layer normalization [302],

which serves to stabilize the latent distributions by standardizing the feature distributions across

each sample, ensuring consistent scaling and preventing the activations from drifting to extreme

values. We found that the layer norm is useful when employing SIDDA during training for more

stable computations of σℓ as given in Equation 4.6.

The architectures used in our experiments are based on the DN group, which exhibits

reflection symmetry. In the majority of our experiments, we set N = 4, as it provides notable

benefits without imposing significant computational overhead during training. Our CNN has the

same architecture, except the network components are not equivariant.

4.3.2 Training

We train all networks typically (L = LCE) and with SIDDA (Equation 4.5) and study

performance differences in the source and target domain for the two techniques. In all experiments,

we use the AdamW optimizer [303] with an initial learning rate of 10−2, a weight decay of 10−3,
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Algorithm 3 SIDDA optimization step

Require: x: Source domain inputs, ŷ: Source domain labels, x∗: Target domain inputs, n: batch

size in each of the domains, η1, η2: Dynamic weighting parameters

1: while not converged do

2: X← [xn, x
∗
n] ▷ Concatenate inputs

3: Y, Z← model(X) ▷ Compute logits and latent features

4: zn, z
∗
n ← Z ▷ Split features into source and target

5: yn, y
∗
n ← Y ▷ Split predictions into source and target

6: Dij ← ∥zi − z∗j ∥2, ∀ i, j ∈ {1, . . . , n} ▷ Compute pairwise distances

7: σℓ ← max(0.05×maxi,j Dij , 0.01) ▷ Compute dynamic blur parameter

8: LDA ← Sinkhorn(zn, z∗n, σℓ) ▷ Compute Sinkhorn loss

9: LCE ← CrossEntropy(yn, ŷn) ▷ Compute classification loss

10: L ← 1

2η21
LCE +

1

2η22
LDA + log(|η1η2|) ▷ Compute total loss

11: loss.backward() ▷ Compute gradients

12: clip_grad_norm_(model.parameters(), 10.0) ▷ Gradient clipping

13: η1 ← max(η1, 1e-3) ▷ Clip η1

14: η2 ← max(η2, 0.25× η1) ▷ Clip η2

15: optimizer.step() ▷ Update model parameters

16: end while
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and a batch size of 128. A multiplicative learning rate decay of 0.1 is applied twice sequentially

during training to stabilize convergence.

For all experiments, we use data augmentation comprising random rotations, flips, and

affine translations. For the CNN, the augmentation instills approximate equivariance to encourage

the model to learn rotation-invariant features. This is done to prevent predisposing the ENNs from

performing better, but it also encourages faster convergence for the CNN. This later allows a more

fruitful comparison between the latent distributions between ENNs, which have inherent rotation

invariance to discrete rotations, and the CNNs, which have approximate invariance [301].

For experiments with DA, an initial warm-up phase is implemented, during which only

classification tasks are trained (using only LCE). A similar 0.1 multiplicative learning rate decay

as in the case of experiments without DA is also used. Model-saving criteria are based on the

following: for experiments without DA, we use the best validation loss on the source domain for

classification; for DA experiments, we use the sum of the validation classification loss on the source

domain and validation DA loss. The warm-up phase is intended to predispose the model to be at an

ideal location in the loss landscape before starting DA. Empirically, we found this beneficial. The

duration of the warm-up phase was tuned for each experiment, ensuring that it was long enough that

the models were performant on the source domain but short enough that there was no overfitting. It

was also found that ENNs required a shorter warm-up phase than CNNs. For example, for the shapes

dataset, a warm-up of five and ten epochs were used for the D4 and the CNN models, respectively.

For the GZ Evo dataset, the warm-up phase was 20 and 30 epochs for the D4 and the CNN models,

respectively. All models were trained for a maximum of 50 epochs for the shapes and astronomical

objects datasets, whereas training was extended to a maximum of 100 epochs for the MNIST-M and

GZ Evo datasets. All training was done on one NVIDIA A100-80GB GPU, with the most complex

experiment requiring about one hour to train. Algorithm 3 presents the forward pass for training

with SIDDA.

4.3.3 Calibration

Despite the impressive predictive capability of NNs in classification tasks across vari-

ous fields, many real-world applications of NN-based classifiers also consider the confidence of

each output class. Specifically, many NN-based classifiers can be uncalibrated, wherein the pre-

dicted class probabilities can frequently misrepresent the true class likelihood and lead to under-

or overconfident predictions. In data-sensitive or safety-sensitive settings—such as medicine and
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biology—proper model calibration is essential for deploying NN-based classifiers [304]. Similarly,

in cosmology, simulation-based inference (SBI) pipelines that rely on trained classifiers must en-

sure proper calibration to guarantee that the inferred likelihood ratios or posterior probabilities are

accurate and trustworthy [305].

Calibration techniques vary from regularization during training (either through architec-

tural choices or additional loss terms) to post hoc methods that scale predicted probabilities (see

[306] for a review). DA-based methods, however, have traditionally not been considered in the

realm of regularization methods for model calibration. We will show that including DA with SIDDA

not only improves accuracy (see Sections 4.4.1 and 4.4.2), but also calibration.

We evaluate model calibration using the Brier score and the Expected Calibration Error

(ECE). The Brier score is the mean prediction error over all the classes:

Brier Score =
1

C

C∑
i=1

(yi − δiŷ)
2, (4.15)

where yi is the NN-predicted score for each class i ∈ C, where C is the number of classes, ŷ is

the true class label, and δiŷ is the Kronecker delta. Thus, a lower Brier Score is indicative of better

calibration.

The ECE is the weighted average of the absolute difference between accuracy and confi-

dence over V equally spaced confidence bins. For each bin Bv, where v ∈ {1, . . . , V }, the accuracy

and confidence are calculated based on the predictions within that bin. The ECE is defined as

ECE =

V∑
v=1

|Bv|
W
|acc(Bv)− conf(Bv)| , (4.16)

where |Bv| is the number of samples in bin v, W is the total number of samples, acc(Bv) is the

average accuracy in bin Bv, and conf(Bv) is the confidence (average estimated probability) in bin

Bv. The ECE is thus a measure of how much model confidence aligns with the true distribution of

classes, and a lower ECE indicates better calibration.

4.3.4 Neural Network Latent Distributions

The distributions over the source and target latent encodings, z and z∗, are the fundamen-

tal objects used in DA techniques. Probing the latent distributions can give crucial insights into the

success and failure points of DA. The dimensionality of latent distributions is typically too large

for visualization and analysis (256 in experiments used in this work). Therefore, dimensionality
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reduction techniques are often employed before visualizing the latent distributions. Techniques like

t-SNE and UMAP [307, 308] use local metrics, like pairwise distances or nearest-neighbor graphs to

preserve the structure of the data at small scales while embedding it into a lower-dimensional space.

However, local metrics, and therefore these techniques, are limited because they primarily focus on

preserving relationships within small neighborhoods of the data, often at the expense of capturing

global structures or long-range dependencies that are critical for understanding the overall geometry

or topology of the dataset. In contrast, the isomap [309] is a non-linear dimensionality reduction

technique that estimates the global geometry of a latent vector manifold by using information of the

nearest neighbors for each point in the latent space.

In this work, we use isomaps to visualize latent distributions, and we use the mean Silhou-

ette score to quantify the inter-class (between clusters) and intra-class (within a cluster) distances

and evaluate the quality of the clustering. The silhouette score is

s =
1

Q

Q∑
i=1

b(i)− a(i)

max(a(i), b(i))
, (4.17)

where Q is the number of points; a(i) is the intra-cluster distance, which is the mean distance

between the i-th data point and all other points within the same cluster; and b(i) is the inter-cluster

distance, the mean distance between the i-th data point and points in the nearest neighboring cluster.

The Silhouette score is in the range [−1, 1], where values close to one indicate well-clustered data,

values near zero indicate overlapping clusters, and negative values indicate that the data point may

be assigned to the wrong cluster.

4.4 Results

All results are computed from three trained NNs, each with a different random seed for

initializing weights. For each set of three trained networks, we estimate 1σ uncertainties on our

diagnostic metrics. We refer to a model trained without DA (i.e., only with cross-entropy loss)

as “<model>” — e.g., “CNN” or “D4”. In contrast, we refer to a model trained with SIDDA as

“<model>-DA” — e.g., “CNN-DA” or “D4-DA”.

4.4.1 Simulated Datasets

The test set accuracies for the CNN, D4, CNN-DA, and D4-DA models on the shapes,

astronomical objects, MNIST-M, and GZ Evo datasets are shown in Table 4.1. For the shapes and
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Table 4.1: Classification accuracies for different model configurations on all datasets.

Dataset Metric CNN CNN-DA D4 D4-DA

Shapes
Source Acc. (%) 99.80± 0.04 99.82± 0.12 99.90± 0.04 99.92± 0.02

Target Acc. (%) 50.47± 8.39 78.20± 1.73 64.76± 3.42 99.71± 0.06

Astro.
Objects

Source Acc. (%) 99.34± 0.21 95.32± 1.57 99.98± 0.02 99.89± 0.50

Target Acc. (%) 50.81± 2.89 91.33± 1.41 66.41± 2.07 97.19± 0.51

MNIST-M
(Noise)

Source Acc. (%) 95.64± 0.12 95.31± 0.09 97.30± 0.30 97.45± 0.02

Target Acc. (%) 68.32± 2.72 76.24± 1.12 70.31± 0.96 87.55± 0.16

MNIST-M
(PSF)

Source Acc. (%) 95.64± 0.12 95.66± 0.13 97.30± 0.30 97.95± 0.10

Target Acc. (%) 75.00± 1.44 85.68± 1.66 77.85± 1.31 93.00± 1.14

Galaxy Zoo
Evo

Source Acc. (%) 81.49± 0.32 81.57± 0.82 86.65± 0.31 87.58± 0.06

Target Acc. (%) 70.65± 2.26 77.54± 0.62 79.48± 1.52 83.13± 0.53

MRSSC2
Source Acc. (%) 76.14± 1.63 71.27± 0.85 88.71± 0.48 88.06± 0.57

Target Acc. (%) 31.28± 3.78 36.80± 1.58 45.30± 4.32 48.10± 1.56

simulated astronomical objects dataset, both models achieve near-perfect accuracy (above 99%) on

the source domain without DA, but classification accuracy is much lower on the target domain for

both (between 50% and 66%). With the inclusion of DA, the largest increase in target domain accu-

racy of ≈ 40% is for the astronomical objects datasets with CNN-DA. Despite this, the D4 model

significantly outperforms the CNN in the target domain, in the case of both datasets. With DA, the

D4-DA model achieves greater than 97% accuracy in both the source and target domains. While

the CNN-DA shows a substantial improvement in target domain performance, the gap between the

CNN-DA and D4-DA remains considerable, with a difference of 21% in target domain accuracy for

the shapes dataset.

We test generalization capabilities in the presence of Poisson noise and PSF blurring on

the MNIST-M dataset. A similar trend emerges: the D4 model is significantly more robust against

both types of noise compared to the CNN. As in previous cases, with DA, neither model achieves

the same performance as on the source domain (approximately 95% for CNN-DA and 97% for D4-

DA). However, the D4-DA model demonstrates a greater potential for alignment than CNN-DA,

achieving 93% accuracy in the target domain during the PSF blurring experiments.
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Figure 4.5: MNIST-M (Noise) latent distributions visualized with isomaps. Source (solid) and target

(hollow) latent distributions are plotted atop each other to visualize latent distribution misalignment.

The inclusion of DA clearly improves the alignment of source and target latent distributions for both

CNN and D4 models. It is also seen that the latent distribution of the D4 is more clustered than the

CNN, and even more so when D4-DA and CNN-DA are compared. The improved clustering and

separation of classes in the latent space is suggestive of improved feature learning.

The results show that SIDDA improves the source domain performance across most

datasets for both CNN and D4 models, except for the astronomical objects dataset for both models,

and for the MNIST-M (noise) dataset for the CNN-DA model. In most cases, this drop in the source

domain performance is below 1% (except in the case of astronomical objects classified with the

CNN-DA model), which is acceptable given that the inclusion of DA substantially improves the ac-

curacy on the unlabeled target domain. Additionally, the D4-DA models converged to more similar

performance across different seeds, as reflected by the small uncertainties in classification accuracy

compared to CNN-DA.

We visualize the latent distributions of the CNN, D4, CNN-DA, and D4-DA in Figure 4.5

for the MNIST-M dataset with Poisson noise with the source (solid triangles) and target domain

(hollow triangles) overlapped using isomaps [309]. Without DA, there is significant overlap between

different classes, particularly in the middle of the figure for both models, though it is more apparent

for the CNN. This is reflected in the CNN and D4 Silhouette scores (Table 4.2), indicating similar

levels of misclassified points, as seen in the target domain accuracy of approximately 68% for

CNN and 70% for D4. With the inclusion of DA, the same classes from the source and target

latent distributions for both models are better aligned. Furthermore, with DA, there is increased

class separation, especially along the periphery, but there is still some overlap in the middle of the

diagram (particularly for CNN-DA). Compared to the CNN latent distribution, the class separation

for the D4 latent distribution is much larger due to the equivariance in the D4 model, which is
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reflected in the target domain Silhouette scores increasing more significantly for the D4-DA when

compared to the CNN-DA.

Model Source Target

CNN 0.1930 -0.0539

CNN-DA 0.3360 0.1150

D4 0.2744 -0.0247

D4-DA 0.4023 0.1983

Table 4.2: Silhouette scores for CNN, D4, CNN-DA, and D4-DA on MNIST-M (Noise).

We lastly study the evolution of the trainable loss coefficients η1 and η2, as well as the

regularization strength of the Sinkhorn plan σℓ during training. We show these parameters for the

CNN-DA model trained on MNIST-M (Noise) in Figure 4.6; the overall behavior was typically seen

in all model training. After the LCE-only warm-up phase, η−2
2 (blue) quickly becomes greater than

η−2
1 (red), providing a larger weight for LDA. As training progresses, both η−2

1 and η−2
2 increase

commensurately, indicating that a constant parameterization of loss coefficients throughout training

is indeed not optimal, and that model convergence was aided by treating the coefficients as trainable

parameters. The model convergence is also stable across seeds used during training, as indicated by

the small shaded regions for η1 and η2 in the figure. Upon looking at the loss curves, LDA (without

being weighted by η−2
2 ) is roughly an order of magnitude smaller than LCE. After subsequent

weighting of both terms with 1/2η21 and 1/2η22 , the relative contribution of LDA is still smaller than

LCE; however, they are now roughly the same order of magnitude. This allows the model to still

prioritize the primary learning task (classification), while actively aligning the latent distributions

with LDA. This was enforced by the clipping procedure for η2 as shown in Algorithm 3, where the

ratio must satisfy η2/η1 ≥ 0.25.

We additionally study the evolution of η−2
1 and η−2

2 for the same experiment without

enforcing the ratio for η2/η1. These are shown in the more transparent lines with the same cor-

responding colors in Figure 4.6. We see that without clipping, η−2
2 generally undergoes a sharp

increase at the very beginning. Both η values show a larger variance across seeds, with η2 exhibit-

ing significant fluctuations, as indicated by the more transparent blue shaded area in Figure 4.6. By

the end of training, the unclipped η values both converge to similar values as their clipped counter-

parts. This indicates that the clipping enforced in SIDDA stabilizes the evolution of these trainable

loss coefficients.
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We additionally see in Figure 4.6 that σℓ gradually decreases during training as the NN

latent distributions continue to become more closely aligned. With SIDDA, Sσ initially interpolates

more closely to MMD at the start of training, while by the end, it approaches the minimum allowed

S0.01, as shown in Equation 4.6.

4.4.2 Galaxy Zoo Evo Dataset

We aim to address a common problem in real astronomical applications: the scenario

where one has access to lower-quality, older observations with labels, but no labels exist for the

newer, higher-quality target dataset from a more recent astronomical survey. To test our model in

this situation, we use galaxy datasets from GZ Evo [287]. Namely, we use GZ2 from SDSS as

the source domain and GZ DESI as the target domain. This dataset is considerably larger than the

previous simulated datasets. The results for these experiments are summarized in Table 4.1. Similar

to the results for the simulated datasets, the D4 model fully outperforms the CNN, with a ≈ 9%

higher accuracy in the target domain. With DA, both CNN-DA and D4-DA models have higher

accuracy in both the source and target domains. The performance difference between the two kinds

of models is more moderate for the GZ Evo dataset than for the simulated datasets. This may be

attributable to the GZ Evo data’s larger size, greater morphological complexity, and the use of data

augmentation during training. In the large data limit, the inclusion of data augmentation causes

CNNs to become approximately equivariant [298, 299]. Nevertheless, the D4-DA achieves ∼ 6%

higher accuracy in the target domain compared to the CNN-DA model.

The accuracy of all models in this experiment was lower than in the experiments with

the simulated data, with no model achieving greater than ≈ 88% accuracy in either the source or

target domain. This dataset is significantly larger than the others, so a deeper or larger model with

additional training aids, such as residual connections, would likely yield better performance [101,

310]. Our goal is to study the efficacy of SIDDA, and not to achieve state-of-the-art performance

on this dataset, so we did not experiment with a more complex model.

4.4.3 Robustness with Group Order

Next, we study the robustness of ENNs, both with and without SIDDA, and with increas-

ing orders of the dihedral group DN , with N ∈ {1, 2, 4, 8} on MNIST-M with Poisson noise in the

target domain. The robustness of ENNs as a function of group order was previously studied in [92]

for generalization to Poisson noise in images in the task of galaxy morphology classification. That
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Figure 4.6: Evolution of the trainable coefficients, η−2
1 and η−2

2 , and the Sinkhorn plan regulariza-

tion strength σℓ for CNN-DA trained on MNIST-M (Noise) after the LCE-only warm-up period. The

shaded regions correspond to 1σ uncertainties from three training runs initialized with varying ran-

dom seeds. With parameter clipping, as indicated in Algorithm 3, the time-evolution of both η’s is

more stable, as indicated by the darker lines and their lower variance (i.e., narrower shaded regions).

Without parameter clipping (more transparent η curves), the evolution of both η parameters is more

unstable with different random seeds, as indicated by the larger shaded regions and sharp increase

of η−2
2 around epoch three. Still, both η’s (with and without clipping) arrive at similar final values.

It is also seen that the regularization strength of the Sinkhorn plan σℓ continually decreases during

training, as the NN latent spaces gradually become more aligned. This corresponds to the Sinkhorn

plan more closely behaving as MMD at the beginning of training, while approaching the minimum

allowed S0.01 by the end.
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Figure 4.7: Jensen-Shannon (JS) distances for CNN-DA and DN -DA (N ∈ {1, 2, 4, 8}) models

trained on MNIST-M (Noise). Shaded regions correspond to 1σ uncertainties from three train-

ing runs initialized with varying random seeds. All models underwent a 30-epoch warm-up phase

without DA, and the JS distance is shown for epochs thereafter, which is where SIDDA is used.

Compared to the CNN, all DN models exhibit a lower JS distance between source and target do-

mains after the warm-up phase, which can be attributed to the fact that the equivariance constraint

encourages distributional similarity between the source and target latent distributions. We see that

the DN models also achieve more perfect alignment with the introduction of DA, as shown by the

lower JS distances by the end of the training. This behavior correlates with the group order, except

for D8-DA, which achieved its best model much earlier in training and began overfitting.
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Table 4.3: Performance results for different orders of the dihedral group DN , without and with DA.

Group Source Domain Target Domain

D1 96.03± 0.18% 63.69± 0.61%

D2 97.06± 0.048% 67.88± 2.5%

D4 97.30± 0.28% 70.30± 0.97%

D8 97.42± 0.10% 71.67± 0.28%

D1-DA 95.40± 0.084% 75.35± 0.71%

D2-DA 97.10± 0.23% 84.98± 1.9%

D4-DA 97.50± 0.074% 87.70± 0.26%

D8-DA 97.69± 0.081% 88.96± 0.32%

work showed that robustness generally increased with group order, but high group-order models

tended to overfit or have lower accuracy as a result of the equivariance constraint becoming too

strong (see Figure 2 in [92]). Additionally, despite the robustness, there was no significant overlap

in the latent distribution of the NNs when introduced to covariate shifts in the data. In the current

work, we add to that previous study by examining the effect of SIDDA on the robustness of ENNs

across different group orders with the same data setup.

We follow a training procedure similar to that outlined in Section 4.3.2 for all networks.

Models are still saved based on the best validation loss, and we show results from the best-performing

models on the held-out test set. Source and target domain classification accuracies are shown in Ta-

ble 4.3. Both source and target accuracies increase with group order, with and without DA. There

is also a slight increase in source domain accuracy when using DA, except for D1, which contains

a single reflection and therefore exhibits trivial equivariance.

We also track the evolution of the mean JS distance between source and target latent

distributions for all models during training (after the initial warm-up phase has passed). Assuming

perfect feature learning and optimal performance on the source domain, minimizing the JS distance

between source and target domain latent distributions corresponds to optimal performance on the

target domain [285]. As shown in Figure 4.7, after the initial 30-epoch warm-up phase, the JS

distance decreases as the group order increases. Among the models, the D8-DA model exhibits the

lowest JS distance at the end of the warm-up, while the CNN-DA exhibits the highest. This supports

the claim that the constrained latent distribution of ENNs leads to significantly better alignment

between source and target domains, as made in Section 4.1.4.
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As training progresses with DA, the JS distance generally decreases with increasing group

order, except for the D8 model. This model begins to overfit 30 epochs after the warm-up phase

concludes, as indicated by the JS distance in Figure 4.7. This was also confirmed upon inspection

of the validation loss. All other models reach their highest validation loss after epoch 90. Despite

this overfitting, the best D8-DA model still achieves the highest source and target domain accuracy,

as shown in Table 4.3.

The overfitting observed in the D8 model can be attributed to the stronger equivariance

constraint (i.e., more weight sharing), which may limit the model’s expressivity when the covariate

shifts in the target domain do not fully respect the underlying symmetry. That is, the allowable space

of features that respects the stronger equivariance will be inherently smaller than those respected by

more lenient equivariance or the typical translation equivariance in CNNs, considering that ENNs

assume perfect symmetries in the data. In the presence of perturbations, which is a typical case

in the target domain for DA applications, this rarely holds. Solutions to relaxing the equivariance

constraint while still enjoying the benefits of symmetry constraints have been extensively studied in

other works [311, 312].

4.4.4 Model Calibration

For all datasets, we observe that the D4 and D4-DA models result in lower ECE and Brier

scores across most experiments in both the source and target domains when compared to the CNN

and CNN-DA. Across all experiments, the largest improvement is observed for the D4-DA model

applied to the shapes target domain data, where both the ECE and Brier score are reduced by more

than an order of magnitude compared to the regular D4 model. Furthermore, we see that in most

experiments, the classification accuracies as given in Table 4.1 are correlated with the calibration

metrics in Table 4.4 in both the source and target domains. That is, as classification accuracy in

either the source or target domain increases, model calibration improves.

With the inclusion of DA, there is an improvement in the calibration scores for both data

domains and for all models for the MNIST-M datasets, as well as GZ Evo data. Between these

datasets, the largest improvement is for the D4-DA model on the MNIST-M (PSF) dataset in the

target domain, exhibiting an approximate factor of two reduction for both the ECE and Brier score.

However, at the same time, we observe a decrease in the source domain calibration for all DA ex-

periments in the shapes and astronomical objects datasets, except for D4-DA in the shapes dataset.
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Table 4.4: Calibration metrics (expected calibration error and Brier score) for different model con-

figurations.

Metric CNN CNN-DA D4 D4-DA

Shapes

Source ECE 0.011± 0.001 0.013± 0.001 0.011± 0.002 0.0074± 0.0003

Source Brier 0.000734± 0.000090 0.00112± 0.00020 0.000814± 0.000200 0.000349± 0.000034

Target ECE 0.35± 0.04 0.29± 0.004 0.20± 0.03 0.013± 0.002

Target Brier 0.110± 0.010 0.0925± 0.002 0.0564± 0.009 0.0015± 0.0003

Astronomical Objects

Source ECE 0.041± 0.010 0.075± 0.020 0.00695± 0.00030 0.00899± 0.00090

Source Brier 0.00798± 0.003 0.0220± 0.006 0.000132± 0.000031 0.000746± 0.000300

Target ECE 0.17± 0.04 0.142± 0.010 0.294± 0.020 0.053± 0.008

Target Brier 0.0440± 0.010 0.0420± 0.006 0.0804± 0.009 0.0150± 0.003

MNIST-M (Noise)

Source ECE 0.161± 0.003 0.126± 0.004 0.114± 0.002 0.0790± 0.002

Source Brier 0.00991± 0.00023 0.00880± 0.00030 0.00610± 0.00030 0.00481± 0.00010

Target ECE 0.409± 0.013 0.355± 0.009 0.390± 0.020 0.250± 0.009

Target Brier 0.0450± 0.003 0.0370± 0.002 0.0410± 0.0008 0.0210± 0.0031

MNIST-M (PSF)

Source ECE 0.161± 0.003 0.124± 0.004 0.114± 0.002 0.0750± 0.002

Source Brier 0.00991± 0.00023 0.00850± 0.00040 0.00610± 0.00030 0.00400± 0.00020

Target ECE 0.384± 0.013 0.272± 0.012 0.340± 0.020 0.181± 0.001

Target Brier 0.0340± 0.001 0.0230± 0.001 0.0270± 0.003 0.0130± 0.00007

Galaxy Zoo Evo

Source ECE 0.283± 0.0019 0.264± 0.0044 0.2322± 0.00086 0.206± 0.0011

Source Brier 0.0453± 0.00031 0.0439± 0.0010 0.0341± 0.00059 0.0319± 0.00014

Target ECE 0.324± 0.0078 0.301± 0.0018 0.271± 0.0042 0.241± 0.0026

Target Brier 0.0538± 0.0015 0.051± 0.00029 0.0411± 0.0012 0.0382± 0.00048

MRSSC2

Source ECE 0.331± 0.00600 0.407± 0.0121 0.250± 0.0152 0.304± 0.0159

Source Brier 0.0409± 0.00113 0.0615± 0.00247 0.0243± 0.00178 0.0328± 0.00312

Target ECE 0.422± 0.00760 0.446± 0.00418 0.407± 0.0212 0.452± 0.0453

Target Brier 0.0584± 0.00248 0.0975± 0.0000711 0.0505± 0.00510 0.0656± 0.0141
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This indicates that in the source domain, at least for simpler datasets, the inclusion of DA can po-

tentially worsen the calibrations of the models. This decrease in performance is not always apparent

in the (uncalibrated) accuracies, as shown in Table 4.1. For instance, the source accuracies with

and without DA are very similar (within the margin of error) in all cases, except for the CNN-DA

model applied to the astronomical objects dataset, where the source domain accuracy drops around

4% with the inclusion of DA. Nonetheless, in the target domain, we observe strict improvements

in both accuracy and calibration across all experiments with the inclusion of DA with SIDDA, as

shown in Table 4.1 and Table 4.4.

4.4.5 Method Comparisons

Next, we use the MNIST-M (Noise) dataset to compare SIDDA to MMD and the Wasser-

stein distance in terms of accuracy, calibration, and computational efficiency (see Table 4.5). The

latter two methods are distance-based and represent limiting cases of the Sinkhorn divergence. We

use a Gaussian MMD with a fixed kernel width of ϵ = 0.05 and approximate the true Wasser-

stein distance as the Sinkhorn divergence in the limit that σ → 0, with a fixed regularization of

σ = 10−12. All models were trained for 100 epochs using identical training hyperparameters (see

[106]), model saving criteria, and hardware (NVIDIA A100 GPU).

SIDDA outperforms both MMD and the Wasserstein distance in terms of target domain

accuracy, ECE, and the Brier score, achieving the best overall performance. Specifically, it yields

an approximate 1% improvement over the Wasserstein distance and about 15% over MMD in target

domain accuracy. The Wasserstein D4 model achieves a 97.56% accuracy on the source domain,

almost within error bars of the SIDDA-D4 model, which has a 97.45% accuracy.

SIDDA achieves the best calibration among all methods, including on the source domain,

despite the Wasserstein distance performing slightly better in that setting. Overall, models based on

the Wasserstein distance demonstrate the next best calibration, followed by those using MMD, as

evidenced by the ECE and Brier scores. In all cases, the D4 models achieve better calibration than

the CNN models.

The wall clock time of SIDDA is similar to that of MMD; both models require < 10

minutes to train. The Wasserstein distance models require much more time — e.g., 24 minutes for

the Wasserstein-D4 model. This can be attributed to the slower convergence for Sinkhorn iterations

as the entropic regularization approaches zero (σ → 0).
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Table 4.5: Performance comparison of SIDDA with Gaussian MMD and Wasserstein distance DA

methods on MNIST-M (Noise).

Method Model Accuracy (%) Expected Calibration Error (ECE) Brier Score
Time
(min)

Source Target Source Target Source Target

SIDDA
CNN 95.31± 0.09 76.24± 1.12 0.126± .004 0.355± .009 0.00880± .00030 0.0370± 0.002 8

D4 97.45± 0.02 87.55± 0.16 0.0790± .002 0.250± 0.009 0.00481± 0.00010 0.0210± 0.0031 10

MMD
CNN 95.60± 0.18 68.90± 1.52 0.164± 0.00686 0.409± 0.00778 0.0102± 0.000523 0.0459± 0.00172 5

D4 97.25± 0.04 72.94± 1.97 0.122± 0.00134 0.382± 0.000297 0.00656± 0.000112 0.0390± 0.000462 7

Wasserstein
CNN 94.83± 0.19 75.54± 1.13 0.143± 0.00466 0.371± 0.00955 0.0100± 0.000456 0.0389± 0.00152 19

D4 97.56± 0.05 86.62± 0.24 0.0938± 0.00242 0.273± 0.00693 0.00552± 0.000141 0.0232± 0.000752 24

4.4.6 Comparison with Fixed Loss Coefficients

Table 4.6: Source and target domain accuracies for different loss formulations for the CNN-DA

model on MNIST-M (Noise).

Loss Formulation Source Acc. (%) Target Acc. (%)

Ltrain 95.31± 0.09 76.24± 1.12

LC,D 95.35± 0.13 72.35± 1.08

LC,10D 94.96± 0.18 74.88± 1.00

L10C,D 95.61± 0.28 71.69± 0.92

Next, we compare SIDDA with trainable loss coefficients ηi (which in this experiment we

will denote as Ltrain) with fixed loss coefficients by examining three losses, each associated with a

different fixed coefficient. Respectively, these put equal emphasis on each loss, favor the DA loss,

and favor the classification loss:

LC,D = LCE + LDA (4.18)

LC,10D = LCE + 10 · LDA (4.19)

L10C,D = 10 · LCE + LDA. (4.20)

For this set of experiments, we train the CNN models on MNIST-M (Noise). All models were

trained with hyperparameters as detailed in [106], were saved according to the best validation loss,

and the best model results are communicated in Table 4.6.

Table 4.6 compares SIDDA (Ltrain) with the previously described loss formulations. The

highest source domain accuracy is achieved with L10C,D, whereas the highest target domain accu-
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racy corresponds to Ltrain. Still, Ltrain source domain accuracy is in 1σ agreement with that achieved

with L10C,D and exhibits a smaller error bar, suggesting more stable training. Ltrain also achieves

better performance in the target domain when compared with LC,D, and with the DA-favored loss

(LC,10D). As evidenced by the high performance in both source and target domains, SIDDA (Ltrain)

overall performs better than any of the models with fixed loss coefficients. All models exhibit an

approximate 1% uncertainty in target domain accuracy, while SIDDA has a slightly larger uncer-

tainty in the target domain; this may be due to the trainable nature of the coefficients. Additional

model initializations and experiments are necessary to draw more definitive conclusions regarding

the stability of dynamic loss weighting.

The optimal choice of fixed loss coefficients will change for each dataset, problem, and

type of loss. A poor choice of fixed loss coefficients can lead to models that perform poorly in the

target domain when the DA loss is too small, or completely fail to learn the main objective when

the DA loss is too large and prevents minimization of the main task loss. Additionally, suboptimal

performance in both domains can occur if the DA loss is introduced at the wrong time during

training. Our findings demonstrate that the approach introduced by Kendall et al. [216] allows

one to avoid manual hyperparameter tuning for loss coefficients in DA tasks, while still achieving

strong predictive performance on both source and target domains. This is particularly important for

problems with very large datasets or complex models, where longer training times may be required.

4.4.7 Application to Severe Covariate Shifts

We have thus far demonstrated the efficacy of SIDDA across a range of datasets and covariate

shifts—arising from factors such as varying noise levels, blurring, or differences in image quality

(e.g., images captured by different telescopes within the same wavelength range). More substantial

covariate shifts can arise when the source and target datasets include images captured at different

wavelengths. We study the efficacy of SIDDA on this type of covariate shift using the MRSSC2

dataset. We use optical observations as the source domain and SAR (which operates in cm wave-

lengths, i.e., microwave/radio range) images as the target domain.

As shown in Table 4.1, the efficacy of SIDDA on the MRSSC2 dataset is considerably

lower than the other datasets studied. In both the CNN-DA and D4-DA models, the target domain

performance increases (up to ∼ 5%). However, in both cases, the target domain performance is

considerably worse than the source domain, even with the inclusion of SIDDA. Furthermore, even

this small increase in target domain performance with DA causes a decrease in source domain
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Figure 4.8: MRSSC2 latent distributions, visualized using isomaps, with the source domain shown

as solid markers and the target domain as hollow markers. Both the CNN and D4 models exhibit

substantially less clustering in the latent space—compared to the MNIST-M (Noise) dataset shown

in Figure 4.5—which may account for the modest performance gains achieved by DA on this dataset.

accuracy. The source domain performance of the CNN-DA model is less than the CNN model;

similarly, the D4-DA model performance is lower than the D4 model, but the accuracy drop is

much lower (less than 1%).

We use isomaps to visualize the latent distributions of the CNN, D4, CNN-DA, and D4-

DA models in Figure 4.8 for the MRSSC2 dataset, with the source (solid triangles) and target

domain (hollow triangles). Without DA, there is no well-defined clustering in any of the latent dis-

tributions, which can be indicative of poor feature learning. There is also significant misalignment

between the source and target latent distributions. With DA, the misalignment decreases, but the

latent space representations of different classes are not as defined as previously seen with well-

performing SIDDA models (see MNIST-M (Noise) latent distributions in Figure 4.5). The poor

feature learning even without DA may explain the modest performance improvement with DA on

the MRSSC2 dataset, as shown in Table 4.1.

In addition, the inclusion of SIDDA does not improve model calibration for both models

on the MRSSC2 dataset, as seen in Table 4.4. Even in the target domain, where SIDDA somewhat

increased classification accuracy, the calibration decreases. This is in contrast with what was ob-

served with our other datasets, where the domain alignment was successful, and the ECE and Brier

scores generally improved for the CNN-DA and D4-DA models.

The sub-optimal performance on the MRSSC2 dataset might be the result of larger dif-

ferences between classes when observed at different wavelengths. In this case, features extracted

from the source domain images may be much less applicable to the target domain, which causes

a considerably larger difference between source and target domain accuracy for the CNN and D4
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models (trained without DA) compared to other datasets studied. These feature learning differences

can then make domain alignment of latent representations near the end of the architecture — as

done here — unfeasible.

For distance-based DA approaches like SIDDA, this sub-optimality can potentially be ad-

dressed by intermediate domain alignment, similar to Deep Adaptation Networks (DANs) [313]

and Joint Adaptation Networks (JANs) [314], and as indicated by results presented in Liu et al.

[288]. This would then impose domain alignment at all stages of the architecture, from the early

convolutional layers, which perform general feature learning, to the later convolutional and linear

layers, which learn more detailed and task-specific features. Additionally, one could approach more

extreme domain shift problems with adversarial methods such as Domain Adversarial Neural Net-

works (DANNs) [286], which are more flexible and avoid explicit calculation of any distance metric.

Finally, using more complex networks could enable better feature learning, leading to better clus-

tering of different classes compared to what we see in Figure 4.8. This would enable easier domain

alignment, potentially improving the efficacy of SIDDA when applied to the MRSSC2 dataset.

4.5 Summary & Discussion

In this work, we introduced SIDDA — a semi-supervised DA approach that leverages principled

methods for optimal alignment of NN latent spaces and training with multiple loss terms. This is in

contrast to most DA applications, which face the challenge of requiring extensive hyperparameter

tuning, making training NNs time-consuming, expensive, or unfeasible. SIDDA is an “out-of-the-

box” DA method that is applicable in various domains, and it requires labeled training data only in

the source domain, not in the target domain.

Our method relies on the Sinkhorn divergence, a symmetrized variant of regularized OT

distances that corrects for the bias in OTσ. In particular, our method dynamically adjusts the strength

of regularization on a per-epoch basis, dependent on the pairwise distance between the source and

target latent distribution vectors. In addition, we use dynamic weighting of the cross-entropy and

DA loss terms on a per-epoch basis, which ensures a balance in training and improves predictive

performance in both the source and target domains.

We test our method on shapes and astronomical objects datasets simulated using DeepBench,

the MNIST-M dataset, a dataset of real galaxy images from Galaxy Zoo, and the MRSSC2 re-

mote sensing dataset. These experiments encompass covariate shifts induced by Poisson noise, PSF
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blurring, differences between real optical astronomical surveys, and differences between images

observed at different wavelengths.

We draw the following conclusions about SIDDA:

• SIDDA requires minimal hyperparameter tuning to achieve a considerable increase in tar-

get domain performance, and can outperform traditional fixed-hyperparameter use cases, as

shown in Table 4.6;

• SIDDA combines the performance of the Wasserstein distance with the efficiency of MMD,

shown through comparisons presented in Table 4.5;

• SIDDA is compatible with various models, including CNNs and ENNs, which are equivariant

to different groups. Its efficacy is more pronounced when paired with ENNs, offering in some

cases nearly 50% better target domain accuracy when compared to CNNs trained without DA

(Table 4.1);

• We find that SIDDA is effective across ENNs with varying group-order equivariance, and its

performance improves as the degree of equivariance increases (Table 4.3 and Figure 4.7);

• SIDDA can improve the source and target domain performance of NNs, and its benefits are

concretely seen when analyzing the clustering and alignment of NN latent spaces (Table 4.2

and Figure 4.5);

• Though not constructed as such, SIDDA can inherently improve the calibration of trained

NN-based classifiers (Table 4.4);

• SIDDA does not incur any considerable computational expense when training models, as it

builds upon existing, efficient coding frameworks. All models in this work were trained on

one GPU in typically less than an hour.

There are multiple opportunities for further development of SIDDA. First, the metric used

for adjusting the dynamic Sinkhorn plan Sσ relies on the pairwise norm between entries in the latent

space. Other notions of distance to adjust the regularization of Sσ can be considered. Second, in this

work, we implemented a manual clipping of the ηi terms in the loss function (Equation 4.5) to ensure

that the DA loss does not overpower the classification loss. Other levels of clipping or regularization

of the loss should be explored to determine the optimal balance between the two loss terms. Third,

all experiments performed here utilize a fixed architecture that incorporates several features of NNs
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now considered standard, including dropout, pooling, and batch normalization. Notably missing

are residual connections, which have been found to aid the convergence of many NNs. It would be

interesting to study the efficacy of SIDDA with deeper, more complex networks, which could be

particularly beneficial in cases of severe domain shift, such as in the MRSSC2 dataset, as well as

ENNs equivariant to the continuous analog of groups studied here (i.e., O(2)). Lastly, our method

works with fixed classes and cannot operate when the classes between the source and target domains

are not the same. A potential extension of SIDDA could involve making it compatible with a

flexible number of classes in both the source and target domains, drawing inspiration from the

DeepAstroUDA method [252].

For more extreme covariate shifts, a multi-layer approach to SIDDA as described in Sec-

tion 4.4.7 could result in better domain alignment. In this setting, one could impose domain align-

ment after intermediate convolutional layers with a similar dynamic scaling of σℓ as used here.

These can then be aggregated into a single DA loss term, or be treated separately as additional loss

terms Li paired with trainable coefficients ηi. This is a promising area of future work.

The problem of generalization in classification tasks in NNs can be primarily considered

a problem of robust feature learning (e.g., architectural choice) and domain alignment. The most

successful domain adaptation methods should leverage principled choices for both aspects. ENNs

are natural candidates for robust feature learning because their feature learning capabilities can

be inherently constrained to symmetries of the data. However, most existing methods for domain

adaptation implicitly require many empirical choices or hyperparameter tuning. In this work, we

have combined these aspects in introducing SIDDA, which leverages a dynamic parameterization

for OT-based DA hyperparameters during training, and works particularly well when paired with

ENNs. Our future work will be in refining this approach and further developing more automated

DA algorithms.
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Conclusion

In this dissertation, we have developed and demonstrated a range of machine-learning-assisted

methods that bridge different epochs of cosmology, from the early Universe’s cosmology to the

challenges of modern astronomical surveys. Our results highlight how integrating differentiable

simulations with AI techniques can enhance inference across the cosmic timeline. Here, we sum-

marize our key findings and the broader implications of this work.

In Chapter 2, we investigated the phenomenon of cosmological stasis, an early-universe

epoch during which the relative abundances of matter and radiation remain nearly constant despite

cosmic expansion. We constructed a fully differentiable Boltzmann solver to simulate the dynamics

of multi-component cosmologies and employed gradient-based methods (including automatic dif-

ferentiation) to explore this high-dimensional parameter space. By optimizing the initial conditions

(decay rates Γℓ and abundances Ω(0)
ℓ of particle species) for maximal stasis duration, we discovered

a new exponential solution that produces significantly longer stasis epochs than previously known

power-law models. Notably, our results show that for an ensemble of N decaying species, an expo-

nential hierarchy of decay rates can yield a stasis lasting∼ N e-folds, vastly outlasting the∼ logN

scaling of the power-law constructions.

We validated this finding via both gradient-based analyses and Bayesian posterior sam-

pling, using SVI with normalizing flows to handle the high-dimensional inference. The exponential

stasis model was found to act as an attractor in parameter space, similar to previous power-law con-

structions. This model was also found to be robust, with random draws from suitably chosen log-

uniform priors exhibiting extended epochs of approximate stasis. Physically, these results broaden

our understanding of exotic early-universe physics, with implications for existing BSM frameworks

such as string theory. This insight may inform theoretical frameworks such as the string axiverse or
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emergent string scenarios, where many light scalar fields are present.

More broadly, this work lays a foundation for the use of numerical and gradient-based

optimization techniques in theoretical contexts, where analytic calculations have historically pre-

vailed. The contributions of this chapter were not possible without these modern analysis tools.

Moreover, we illustrated the utility of applying Bayesian inference in settings where it is not tradi-

tionally invoked—namely, theoretical work without direct observational data.

In Chapter 3, we shifted focus to modeling challenges in more recent cosmological times.

Specifically, we accelerated existing simulation pipelines that model the IA of galaxies and their

impact on upcoming weak lensing surveys. We developed two complementary approaches to im-

prove modeling and inference of IA within the HOD framework. First, we introduced IAEMU, a

neural network emulator that directly predicts essential two-point statistics for IA modeling: the

galaxy clustering correlation function ξ(r), the position–orientation correlation ω(r), and the ori-

entation–orientation correlation η(r), given a set of HOD and IA parameters. Moreover, IAEMU

tracks both aleatoric and epistemic uncertainty, providing uncertainty estimates in emulator predic-

tions and covariance information for Monte Carlo analyses. By training IAEMU on a large suite of

mock catalogs generated using HALOTOOLS-IA, we showed that it can reproduce these correlation

functions at percent-level precision while also providing an estimate of its predictive uncertainty.

Crucially, IAEMU offers a ∼ 104× speed-up in computing these statistics (on GPU) compared to

HALOTOOLS-IA on CPU. Its differentiability also enables accelerated inference via HMC, yielding

a ∼ 2000× speed-up compared to HALOTOOLS-IA.

Second, we developed a differentiable, stochastic implementation of the HOD with IA

(DIFFHOD-IA). To this end, we made each step of the galaxy alignment modeling differentiable.

This includes differentiably drawing central and satellite galaxy populations and assigning their

orientations using a differentiable form of the Dimroth–Watson distribution for misalignment an-

gles. This enables end-to-end gradient-based inference, from HOD and IA parameters to the galaxy

field and associated summary statistics. We demonstrated this by applying HMC to the IA param-

eter inference problem, exhibiting a similar inference speed-up as with IAEMU. Both IAEMU and

DIFFHOD-IA were validated against each other and against HALOTOOLS-IA, exhibiting agreement

with the underlying simulations in both forward-modeling and inference tasks. These advances have

direct implications for upcoming surveys, in particular providing tools to marginalize over or con-

strain IA effects without significant computational cost.

In Chapter 4, we addressed the broader machine-learning challenge of generalization,

which is equally important for astrophysics and cosmology. Generalization ensures that mod-
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els trained on one dataset (or simulation) remain accurate when applied to a different but related

dataset. This phenomenon is ubiquitous, and poses one of the most outstanding challenges for ML

applications within the sciences. Our contributions toward generalization examined the effects of

symmetry-based inductive biases in NN architectures (the degree of equivariance) and DA training

techniques that transfer across datasets.

We introduced SIDDA (Sinkhorn Dynamic Domain Adaptation), a novel training frame-

work that leverages optimal transport distances between NN representations to improve out-of-

distribution robustness. The SIDDA algorithm dynamically balances two objectives during train-

ing: (1) the primary learning objective on labeled source data (e.g., classification), and (2) the

Sinkhorn divergence between source and target feature distributions, which acts to minimize the

domain discrepancy. By dynamically adjusting the weight of the loss terms and its entropy regular-

ization during training, SIDDA largely removes the need for manual tuning of hyperparameters. We

tested SIDDA on several benchmark tasks, including simple image classification problems where

the “source” and “target” domains differed by various systematics (noise, PSF distortions, etc.), as

well as on an astronomical dataset of galaxy images with fundamentally different image qualities.

Our results showed that SIDDA consistently improved target-domain performance. For instance,

on an unlabeled set of real galaxy morphology observations, SIDDA achieved an approximate 13%

improvement in classification accuracy relative to a baseline without DA, while also significantly

lowering calibration error, indicating more reliable uncertainty estimates.

Moreover, we found that SIDDA is most effective when combined with E(2)-equivariant

neural networks, providing the strongest overall generalization performance. This is in addition

to observing an increased performance of E(2)-equivariant models over traditional NNs without

DA training. By additionally leveraging these higher-order symmetries (e.g., rotational invariance

of galaxy morphologies), one can mitigate differences between simulations and observations at

the feature-learning level. Combined with sophisticated DA techniques like SIDDA, this provides

a prescription for generalization via informed decisions in both architectural design and training.

Chapter 4’s contribution is thus more generally towards robust AI, but it is highly relevant for the

era of big data cosmology, where models must handle multi-survey, heterogeneous datasets without

frequent re-training.

The success on both toy and real-data scenarios suggests that our approach can be applied

to a range of problems. In the context of cosmology, methods like SIDDA could be used to adapt

models trained on simulated data (which often serve as a source domain) to real observational data

(the target domain). For example, SIDDA can be applied in adapting a network trained on simulated
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galaxy images to work robustly on actual telescope images with noise and systematics. It can also

be used in generalizing models trained on legacy datasets to new observations.

Looking ahead, there are several exciting directions that build on this work. On the the-

oretical side, the stasis optimization framework could be applied to other cosmological scenarios,

including alternative realizations of stasis. In ongoing work, we are applying a similar methodology

to differentiably study bubble nucleation models within eternal inflation. In observational cosmol-

ogy, an exciting follow-up would be a diffusion-based emulator at the galaxy field level, which is

also robust to different cosmologies. IAEMU, as it currently stands, is specific to a limited set of

cosmological parameters, and while DIFFHOD-IA is robust to different cosmologies, its forward

modeling expense is similar to that of HALOTOOLS-IA. Developing a diffusion-based emulator that

is robust across cosmologies would represent a tangible step toward field-level inference for galaxy

IA.

On the machine learning and data side, an important future direction is extending the

SIDDA framework to learning objectives outside of classification, including regression and SBI.

Extending symmetry-based approaches to include approximately equivariant networks is another

promising direction, as shown in Chapter 4, where overly strong equivariance constraints can limit

NN expressivity and degrade performance. These approaches can be applied in tandem to inter-

polate between subgrid physical models in different hydrodynamic simulations, for example. Our

study of IA in this thesis was limited to N -body and HOD simulations, as the variance in subgrid

physics makes IA modeling across hydrodynamic simulations difficult. One could imagine equiv-

ariant graph neural networks for cosmological graphs or hydro simulations, which, when paired

with dynamic domain alignment, could allow models trained on one simulation suite to generalize

to others with different subgrid physics.

In conclusion, this thesis illustrates how modern ML techniques, when thoughtfully in-

tegrated with domain-specific physics knowledge, can substantially advance the way we extract

information from cosmological data. We have shown examples across the cosmic timeline: from

early-universe theory, where differentiable simulations and ML-augmented Bayesian inference help

uncover new phenomena; to galaxy formation and large-scale structure, where emulators and dif-

ferentiable models make previously intractable inference tasks feasible; and finally to the practical

challenges of astronomy in the big-data era, where symmetry considerations and novel training algo-

rithms like SIDDA ensure that our AI models remain reliable even as we move between simulations,

surveys, and instruments. Each of these pieces reflects the common theme of using ML as a tool

integrated with physical insight to improve both our efficiency and understanding in cosmology.
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[94] Dezső Ribli, Bálint Ármin Pataki, José Manuel Zorrilla Matilla, Daniel Hsu, Zoltán Haiman,

and István Csabai. Weak lensing cosmology with convolutional neural networks on noisy

data. Monthly Notices of the Royal Astronomical Society, 490(2):1843–1860, September

2019. ISSN 1365-2966. doi: 10.1093/mnras/stz2610. URL http://dx.doi.org/10.

1093/mnras/stz2610.

[95] Taco S. Cohen and Max Welling. Group equivariant convolutional networks, 2016. URL

https://arxiv.org/abs/1602.07576.

[96] Taco S. Cohen and Max Welling. Steerable cnns, 2016. URL https://arxiv.org/

abs/1612.08498.

[97] Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gre-

gory Chanan, Trevor Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, Al-

ban Desmaison, Andreas Kopf, Edward Yang, Zachary DeVito, Martin Raison,

Alykhan Tejani, Sasank Chilamkurthy, Benoit Steiner, Lu Fang, Junjie Bai, and

Soumith Chintala. Pytorch: An imperative style, high-performance deep learning li-

brary. In Advances in Neural Information Processing Systems 32, pages 8024–8035.

Curran Associates, Inc., 2019. URL http://papers.neurips.cc/paper/

9015-pytorch-an-imperative-style-high-performance-deep-learning-library.

pdf.

216

http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.42.7665
http://citeseerx.ist.psu.edu/viewdoc/summary?doi=10.1.1.42.7665
https://arxiv.org/abs/2311.01500
https://arxiv.org/abs/2311.01500
http://dx.doi.org/10.1051/0004-6361/201731201
http://dx.doi.org/10.1051/0004-6361/201731201
http://dx.doi.org/10.1093/mnras/stz2610
http://dx.doi.org/10.1093/mnras/stz2610
https://arxiv.org/abs/1602.07576
https://arxiv.org/abs/1612.08498
https://arxiv.org/abs/1612.08498
http://papers.neurips.cc/paper/9015-pytorch-an-imperative-style-high-performance-deep-learning-library.pdf
http://papers.neurips.cc/paper/9015-pytorch-an-imperative-style-high-performance-deep-learning-library.pdf
http://papers.neurips.cc/paper/9015-pytorch-an-imperative-style-high-performance-deep-learning-library.pdf


BIBLIOGRAPHY

[98] James Bradbury, Roy Frostig, Peter Hawkins, Matthew James Johnson, Chris Leary, Dougal

Maclaurin, George Necula, Adam Paszke, Jake VanderPlas, Skye Wanderman-Milne, and

Qiao Zhang. JAX: composable transformations of Python+NumPy programs. https://

github.com/jax-ml/jax, 2018. Version 0.3.13.

[99] Diederik P. Kingma and Jimmy Ba. Adam: A method for stochastic optimization, 2017. URL

https://arxiv.org/abs/1412.6980.

[100] Ilya Loshchilov and Frank Hutter. Decoupled weight decay regularization, 2019.

[101] Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image

recognition, 2015. URL https://arxiv.org/abs/1512.03385.

[102] Nitish Srivastava, Geoffrey Hinton, Alex Krizhevsky, Ilya Sutskever, and Ruslan Salakhutdi-

nov. Dropout: A simple way to prevent neural networks from overfitting. Journal of Machine

Learning Research, 15(56):1929–1958, 2014. URL http://jmlr.org/papers/v15/

srivastava14a.html.

[103] Lutz Prechelt. Early stopping-but when? In Genevieve B. Orr and Klaus-Robert Müller,

editors, Neural Networks: Tricks of the Trade, volume 1524 of Lecture Notes in Com-

puter Science, pages 55–69. Springer, 1996. ISBN 3-540-65311-2. URL http://dblp.

uni-trier.de/db/conf/nips/nips1996.html#Prechelt96.

[104] Jared Kaplan, Sam McCandlish, Tom Henighan, Tom B. Brown, Benjamin Chess, Rewon

Child, Scott Gray, Alec Radford, Jeffrey Wu, and Dario Amodei. Scaling laws for neural

language models, 2020. URL https://arxiv.org/abs/2001.08361.

[105] James Halverson and Sneh Pandya. Generality and persistence of cosmological stasis. Phys-

ical Review D, 110(7), October 2024. ISSN 2470-0029. doi: 10.1103/physrevd.110.075041.

URL http://dx.doi.org/10.1103/PhysRevD.110.075041.

[106] Sneh Pandya, Purvik Patel, Brian D Nord, Mike Walmsley, and Aleksandra Ciprijanovic.

Sidda: Sinkhorn dynamic domain adaptation for image classification with equivariant

neural networks. Machine Learning: Science and Technology, August 2025. ISSN

2632-2153. doi: 10.1088/2632-2153/adf701. URL http://dx.doi.org/10.1088/

2632-2153/adf701.

217

https://github.com/jax-ml/jax
https://github.com/jax-ml/jax
https://arxiv.org/abs/1412.6980
https://arxiv.org/abs/1512.03385
http://jmlr.org/papers/v15/srivastava14a.html
http://jmlr.org/papers/v15/srivastava14a.html
http://dblp.uni-trier.de/db/conf/nips/nips1996.html#Prechelt96
http://dblp.uni-trier.de/db/conf/nips/nips1996.html#Prechelt96
https://arxiv.org/abs/2001.08361
http://dx.doi.org/10.1103/PhysRevD.110.075041
http://dx.doi.org/10.1088/2632-2153/adf701
http://dx.doi.org/10.1088/2632-2153/adf701


BIBLIOGRAPHY

[107] Sneh Pandya and Jonathan Blazek. Differentiable stochastic halo occupation distribution with

galaxy intrinsic alignments, 2026. URL https://arxiv.org/abs/2602.04977.

[108] Edward Berman, Sneh Pandya, Jacqueline McCleary, Marko Shuntov, Caitlin Casey, Nicole

Drakos, Andreas Faisst, Steven Gillman, Ghassem Gozaliasl, Natalie Hogg, Jeyhan Kartal-

tepe, Anton Koekemoer, Wilfried Mercier, Diana Scognamiglio, COSMOS-Web, :, and The

JWST Cosmic Origins Survey. On soft clustering for correlation estimators: Model uncer-

tainty, differentiability, and surrogates, 2025. URL https://arxiv.org/abs/2504.

06174.

[109] Sneh Pandya, Yuanyuan Yang, Nicholas Van Alfen, Jonathan Blazek, and Robin Walters.

Learning galaxy intrinsic alignment correlations, 2024. URL https://arxiv.org/

abs/2404.13702.

[110] Benjamin Horowitz, ChangHoon Hahn, Francois Lanusse, Chirag Modi, and Simone Ferraro.

Differentiable stochastic halo occupation distribution, 2022. URL https://arxiv.org/

abs/2211.03852.

[111] Nicholas Van Alfen, Duncan Campbell, Jonathan Blazek, C. Danielle Leonard, Francois

Lanusse, Andrew Hearin, Rachel Mandelbaum, and The LSST Dark Energy Science Collab-

oration. An empirical model for intrinsic alignments: Insights from cosmological simula-

tions, 2024.

[112] Andrew P. Hearin, Nesar Ramachandra, Matthew R. Becker, and Joseph DeRose. Differ-

entiable predictions for large scale structure with shamnet. The Open Journal of Astro-

physics, 5(1), February 2022. ISSN 2565-6120. doi: 10.21105/astro.2112.08423. URL

http://dx.doi.org/10.21105/astro.2112.08423.

[113] Keith R. Dienes, Lucien Heurtier, Fei Huang, Tim M. P. Tait, and Brooks Thomas. Stasis,

stasis, triple stasis, 2023.

[114] Keith R. Dienes, Lucien Heurtier, Fei Huang, Doojin Kim, Tim M. P. Tait, and Brooks

Thomas. Primordial black holes place the universe in stasis, 2023. URL https://arxiv.

org/abs/2212.01369.

218

https://arxiv.org/abs/2602.04977
https://arxiv.org/abs/2504.06174
https://arxiv.org/abs/2504.06174
https://arxiv.org/abs/2404.13702
https://arxiv.org/abs/2404.13702
https://arxiv.org/abs/2211.03852
https://arxiv.org/abs/2211.03852
http://dx.doi.org/10.21105/astro.2112.08423
https://arxiv.org/abs/2212.01369
https://arxiv.org/abs/2212.01369


BIBLIOGRAPHY

[115] Keith R. Dienes, Lucien Heurtier, Fei Huang, Tim M. P. Tait, and Brooks Thomas. Cosmolog-

ical stasis from dynamical scalars: Tracking solutions and the possibility of a stasis-induced

inflation, 2024. URL https://arxiv.org/abs/2406.06830.

[116] Samuel S. Schoenholz and Ekin D. Cubuk. Jax m.d. a framework for differentiable

physics. In Advances in Neural Information Processing Systems, volume 33. Curran

Associates, Inc., 2020. URL https://papers.nips.cc/paper/2020/file/

83d3d4b6c9579515e1679aca8cbc8033-Paper.pdf.

[117] Jean-Eric Campagne, François Lanusse, Joe Zuntz, Alexandre Boucaud, Santiago Casas,

Minas Karamanis, David Kirkby, Denise Lanzieri, Austin Peel, and Yin Li. Jax-cosmo:

An end-to-end differentiable and gpu accelerated cosmology library. The Open Journal of

Astrophysics, 6, April 2023. ISSN 2565-6120. doi: 10.21105/astro.2302.05163. URL http:

//dx.doi.org/10.21105/astro.2302.05163.

[118] Matt Hoffman, David M. Blei, Chong Wang, and John Paisley. Stochastic variational infer-

ence, 2013. URL https://arxiv.org/abs/1206.7051.

[119] S. Duane, A. D. Kennedy, B. J. Pendleton, and D. Roweth. Hybrid Monte Carlo. Phys. Lett.

B, 195:216–222, 1987. doi: 10.1016/0370-2693(87)91197-X.

[120] Patrick Kidger. On Neural Differential Equations. PhD thesis, University of Oxford, 2021.

[121] Anne Kværnø. Singly diagonally implicit runge–kutta methods with an explicit first stage.

BIT Numerical Mathematics, 44(3):489–502, 2004.

[122] Philipp Stumm and Andrea Walther. New algorithms for optimal online checkpointing. SIAM

Journal on Scientific Computing, 32(2):836–854, 2010. doi: 10.1137/080742439.

[123] Qiqi Wang, Parviz Moin, and Gianluca Iaccarino. Minimal repetition dynamic checkpointing

algorithm for unsteady adjoint calculation. SIAM Journal on Scientific Computing, 31(4):

2549–2567, 2009. doi: 10.1137/080727890.

[124] Felix Petersen, Christian Borgelt, Hilde Kuehne, and Oliver Deussen. Differentiable sort-

ing networks for scalable sorting and ranking supervision, 2021. URL https://arxiv.

org/abs/2105.04019.

[125] Danilo Jimenez Rezende and Shakir Mohamed. Variational inference with normalizing flows,

2016. URL https://arxiv.org/abs/1505.05770.

219

https://arxiv.org/abs/2406.06830
https://papers.nips.cc/paper/2020/file/83d3d4b6c9579515e1679aca8cbc8033-Paper.pdf
https://papers.nips.cc/paper/2020/file/83d3d4b6c9579515e1679aca8cbc8033-Paper.pdf
http://dx.doi.org/10.21105/astro.2302.05163
http://dx.doi.org/10.21105/astro.2302.05163
https://arxiv.org/abs/1206.7051
https://arxiv.org/abs/2105.04019
https://arxiv.org/abs/2105.04019
https://arxiv.org/abs/1505.05770


BIBLIOGRAPHY

[126] Nicola De Cao, Ivan Titov, and Wilker Aziz. Block neural autoregressive flow, 2019. URL

https://arxiv.org/abs/1904.04676.

[127] Chin-Wei Huang, David Krueger, Alexandre Lacoste, and Aaron Courville. Neural autore-

gressive flows, 2018. URL https://arxiv.org/abs/1804.00779.

[128] Du Phan, Neeraj Pradhan, and Martin Jankowiak. Composable effects for flexible and accel-

erated probabilistic programming in numpyro. arXiv preprint arXiv:1912.11554, 2019.

[129] Peter Svrcek and Edward Witten. Axions In String Theory. JHEP, 06:051, 2006. doi:

10.1088/1126-6708/2006/06/051.

[130] Asimina Arvanitaki, Savas Dimopoulos, Sergei Dubovsky, Nemanja Kaloper, and John

March-Russell. String Axiverse. Phys. Rev. D, 81:123530, 2010. doi: 10.1103/PhysRevD.

81.123530.

[131] S. Dimopoulos, S. Kachru, J. McGreevy, and Jay G. Wacker. N-flation. JCAP, 08:003, 2008.

doi: 10.1088/1475-7516/2008/08/003.

[132] Eva Silverstein and Alexander Westphal. Monodromy in the CMB: Gravity Waves and String

Inflation. Phys. Rev. D, 78:106003, 2008. doi: 10.1103/PhysRevD.78.106003.

[133] Liam McAllister, Eva Silverstein, and Alexander Westphal. Gravity Waves and Linear Infla-

tion from Axion Monodromy. Phys. Rev. D, 82:046003, 2010. doi: 10.1103/PhysRevD.82.

046003.

[134] James Halverson, Cody Long, Brent Nelson, and Gustavo Salinas. Axion reheating in the

string landscape. Phys. Rev. D, 99(8):086014, 2019. doi: 10.1103/PhysRevD.99.086014.

[135] Joseph P. Conlon. The QCD axion and moduli stabilisation. JHEP, 05:078, 2006. doi:

10.1088/1126-6708/2006/05/078.

[136] Mehmet Demirtas, Naomi Gendler, Cody Long, Liam McAllister, and Jakob Moritz. PQ

axiverse. JHEP, 06:092, 2023. doi: 10.1007/JHEP06(2023)092.

[137] Naomi Gendler and David J. E. Marsh. Qcd axion dark matter in string theory: Haloscopes

and helioscopes as probes of the landscape, 2024. URL https://arxiv.org/abs/

2407.07143.

220

https://arxiv.org/abs/1904.04676
https://arxiv.org/abs/1804.00779
https://arxiv.org/abs/2407.07143
https://arxiv.org/abs/2407.07143


BIBLIOGRAPHY

[138] James Halverson, Cody Long, Brent Nelson, and Gustavo Salinas. Towards string theory

expectations for photon couplings to axionlike particles. Phys. Rev. D, 100(10):106010, 2019.

doi: 10.1103/PhysRevD.100.106010.

[139] Naomi Gendler, David J. E. Marsh, Liam McAllister, and Jakob Moritz. Glimmers from the

axiverse, 2023. URL https://arxiv.org/abs/2309.13145.

[140] Yi-Nan Wang. On the elliptic calabi-yau fourfold with maximal h1, 1. Journal of High

Energy Physics, 2020(5):1–32, 2020.

[141] James Halverson, Cody Long, and Benjamin Sung. Algorithmic universality in F-theory

compactifications. Phys. Rev. D, 96(12):126006, 2017. doi: 10.1103/PhysRevD.96.126006.

[142] Washington Taylor and Yi-Nan Wang. Scanning the skeleton of the 4D F-theory landscape.

JHEP, 01:111, 2018. doi: 10.1007/JHEP01(2018)111.

[143] Maximilian Kreuzer and Harald Skarke. Complete classification of reflexive polyhedra in

four-dimensions. Adv. Theor. Math. Phys., 4:1209–1230, 2000. doi: 10.4310/ATMP.2000.

v4.n6.a2.

[144] Mehmet Demirtas, Cody Long, Liam McAllister, and Mike Stillman. The Kreuzer-Skarke

Axiverse. JHEP, 04:138, 2020. doi: 10.1007/JHEP04(2020)138.

[145] Seung-Joo Lee, Wolfgang Lerche, and Timo Weigand. Emergent strings from infinite dis-

tance limits. Journal of High Energy Physics, 2022(2):1–105, 2022.

[146] Hirosi Ooguri and Cumrun Vafa. On the geometry of the string landscape and the swampland.

Nuclear physics B, 766(1-3):21–33, 2007.

[147] P. J. E. Peebles. The Large-Scale Structure of the Universe. Princeton University Press, 1980.

[148] M. Davis and P. J. E. Peebles. A survey of galaxy redshifts. V. The two-point position and

velocity correlations. ApJ, 267:465–482, April 1983. doi: 10.1086/160884.

[149] Alina Kiessling, Marcello Cacciato, Benjamin Joachimi, Donnacha Kirk, Thomas D.

Kitching, Adrienne Leonard, Rachel Mandelbaum, Björn Malte Schäfer, Cristóbal Sifón,

Michael L. Brown, and Anais Rassat. Galaxy alignments: Theory, modelling and sim-

ulations. Space Science Reviews, 193(1–4):67–136, September 2015. ISSN 1572-

221

https://arxiv.org/abs/2309.13145


BIBLIOGRAPHY

9672. doi: 10.1007/s11214-015-0203-6. URL http://dx.doi.org/10.1007/

s11214-015-0203-6.

[150] S. Bridle and L. King. Dark energy constraints from cosmic shear power spectra: impact of

intrinsic alignments on photometric redshift requirements. New Journal of Physics, 9:444,

December 2007. doi: 10.1088/1367-2630/9/12/444.

[151] Jonathan Blazek, Zvonimir Vlah, and Uroš Seljak. Tidal alignment of galaxies. Journal of

Cosmology and Astroparticle Physics, 2015(08):015, aug 2015. doi: 10.1088/1475-7516/

2015/08/015. URL https://dx.doi.org/10.1088/1475-7516/2015/08/015.

[152] Jonathan A. Blazek, Niall MacCrann, M. A. Troxel, and Xiao Fang. Beyond linear galaxy

alignments. Phys. Rev. D, 100:103506, Nov 2019. doi: 10.1103/PhysRevD.100.103506.

URL https://link.aps.org/doi/10.1103/PhysRevD.100.103506.

[153] Zvonimir Vlah, Nora Elisa Chisari, and Fabian Schmidt. An EFT description of galaxy

intrinsic alignments. J. Cosmology Astropart. Phys., 2020(1):025, January 2020. doi: 10.

1088/1475-7516/2020/01/025.

[154] Zvonimir Vlah, Nora Elisa Chisari, and Fabian Schmidt. Galaxy shape statistics in the

effective field theory. J. Cosmology Astropart. Phys., 2021(5):061, May 2021. doi:

10.1088/1475-7516/2021/05/061.

[155] Francisco Maion, Raul E Angulo, Thomas Bakx, Nora Elisa Chisari, Toshiki Kurita, and

Marcos Pellejero-Ibáñez. Hymalaia: a hybrid lagrangian model for intrinsic alignments.

Monthly Notices of the Royal Astronomical Society, 531(2):2684–2700, May 2024. ISSN

1365-2966. doi: 10.1093/mnras/stae1331. URL http://dx.doi.org/10.1093/

mnras/stae1331.

[156] Thomas Bakx, Toshiki Kurita, Nora Elisa Chisari, Zvonimir Vlah, and Fabian Schmidt.

Effective field theory of intrinsic alignments at one loop order: a comparison to dark

matter simulations. J. Cosmology Astropart. Phys., 2023(10):005, October 2023. doi:

10.1088/1475-7516/2023/10/005.

[157] Shi-Fan Chen and Nickolas Kokron. A lagrangian theory for galaxy shape statistics. Journal

of Cosmology and Astroparticle Physics, 2024(01):027, jan 2024. doi: 10.1088/1475-7516/

2024/01/027. URL https://doi.org/10.1088/1475-7516/2024/01/027.

222

http://dx.doi.org/10.1007/s11214-015-0203-6
http://dx.doi.org/10.1007/s11214-015-0203-6
https://dx.doi.org/10.1088/1475-7516/2015/08/015
https://link.aps.org/doi/10.1103/PhysRevD.100.103506
http://dx.doi.org/10.1093/mnras/stae1331
http://dx.doi.org/10.1093/mnras/stae1331
https://doi.org/10.1088/1475-7516/2024/01/027


BIBLIOGRAPHY

[158] Francisco Villaescusa-Navarro, Daniel Anglés-Alcázar, Shy Genel, David N. Spergel, Rachel

S. Somerville, Romeel Dave, Annalisa Pillepich, Lars Hernquist, Dylan Nelson, Paul Torrey,

Desika Narayanan, Yin Li, Oliver Philcox, Valentina La Torre, Ana Maria Delgado, Shirley

Ho, Sultan Hassan, Blakesley Burkhart, Digvijay Wadekar, Nicholas Battaglia, Gabriella

Contardo, and Greg L. Bryan. The camels project: Cosmology and astrophysics with

machine-learning simulations. The Astrophysical Journal, 915(1):71, July 2021. ISSN

1538-4357. doi: 10.3847/1538-4357/abf7ba. URL http://dx.doi.org/10.3847/

1538-4357/abf7ba.

[159] Dylan Nelson, Volker Springel, Annalisa Pillepich, Vicente Rodriguez-Gomez, Paul Torrey,

Shy Genel, Mark Vogelsberger, Ruediger Pakmor, Federico Marinacci, Rainer Weinberger,

Luke Kelley, Mark Lovell, Benedikt Diemer, and Lars Hernquist. The illustristng simula-

tions: Public data release, 2021.

[160] A. Pillepich, V. Springel, D. Nelson, S. Genel, J. Naiman, R. Pakmor, L. Hernquist, P. Torrey,

M. Vogelsberger, R. Weinberger, and F. Marinacci. Simulating galaxy formation with the

IllustrisTNG model. MNRAS, 473:4077–4106, January 2018. doi: 10.1093/mnras/stx2656.

[161] Ana Maria Delgado, Boryana Hadzhiyska, Sownak Bose, Volker Springel, Lars Hernquist,

Monica Barrera, Rüdiger Pakmor, Fulvio Ferlito, Rahul Kannan, César Hernández-Aguayo,

Simon D. M. White, and Carlos Frenk. The MillenniumTNG project: intrinsic alignments

of galaxies and haloes. MNRAS, 523(4):5899–5914, August 2023. doi: 10.1093/mnras/

stad1781.

[162] A. Tenneti, R. Mandelbaum, and T. Di Matteo. Intrinsic alignments of disc and elliptical

galaxies in the MassiveBlack-II and Illustris simulations. MNRAS, 462:2668–2680, Novem-

ber 2016. doi: 10.1093/mnras/stw1823.

[163] S. Samuroff, R. Mandelbaum, and J. Blazek. Advances in constraining intrinsic alignment

models with hydrodynamic simulations. MNRAS, 508(1):637–664, November 2021. doi:

10.1093/mnras/stab2520.

[164] M. L. van Heukelum, D. Neumann, M. García Escobar, N. E. Chisari, and H. Hoekstra.

Intrinsic alignments of galaxies in multiple projections. Astronomy and; Astrophysics, 706:

A148, February 2026. ISSN 1432-0746. doi: 10.1051/0004-6361/202557167. URL http:

//dx.doi.org/10.1051/0004-6361/202557167.

223

http://dx.doi.org/10.3847/1538-4357/abf7ba
http://dx.doi.org/10.3847/1538-4357/abf7ba
http://dx.doi.org/10.1051/0004-6361/202557167
http://dx.doi.org/10.1051/0004-6361/202557167


BIBLIOGRAPHY

[165] Francisco Villaescusa-Navarro, ChangHoon Hahn, Elena Massara, Arka Banerjee,

Ana Maria Delgado, Doogesh Kodi Ramanah, Tom Charnock, Elena Giusarma, Yin Li, Er-

wan Allys, Antoine Brochard, Cora Uhlemann, Chi-Ting Chiang, Siyu He, Alice Pisani,

Andrej Obuljen, Yu Feng, Emanuele Castorina, Gabriella Contardo, Christina D. Kreisch,

Andrina Nicola, Justin Alsing, Roman Scoccimarro, Licia Verde, Matteo Viel, Shirley

Ho, Stephane Mallat, Benjamin Wandelt, and David N. Spergel. The quijote simula-

tions. The Astrophysical Journal Supplement Series, 250(1):2, August 2020. ISSN

1538-4365. doi: 10.3847/1538-4365/ab9d82. URL http://dx.doi.org/10.3847/

1538-4365/ab9d82.

[166] B. Joachimi, E. Semboloni, S. Hilbert, P. E. Bett, J. Hartlap, H. Hoekstra, and P. Schneider.

Intrinsic galaxy shapes and alignments – II. Modelling the intrinsic alignment contamination

of weak lensing surveys. Monthly Notices of the Royal Astronomical Society, 436(1):819–

838, 09 2013. ISSN 0035-8711. doi: 10.1093/mnras/stt1618. URL https://doi.org/

10.1093/mnras/stt1618.

[167] Kai Hoffmann, Lucas F. Secco, Jonathan Blazek, Martin Crocce, Pau Tallada-Crespí, Simon

Samuroff, Judit Prat, Jorge Carretero, Pablo Fosalba, Enrique Gaztañaga, Francisco J. Cas-

tander, and DES Collaboration. Modeling intrinsic galaxy alignment in the MICE simulation.

Phys. Rev. D, 106(12):123510, December 2022. doi: 10.1103/PhysRevD.106.123510.

[168] J. A. Peacock and R. E. Smith. Halo occupation numbers and galaxy bias. Monthly No-

tices of the Royal Astronomical Society, 318(4):1144–1156, November 2000. ISSN 1365-

2966. doi: 10.1046/j.1365-8711.2000.03779.x. URL http://dx.doi.org/10.1046/

j.1365-8711.2000.03779.x.

[169] U. Seljak. Analytic model for galaxy and dark matter clustering. Monthly Notices of the

Royal Astronomical Society, 318(1):203–213, October 2000. ISSN 1365-2966. doi: 10.1046/

j.1365-8711.2000.03715.x. URL http://dx.doi.org/10.1046/j.1365-8711.

2000.03715.x.

[170] Andreas A. Berlind and David H. Weinberg. The Halo Occupation Distribution: Toward an

Empirical Determination of the Relation between Galaxies and Mass. ApJ, 575(2):587–616,

August 2002. doi: 10.1086/341469.

224

http://dx.doi.org/10.3847/1538-4365/ab9d82
http://dx.doi.org/10.3847/1538-4365/ab9d82
https://doi.org/10.1093/mnras/stt1618
https://doi.org/10.1093/mnras/stt1618
http://dx.doi.org/10.1046/j.1365-8711.2000.03779.x
http://dx.doi.org/10.1046/j.1365-8711.2000.03779.x
http://dx.doi.org/10.1046/j.1365-8711.2000.03715.x
http://dx.doi.org/10.1046/j.1365-8711.2000.03715.x


BIBLIOGRAPHY

[171] Idit Zehavi, Zheng Zheng, David H. Weinberg, Michael R. Blanton, Neta A. Bahcall, An-

dreas A. Berlind, Jon Brinkmann, Joshua A. Frieman, James E. Gunn, Robert H. Lupton,

Robert C. Nichol, Will J. Percival, Donald P. Schneider, Ramin A. Skibba, Michael A.

Strauss, Max Tegmark, and Donald G. York. Galaxy Clustering in the Completed SDSS

Redshift Survey: The Dependence on Color and Luminosity. ApJ, 736(1):59, July 2011. doi:

10.1088/0004-637X/736/1/59.

[172] J. Coupon, M. Kilbinger, H. J. McCracken, O. Ilbert, S. Arnouts, Y. Mellier, U. Abbas,

S. de la Torre, Y. Goranova, P. Hudelot, J.-P. Kneib, and O. Le Fèvre. Galaxy clustering in

the cfhtls-wide: the changing relationship between galaxies and haloes since z 1.2. As-

tronomy and Astrophysics, 542:A5, May 2012. ISSN 1432-0746. doi: 10.1051/0004-6361/

201117625. URL http://dx.doi.org/10.1051/0004-6361/201117625.

[173] John K. Parejko, Tomomi Sunayama, Nikhil Padmanabhan, David A. Wake, Andreas A.

Berlind, Dmitry Bizyaev, Michael Blanton, Adam S. Bolton, Frank van den Bosch, Jon

Brinkmann, Joel R. Brownstein, Luiz Alberto Nicolaci da Costa, Daniel J. Eisenstein,

Hong Guo, Eyal Kazin, Marcio Maia, Elena Malanushenko, Claudia Maraston, Cameron K.

McBride, Robert C. Nichol, Daniel J. Oravetz, Kaike Pan, Will J. Percival, Francisco Prada,

Ashley J. Ross, Nicholas P. Ross, David J. Schlegel, Don Schneider, Audrey E. Simmons,

Ramin Skibba, Jeremy Tinker, Rita Tojeiro, Benjamin A. Weaver, Andrew Wetzel, Martin

White, David H. Weinberg, Daniel Thomas, Idit Zehavi, and Zheng Zheng. The clustering of

galaxies in the SDSS-III Baryon Oscillation Spectroscopic Survey: the low-redshift sample.

MNRAS, 429(1):98–112, February 2013. doi: 10.1093/mnras/sts314.

[174] Zheng Zheng, Alison L. Coil, and Idit Zehavi. Galaxy evolution from halo occupation

distribution modeling of deep2 and sdss galaxy clustering. The Astrophysical Journal,

667(2):760–779, October 2007. ISSN 1538-4357. doi: 10.1086/521074. URL http:

//dx.doi.org/10.1086/521074.

[175] Andrew P. Hearin, Andrew R. Zentner, Frank C. van den Bosch, Duncan Campbell, and

Erik Tollerud. Introducing decorated hods: modelling assembly bias in the galaxy–halo

connection. Monthly Notices of the Royal Astronomical Society, 460(3):2552–2570, May

2016. ISSN 1365-2966. doi: 10.1093/mnras/stw840. URL http://dx.doi.org/10.

1093/mnras/stw840.

225

http://dx.doi.org/10.1051/0004-6361/201117625
http://dx.doi.org/10.1086/521074
http://dx.doi.org/10.1086/521074
http://dx.doi.org/10.1093/mnras/stw840
http://dx.doi.org/10.1093/mnras/stw840


BIBLIOGRAPHY

[176] Risa H. Wechsler and Jeremy L. Tinker. The connection between galaxies and their dark

matter halos. Annual Review of Astronomy and Astrophysics, 56(1):435–487, September

2018. ISSN 1545-4282. doi: 10.1146/annurev-astro-081817-051756. URL http://dx.

doi.org/10.1146/annurev-astro-081817-051756.

[177] Harry Johnston, Christos Georgiou, Benjamin Joachimi, Henk Hoekstra, Nora Elisa Chisari,

Daniel Farrow, Maria Cristina Fortuna, Catherine Heymans, Shahab Joudaki, Konrad Kui-

jken, and Angus Wright. KiDS+GAMA: Intrinsic alignment model constraints for current

and future weak lensing cosmology. A&A, 624:A30, April 2019. doi: 10.1051/0004-6361/

201834714.

[178] Maria Cristina Fortuna, Andrej Dvornik, Henk Hoekstra, Benjamin Joachimi, Christos Geor-

giou, Benjamin Giblin, Catherine Heymans, Hendrik Hildebrandt, Arun Kannawadi, Konrad

Kuijken, and Angus H. Wright. KiDS-1000: Weak lensing and intrinsic alignment around

luminous red galaxies. arXiv e-prints, art. arXiv:2409.15416, September 2024.

[179] S. Samuroff, R. Mandelbaum, J. Blazek, A. Campos, N. MacCrann, G. Zacharegkas,

A. Amon, J. Prat, S. Singh, J. Elvin-Poole, A. J. Ross, A. Alarcon, E. Baxter, K. Bechtol,

M. R. Becker, G. M. Bernstein, A. Carnero Rosell, M. Carrasco Kind, R. Cawthon, C. Chang,

R. Chen, A. Choi, M. Crocce, C. Davis, J. DeRose, S. Dodelson, C. Doux, A. Drlica-Wagner,

K. Eckert, S. Everett, A. Ferté, M. Gatti, G. Giannini, D. Gruen, R. A. Gruendl, I. Harrison,

K. Herner, E. M. Huff, M. Jarvis, N. Kuropatkin, P. F. Leget, P. Lemos, J. McCullough,

J. Myles, A. Navarro-Alsina, S. Pandey, A. Porredon, M. Raveri, M. Rodriguez-Monroy,

R. P. Rollins, A. Roodman, G. Rossi, E. S. Rykoff, C. Sánchez, L. F. Secco, I. Sevilla-Noarbe,

E. Sheldon, T. Shin, M. A. Troxel, I. Tutusaus, N. Weaverdyck, B. Yanny, B. Yin, Y. Zhang,

and J. Zuntz. The Dark Energy Survey Year 3 and eBOSS: constraining galaxy intrinsic

alignments across luminosity and colour space. MNRAS, 524(2):2195–2223, September

2023. doi: 10.1093/mnras/stad2013.

[180] Christos Georgiou, Nora Elisa Chisari, Maciej Bilicki, Francesco La Barbera, Nicola R.

Napolitano, Nivya Roy, and Crescenzo Tortora. Intrinsic galaxy alignments in the KiDS-

1000 bright sample: dependence on colour, luminosity, morphology, and galaxy scale. arXiv

e-prints, art. arXiv:2502.09452, February 2025.

[181] J. Siegel, J. McCullough, A. Amon, C. Lamman, N. Jeffrey, B. Joachimi, H. Hoekstra,

S. Heydenreich, A. J. Ross, J. Aguilar, S. Ahlen, D. Bianchi, C. Blake, D. Brooks, F. J.

226

http://dx.doi.org/10.1146/annurev-astro-081817-051756
http://dx.doi.org/10.1146/annurev-astro-081817-051756


BIBLIOGRAPHY

Castander, T. Claybaugh, A. de la Macorra, J. DeRose, P. Doel, N. Emas, S. Ferraro,

A. Font-Ribera, J. E. Forero-Romero, E. Gaztañaga, S. Gontcho A Gontcho, G. Gutier-

rez, K. Honscheid, M. Ishak, S. Joudaki, R. Kehoe, D. Kirkby, T. Kisner, A. Krolewski,

O. Lahav, A. Lambert, M. Landriau, L. Le Guillou, M. E. Levi, M. Manera, A. Meisner,

R. Miquel, J. Moustakas, S. Nadathur, J. A. Newman, G. Niz, N. Palanque-Delabrouille,

W. J. Percival, A. Porredon, F. Prada, I. Pérez-Ràfols, G. Rossi, E. Sanchez, C. Saulder,

D. Schlegel, M. Schubnell, A. Semenaite, J. Silber, D. Sprayberry, Z. Sun, G. Tarlé, B. A.

Weaver, R. Zhou, and H. Zou. Intrinsic alignment demographics for next-generation lensing:

Revealing galaxy property trends with DESI Y1 direct measurements. arXiv e-prints, art.

arXiv:2507.11530, July 2025.

[182] D. Navarro-Gironés, M. Crocce, E. Gaztañaga, A. Wittje, M. Siudek, H. Hoekstra, H. Hilde-

brandt, B. Joachimi, R. Paviot, C. M. Baugh, J. Carretero, R. Casas, F. J. Castander, M. Erik-

sen, E. Fernandez, P. Fosalba, J. García-Bellido, R. Miquel, C. Padilla, P. Renard, E. Sánchez,

S. Serrano, I. Sevilla-Noarbe, and P. Tallada-Crespí. The PAU Survey: Measuring intrinsic

galaxy alignments in deep wide fields as a function of colour, luminosity, stellar mass and

redshift. arXiv e-prints, art. arXiv:2505.15470, May 2025.

[183] Michael D. Schneider and Sarah Bridle. A halo model for intrinsic alignments of galaxy

ellipticities. Monthly Notices of the Royal Astronomical Society, 402(4):2127–2139, March

2010. ISSN 1365-2966. doi: 10.1111/j.1365-2966.2009.15956.x. URL http://dx.doi.

org/10.1111/j.1365-2966.2009.15956.x.

[184] B. Joachimi, R. Mandelbaum, F. B. Abdalla, and S. L. Bridle. Constraints on intrinsic align-

ment contamination of weak lensing surveys using the megaz-lrg sample. Astronomy and As-

trophysics, 527:A26, January 2011. ISSN 1432-0746. doi: 10.1051/0004-6361/201015621.

URL http://dx.doi.org/10.1051/0004-6361/201015621.

[185] Andrew P. Hearin, Duncan Campbell, Erik Tollerud, Peter Behroozi, Benedikt Diemer,

Nathan J. Goldbaum, Elise Jennings, Alexie Leauthaud, Yao-Yuan Mao, Surhud More,

John Parejko, Manodeep Sinha, Brigitta Sipöcz, and Andrew Zentner. Forward modeling

of large-scale structure: An open-source approach with halotools. The Astronomical Jour-

nal, 154(5):190, October 2017. ISSN 1538-3881. doi: 10.3847/1538-3881/aa859f. URL

http://dx.doi.org/10.3847/1538-3881/aa859f.

227

http://dx.doi.org/10.1111/j.1365-2966.2009.15956.x
http://dx.doi.org/10.1111/j.1365-2966.2009.15956.x
http://dx.doi.org/10.1051/0004-6361/201015621
http://dx.doi.org/10.3847/1538-3881/aa859f


BIBLIOGRAPHY

[186] Cora Dvorkin, Siddharth Mishra-Sharma, Brian Nord, V. Ashley Villar, Camille Avestruz,
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Appendix A

Other Notable Quotes

“Let’s say you have like three protons . . . you
can consider that [to be] a very small galaxy.”

Jonathan Blazek
In conversation, 2025

“What is this, a frat party!?”

James Halverson
In response to finding a contraction in a

manuscript, 2024
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